APPENDIX B - MATLAB CODE FOR COMPUTATION OF VELOCITY AND
CONCENTRATION PROFILES

B.1 Source code
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1| fanetion [] = ProgrZ24Z2dZconc
2| %
3| ® Simulagio da din3mica do cacoamento em resecrvatorio de hidrelétricas
4( # considerando a geragio & oxidagio de metanc no escoamento dito reativo
9 % com fn:mula;ﬁn nio conservativa das= cqua;ﬁc: de Nawvier Stokes.
[
T| &
B ® Obtengio do campo de velocidades e campo de pressfes em regime transiente
9 ® por meio da formulagSo fungio-corrente vorticidade ...
10| &
11| % ... & resclugio da equagio de difusio com reagio guimica em regime
12| & transiente:
13| &
14| ¥ Geracgio automatica de malhas de &ré&s ou guatro elementos regulares
15| % Integrais avaliadas por Quadratura de Gauss
16| &
17| ele; clear all; close all;
18

1%| global 21 AZ ax beta bpl bpR Lbpl bpd TIA CIB Clomega coord deltsat funcs
20| global h hh it HNEN NN HGQ nx ny OEBC op ry soln tp tmax Umed =f

22| sp=0.0;

23| ArgEntr = fopen(strcat| EF_?::T:L inp"}. e B
24| fgets (ArgEnsc) ;

25| £fgets (ArgEntr] ;

26| &% Lendo demais parametros do problema

27| alpha = f£acanf(ArgEasc, a RE"} fgets (ArgBEatzc) ;
28| beta = facanf (ArgEntr, b BE L) fgets (ArgEntr) ;
29| gamma = facanf (ArgEntr, i wE" D fgets (ArgEntr) ;
20| Al = facanf (ArgEBntz, 5 fgets (ArgEntz] ;
3l| funcs . ws = facanf (ArgEntr., L S fgets (ArgEntr] ;
az | OEBC = facanf (ArgEntz, & | fgets (ArgEnscl ;
22| HEH = facanf (ArgEntz, B ¥ fgets (ArgEntc] ;
34| funcs.al = fscanf (ArgEntr, Ba"}); fgets (ArgEntr] ;

35| funcs.aZ2 = facanf (ArgEantz., . S fgets (ArgBatzx) ;

2€| funcs .0 = facanf [(ArgEntr, I S fgets (ArgEntr] ;
37| funcs . ¥3 = fascanf (ArgEntr, Ba"}; fgets (ArgEntr] ;
28| op = facanf (ArgEatzc, oF Rd "}, fgets (ArgEBntzx) ;
39| funcs.b = facanf (ArgEntr, BEur - 1 fgets (ArgEntr] ;
40| funcs . omega = facanf (ArgEntr, - Sol fgets (ArgEntr] ;
41| funcs.rhol = facanf (ArgEntrc, B="}; fgets(ArgBEntr];
42| funcs.ul = facanf (ArgEntzr., 11 0 #="}; Egets(ArgEntr];
43| HEQ = f£acanf (ArgEasc, B }is fgetss (ArgBntszx) ;
44| # Himero de ponto= das coordenadas=

25| nx = fscanf (ArgEntr, 2, Bd "} fgets (ArgEntr] ;
4€| oy = facanf (ArgEasc, oy Rd"} . fgets (ArgEnsc] ;
47| # Dimensfes do reservatario 2D

48 | a=x = facanf (ArgEntr, &M BE" ) fgets (ArgEntr] ;
4% | ry = facanf (ArgEntc, Ty EEYY fgets (ArgEntr] ;

50| ® fragio do comprimento para profundidade atingir hmax
51| =f = facanf (ArgEnsc, mE EE:) fgets (ArgEnsc] ;
52| ® Valores das condigies de contormo preacritas (EBC]

53| funcs . CE = fascanf (ArgEntr, Fun £ fgets (ArgEntr]

r
1
E=")
1
i

> H H
54| funcs.CD = facanf (ArgEntz., LE = fgets (ArgEnsc] ;
55| funcs . CInf = facanf (ARrgEntr, nc ="} fgets (ArgEntr] ;
56| funcs . Cup = facanf (ArgEntr, nc ="} ;fgets (ArgEntsr]) ;
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57| # Incremento de tempo & tempo mamimo de cialculo

58| deltat = facanf (ArgEntr, ] = B fgets (ArgEntr]) ;

59| smax = facanf (ArgEntrc, wE" ) fgetss (ArgEntsr]) ;

60| sal = facanf (ArgEntr, t KE") - fgets (ArgEntr]) ;

6l| fclose (ArgEntsr] ;

62| ® Gera a Malha no inicio

63 qtr;_nalh;[];

64| % Calculo de par3metros para aplicagio das CC

€5| bh = int22 (ay);bh=(coord(bpL(hh},2)—coocrd(bpLill, 21}; 1th=azf[nn-L];

66| A2 = — 0.5% [eval (funcs _wa]+Al]}

67| Umax = AZ+Al

68| Tmed = Z2#Umax/3

69| ¥ Dimensiona matrises = wetores

70| =oln_PFPhi = meros(HN,1); =oln.Phill = peros (HN,1); =oln.Phil = geros (HN,1);
71| scln.B = geros (HH,HN); =oln.T = seros (NN, HN];

72| soln_ CW=geros (HH,1]);
73| =0ln_El = seros (HH,HNH]
72| moln_ M0 = seros (HH, HH] soln. Ml = geros (HH,HN)}; =soln_ ME = oeros (HN,HN];

75| CIlomega = seros(HN,l); =soln.omega = seros(HN,l}; =socln.omega? = serocs(HH,1);
76| soln_omegad = seros (HH,1);

77| scln.u = gercs (HM,1l); =soln.v = gercs (HN,1};

78| % CIA = seros(HN;1); =o0ln.ClA = seros(HN:1);

759 CIE = geros(HH,1l); =2o0ln.ClB = seros(HNH,1};

B0| % Definefcalcula parﬁmctrn: do escoamentso

Bl| RBe = h*Tmed*ewal (funcs _rhol)] feawval (funcs . ul]

g2 | Be = Umed“hf[=qrt[eval[fun:=.al].“:Teval[funrs.az].“:]]

83| Da aval (fuanecs . B] *h/Tmed

84| Fr = (Umed.”2}/(5.81%h]

B5| # Chama rotinas de resclugaoc do sistema MEF

86| calcd () ;

87| calec3L (]} ;

88| calc3Global(l;

B9 | ¥Determina matriges gumiliares

90| soln.Hi=scln.Hl; scln.FK0 = soln.K; scoln.ME=sparse(sclan.Mlliscln.E];

91 ianln.HDg==p=r=E[snln.thanln.Dy]; ianln.HDx==p=:=E[=nLn.HL\=nLn.Dz];

g2
93 %Prep:r:;ﬁn da= :undi;ﬁ:s de contorno da fun;ﬁn-:urrent: e velocidade
94| Fgr ij = l:length (bpL]

23 soln ME(bpL(ij)}.:} = 0.0; soln ME(bpL(ij}.bpL(ij}} = 1.0;
98| & soln HD=x [(bpL{(ijl,:] = 0.0; sclan.HDx(bpL(ij].bpL{ij)] = 1.0;
97| ® soln HDy (bpL(ij).,:] 0.0; soln. HDy(bpL{ij).bpL{ijl}] = 1.0;
58| mnd

59| for 1k=1l:length (bpR]

100 soln ME(bpR(ik},:} = 0.0; soln ME(bpR (ik) .bpR{(ik})} = 1.0;
101| ® Ca=o welocidade seja prescrita mna saida

02| & if QEBC == 1

03| &

02| & soln HDx(bpR({(ik),:] = 0.0; =solan.HMDx(bpR(ik).bpR{ikl) = 1.0;
105| & soln HDy{(bpR({ik),:] = 0.0; =ola._.HDy(bpR{ik]).bpR{ikl}) = 1.0;
106 | &

107 | ® elseif ik < int2Z((ay-1]/2-ny/5] ik » intc3Z((ay-1]/2+ay/10]
08| &

109 | & soln HDx (bpR{(ik],:}) = 0.0; =sclan.HDx(bpR{ik],.bpR{ik]}] = 1.0;
110 & soln HDy (bpR(ik),:) = 0.0; scln. HDy(bpR(ik),.bpR{ik])] = 1.0;
111 | & end

112

87
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112 | mnd

114| fopr il=l:lengthi(bpI]

115 soln. .ME(bpI (il},:} = 0.0; soln. . ME (bpI(il) ,bpI(il)]} =

116| & soln HDx(bpI(il},:] = 0.0; =sclan.HD=x(bpI(il) . bpI(il)]

117 | & soln HDy({bpI(il),:) = 0.0; =soln MDy(bpI(il).bpI(il]]

118 | mnd

1189 | fpr im = l:length(bpd3]

120 soln ME(bp3 (im),.:} = 0.0; soln. ME (bp3 (im] ,bp3(im)})} = 1._0;

121 | mnd

122 | &

123 | while le(tp, tmamx]

124 | & Aplica as condicies iniciais

125 if wp==0.0

126 & if ie == 1

127 soln._ omega(:,1) = eval (funcs.omegal;

128 for im = l:length(bpd]

129 soln.omega (bp3 (im] 1} = eval (funcs.wa);

130 end

131 else

132 caled3B_CI]

1332 | # Prepara matrices para o transp das eap&ecies

134 soln AC = (sparse(socln. HB]+(deltat*gamma)l *sparse (soln_B—socln_ C#aocln K3+ __._

135 eval (funcs . b} *asocln_ HB} ] ;

13& soln BT = (sparse(scln.HMB)-(deltat® (l-gamma)) *sparse(socln_.B—socln.C#+scln._ K3+

137 eval (funcs . b} *ascln_ HB} ] ;

138 | & Esgquema alternativeo casco coeficientes de difusividade = de rea;gn nioc sejam
constantes

139 & soln.AC = (sparse(sclon.HB)+(deltat*gamma) *sparse (scln.B—scln.C¥+scln.Ki¥+socln
.HB2}};

140 & sgln . BC = (sparse(scln.MHB)-(deltat® (l-gamma)) *sparse (soln.B-soln.C#+soln._ Fa+
soln.HB2] ] ;

141 | &

142 | & Localisa as condigies de contorno para transp concentracio

143 aplCC2 (]

144 | & Transporte da Cnn:entr;ggu das Espécies [(Esgquema implicito]

145| & =moln . CLA = [=p=:=e[=nln.HD]—[dELt=tf2]'sparse[=nLn.E-=nLn.C—=nLn.K21]\ R

146 | & [[:pa::t[:nln.HD}-[chtath]':par:c[:uLn.B-:uLn.C—snLn.KE}}'C:ﬁ];

147| & A férmula acima =6 =e aplica nos casos em gue nio se usar derivada material

148 | ® como CC de saida no computo das eapecies.

149 sgln ClB = 5p1r=e[=nln.h€]\sp:rse[snln.BC]VCIB;

150 | #Prepara as matriges & vetor para o trop da vorticidade

151 if OEBC == 1| |OEBC ==2

152 soln AW = (sparse(socln_ HMi]+(deltat®*gamma)l *sparse(soln_B—=soln C+ __._

153 [ev;l[fun::.uﬂ]feval[fun::.rhnﬂ]]‘:nln.K]];

154 2cln.BF = (sparse(soclan. M0])-(deltat?® (l-gammal)®*sparse(scln.B-=3cln.C+ __.

155 [Ev:l[fun:s.uﬂ]fev:l[fun:s.rhuﬂ]]‘=u1n.K]];

156 agln.CW = — S.8l*deltat*beta* ((l—gamma) *soln.Da*CIB+ ...

157 gamma®*scln. . Dx*acln.ClB] femwal (funcs . rholl -

158 elze

159 soln AW = (sparse(socln. HC)+(deltat*gamma) *sparse(socln_B—socln_ C+ __._

1&0 (ewal (funca.ul)} /feval (funcs.rchol]} ]} *acln.K} ] f=

161 soln B = (sparse(scln HC]-(deltat® (l-gammal)} *sparse(scln_B—-=scln O+ __._

162 [Eval[fun::.uﬂ]feval[fun::.rhnﬂ]]'=nln.K]];

183 soln. . CW = — S_8l*deltat*beta* ((l—gamma) *soln DEC*CIB+ __._

le4 gamma®*soln DEC*aoln.  C1B) fmwal (funcs . rhol) =

=
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1&5 end

l166| & end

167 & Localisa as condicies de contorno para tranap vorsicidade

188 aplCC3ainl

169 | & Transporte da vorticidade (Esguema implicito)

170 soln.omega = =p=r=e[=u1n.hﬂ]\ap;rae[auln.BE]'CInmean:p;rae[auln.C?];

171 end

172 % Localiga as condicgies de contorac para determinacioc de Phi

173 aplCCl (]

174| &% Determinacio da Fungdo-Corrente

175 soln.Phi = soln.HE\soln._ omegaZ;

176 % Localiga as CC para determinacio do perfil de velocidades

177 & aplCC1lA ()

178 | % Determinacio do perfil de velocidades

179 & sgln.u = asparsae(aocln.HDy) *a3cln.Phil;

80| & spln.v = —sparse (scln_MDx) #*socln . Phil;

181 % Localisa as condigies de contorac da vorticidade com parimetro de relamagio

182 soln.omegad = ;lph;'[di;q[aum[anln.HD']]\[anln.KD'anln.Phi]]T[;—;lph;]'auln.
omega;

1g2 for im = 1l:length(bp3]

184 soln.omegald (bp3 (im) ;1] = eval (funcs.U) *eval (funcs_ws] ;

185 | & if sp<=0.25%cmax

186 | & soln.omegad (bp3(im},1l] = 0.0%eval (funcs._.wa];

187 | & elaeif wp<=0_.5*tmax| |[tp>0.T75*tmax

lg8 | & soln._ omegald (bp3 (im) 1] = eval (funcs . U) *eval (funcs.ws] ;

189 | & elaeif tp<=0.75*tmax

190| & soln.omegad (bp3d(im} 1) = —ewal (funca.U) feval {funcs.wa];

191 & end

182 end

192 | & Fos-processamento

154 Clomega = soln.omega;

185( % CIA = selan.ClA;

196
157
158
188
Z0o
201
znz
202
202
205
208
207
z08
Z0s
210
211
212
213
214
2135
216
217
218

B CIA somente se usar CC de saida diferente da MDBC
CIB = soln.ClB;

% imprime os resultados
maidas (]

% Gera a Malha subseguente

L] qﬂra_malh;[];

% calc3Gleobal(];

tp = tp + deltat

end

function aplTCl (]

global Al AZ bpL bpR bpI bpd coord funcs b ny solan sp

soln.omegaZ=soln.omega;
for ij = l:length (bpL]
=n= [:uurd[bpl[ij],:]-:nnrd[bpl[;],:]]fh;
soln.omegal (bpL(ij}] = ev;l[fun:a.ﬂ]'[Rl*[n.“:]f:*lZ'[n.“E]fE];
end
for ik=1:length (bpR]
if ik>»=int32 ((ny-1l)/2-ny/5)6&ik<=int32 ((ny-1)/2+ny/10]

soln.omega? (bpR(1ik]l)] = (eval (funcs.T)}*#* (coord (bpR(ik],;2) —coord (bpR{(int3
Z{{ny—1)}f2-nyg/5)).2}}) ...

89
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219 J icoord [(bpR(int3d2 ((ny—1] .-":—nir.-"'_l:-] }r2) —cooxrd (bpR (int3d2 [ (ny—1] .-"C-n_r.r.-"E_l Y
2} ¥:

220 elseif ik < int2Z2((ny-1)/2-ny/5]

221 soln . omega? (bpR (ik])) = eval (funcs T}#0.0;

222 elseif ik » ine32((ny-1)}/f2+ny/ /10]

223 soln . omega? (bpR (ik])) = eval(funcs T}#1.0;

224 e=nd

225 =nd

2286 for il=l:length (bpI]

227 soln. . omegal (bpI(il)) = eval (funcs T)}#*0_0;

228 =nd

229 for im = l:length(bp3]

230 soln . omegal (bp3(im) ) = eval (funcs T} #*1_0;

231 and

232 B +4++ +4++ +4++ +4++ +4++ +4++ +4++ +4++ & &

2322 | function :I.plccl.ﬁ[]

234 | &+ +4++ +4++ +4++ +4++ +4++ +4++ +4++ +4++ +

235 global Al AZ bpL bpR bpI coord funcs h ny OEBC soln tp

236

237 | soln.Phil=soln._Phi; % =soln.Phil=socln.Phi;

238 for ij = l:length(bplL]

239 == [Eunrd[bpl[ij],Cl-cnnrd[pr[;],CJ]Ih;

240 soln Phil(bpL(ij)) = eval(funcs T}* (Al*=+RA2* (=x."2}]);

241 | & soln.Phil (bpL{(ij)) = 0.0;

242 end

243 for ik=1l:length (bpR]

244 | & soln . Phil {(bpR{ik}) = 0.0;

245 if ik»=intdZ2((ay-1l)/2-ny/5)Eeik<=int32((ny—1)/2+ny/10]}

246| ® Caso a welocidade seja prescrita na saida

247 if OQEBC == 1

248 soln. Phil (bpR(ik]] = eval(funcs.W3};

249 and

250)| &

251 else

252 scln.Phil0(bpR(ik}} = 0.0;

253 =nd

254 end

255 for il=l:length (bpI]

256 scln PhiO(bpI(il})} = 0.0;

2537| & soln Phil (bpI{(il)) = 0.0;

258 =nd

L I o i i i i o i ik ki

260 | function aplCC2Z (]

261 | &+++++++H44HHH A R R R R R R R R R R R

262 | global bpL bpR bpl bpd CIA CIB deltat funcs n=x ay scln tma=x tp =f

263

264 for ij = l:length(bplL]

263 soln AC (bpL(ij).:) = 0.0; =oln AC(bpL(ij).bpL{(ijl})} = 1.0;

266 scln . BC(bpL(ijl,:}) = 0.0; =o0lan.BC(bpL(ijl.bpL(ijl}) = 1.0;

267 | & if ij>»=1 && ij<=hh;

268 if spr=deltat

269 | & CIA(bpL(ij])l=eval (funcs._.CE];

270 CIB (bpL(ij})}=eval (funcs_ CE]};

271 elze

272 CIA(bpL(ijl}l=0.0;

273 CIB(bpL(ijll=0.0;
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274 =nd

275 & elseif ij > intd2(((ay—1)/2]—ay/10)

276 | & CIA(bpL{(ij)l]l= 0.0

277 | & CIB(bpL(ij)l)l=0.0;

278 | & end

279 end

280 for i1k=1:length (bpR]

281 soln AC (bpR(ik},:} = 0.0; =ocln AC(bpR(ik),.bpR(ik})} = 1.0;

282 2oln.BC (bpR(ik},:)}) = 0.0; =o0lan.BC(bpR(ik],.bpR(ik})} = 1.0;

283 if ik>»=int32((ny-1}/2-ny/5)EEik<=int32 ((ny-1}/2+ny/10]

24| % Caso a concensragio de saida seja preacrita

285| & CIA(bpR({(ik]] = eval (funcs.CD];

26| & CIB(bpR(ik))] = eval (funcs.CD];

287 elseif ik < int32 ((ny—1l)}/2-ny/5]

288 | & CIA(bpR(ik]}= ewal (funca.CD];

289 CIB(bpR(ik}}= ewal (funcs.CD};

250 elseif ik > int32 ((ny—1) /2+ny/ 10}

291 | & CIA(bpR(ik) ) =evwal (funcs.CD];

292 CIB (bpR(ik] }=eval (funcs.CD]} ;

283 end

294 end

295 for il=l:length (bpl]

296 soln AC (bpI(il},:} = 0.0; =ocln AC(bpI(il),.bpI(il})} = 1.0;

297 2oln.BC(bpI(il},:} = 0.0; =30ln.BC(bpI(il),.bpI(il}} = 1.0;

298| & CIA(bpI(il}] = 0.0;

299 CIB(bpI(il}]} = 0.0;

200 end

201 if sp<0.25*tman

anz for i1j=l:length (bpl]

3203 | & CIA(bpI(ijl] = eval(funes.CInf];

204 CIB(bpI(ij}} = eval(funcs.CIanf};

205 end

20e end

3207 if w=p>=0.25*tmaxtitp<l.2*tmax

3208 for i1j=intidl (length(bpl] J10):ine32 [Z*length (bpI] /ax) - length (bpI]
3209 | & CIA(bpI(ijl] = eval(funcs.CInf]);

310 CIB(bpI(ij}} = eval(funcs.CInf};

311 end

alz end

313 if sp>=0._ 4 *tmaxtitp<~tmax

314 for 1j=intidl (length(bpl] JB8) :int3?2 (2*length (bpI] inx) - length (bpI]
315| & CIA(bpI(ijl] = eval(funes.CInf];

216 CIB(bpI(ij)}) = eval (funcs.CInf];

217 end

218 end

319 | & if spr=0.6*tmamtitp<0. 75 cmax

20| & for ij=intdZ (length [bp:].-"E] :‘_ntEE['i"_enqth[bp:].-"nz] :length (bpI]
321 | & CIA(bpI(ijl]l = eval(funcs.CInf]);

322 | & CIB(bpI{(ijl] = eval{funcs.CInf];

223 | & end

324 | & end

225 | & if spr=0.75"tmagtitpi~tmax

326| & for ij=int32[D.Z".Enqt.h[bp:]'l:intEZ['_enqth[bp:].-"B'l:'_Enqth[bp:]
327| & for ij=int32 (length [bp:].-"a] :int.EZ[E'Length[bp:].-"nz] :length (bpI])
328 | & CIA(bpI(ijl] = eval{funcs.CInf];

329 | & CIB(bpI(ijl] = eval(funcs.CInf];

— B -
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3320| & =nd

33l| & end

332 | % end

333 | % for im = l:length(bpd);

234| & soln AC (bp3(im],.:)] = 0.0; selan.AC{(bp3(im) . bp3{im)}] = 1.0;

235 & soln BC(bp3(im),:}) = 0.0; =soln.BC{bp3(im] bp3(im]}} = 1.0;

23E| & soln CHB(bp3d(im),:) = 0.0; =soln.CB{bp3(im).bp3{im)] = 1.0;

237 & CIA(bp3(im)) = eval (funcs.C3up]);

328 | & CIB(bp3(im)]) = ewal (funcs.C3up);

2339 | % end

340| &+ +++ +++ +++ +++ +++ +++ +4++ +++ +
34l | Funection apllTCa (]

342 | &+ +++ +++ +++ +++ +++ +++ +++ +++ +
343 | global Al AZ bpL bpR bpIl bp3 CIomega coord funcs h nay OEBC =aoln sp
342

245 for ij = l:length (bpl]

346 soln AW (bpL(ij},:}) = 0.0; =oln. AW(bpL(ij).bpL(ij}]} = 1.0;

347 soln. BW (bpL(ij}l,:}) = 0.0; =soln_ BR(bpL(ij}.bpL{(ij})} = 1.0;

348 soln CW (bpL(ij}.1} = 0.0;

249 == [:unrd[bpl[ij],CJ—EDDrd[bpl['_]_.-:]_l.-"h;

250 Clomega (bpL(ijl] = eval(funcs.U)]*(-2*A2*x—Al} ;

a5l and

352 for ik=l:length (bpR]

353 if ik*»=int3Z2 ((ny—1)/2-ny/5)Ecik<=int32 ((ny—1)/f2+ny/10]

354 % Ca=o omega =e=ja preacrita na =aida

355 if QEBC == 1

356 soln AW (bpR (ik},:)}) = 0.0; =oln. AR (bpR({ik].bpR{ik}]} = 1.0;

as7? soln BW (bpR(ik),:) = 0.0; =2oln.BW(bpR(ik),bpR(ik}] = 1.0;

a58 soln CW (bpR (ik} 1) = 0.0;

258 Clomega (bpR(ik}} = 0.0;

260 =nd

361l | %

362 elseif ik < int22((ny-1}/2-ay/5)1 ik » int3Z((ny-1l}/2+ny/ 10}

363 soln AW (bpR(ik},:}) = 0.0; =oln AR(bpR(ik].bpR{ik}} = 1.0;

364 soln . BW (bpR(ik},:) = 0.0; =2oln.BW(bpR(ik),bpR{(ik}] = 1.0;

385 soln CW (bpR(ik]} .1} = 0.0;

=1 Clomega (bpR (ik])} = =soln.omegald (bpR(1iEk]}]);

267 =nd

268 end

268 for il=l:length (bpI]

a7 soln AW (bpI(il},:} = 0.0; =soln. AR(bpI(il),.bpI(il}} = 1.0;

a7l scln. BR(bpI(il},:} = 0.0; =socln.BR(bpI(il},.bpI(il}} = 1.0;

a7tz scln.CH (bpI(il},1}) = 0.0;

373 Clomega (bpI(il]] = soln.omegad (bpI(il}]);

aT4 emnd

375 for im = l:length (bpd]

276 soln. AW (bp3(im},:}) = 0.0; =oln.AW(bp3(im],bp3 (im]] LoD

377 soln BW (bp3(im},:}) = 0.0; =soln_ BWR(bp3(im)].,.bp3(im]l] = 1.0;

a7a scln.  CH (bp3 (im} .1} = 0.0;

278 Clomega (bp3 (im] ] = soln.omegald (bpd(im]}] ;

aan and

381

382 | &+ +++ +++ +++ +++ +++ +++ +++ +++ +
282 | Function qer;_m;lh;[]

304 | &+ +++ +++ +++ +++ +++ +++ +4++ +++ +
385 | global ax bpl bpR bpI bp3 coord elem HE HEWN HN n=x ny ry tp TRI X =f TY
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387 | ¥Gera o grid

288 | HHN=n=x*n¥y

389 | [X,¥] = meshgrid(l:a=/(nx—1}:a=n, O0:zy/f(ny-1l}:r¥};
390 | X = reshape (X,1,[1); ¥ reshape (Y,.1, [1];
2391 ( ® Locais das condigoes de contormo

382 | Emin=min () ; bpl=£find| v

393 | Emax=max (X] ; bpR=find (¥==Ema=] ;

394 | Ymin=min (Y] ; bpI=find (¥Y==¥min]} ;

385 | Ymax=ma=x (¥) ; bp3=find (¥==Y¥ma=x] ;

396 | APreparar o Srapesium

397 | X = Efam; ¥ = T/ry;

398 | xM=X>=mf; =m=E<=mf;

289 f:u:=:u:m"|:-.5.'['_—:nzl[pi‘l{,-"zf]];

400 ¥Y = (1-(ry-1l}.*f=./ry] . *T¥+(zy-1]).*Ex_Szy;
401 | REE=(T.* (L+4*X) f5+4* (1-X) /5) . *mm+T _*=H;
402 | RYY = YY¥+0.02¢*nin (2*pi®*] S*X+ep] . *YY;

402 | fler = armasenar as coordenadas

404 | cooxrd {(:,1} = X(:}.-?ax; coord{:,2}= YI(:}.?*zy;
405 | %coord (:,1]) = E(:}; coord(:,2)= ¥X(:};
406 | 1 £ MEN==2

407 | ¥Gera os =lementos

408 TRI=delaunay (X,%};

409 HE=sige (TRI, 1]

410| *Localisa o3 slementos

411 for ==1:NE

412 for j=l:2

213 elem(e)] _ LtoG(j) = TRI(e=:3j]);

214 end

215 end

41l€| glseif HEH == 4

417 HE= (ax—1}#* (ny—1]

418 fek=peros (a=,ny)} ;

419 QUADR=ceros (NE,2); nel=0;

420 for j=l:n¥y

421 for i=l:n=x

422 Fe(i,j)=3§+(i-1)®*ny;

223 end

424 end

425 for j=1: (ay—1]}

42€ for i=l: (a=-1]

427 nel = nel+l;

428 QUADR (nel, :}=[fk{i,j} Ek{(i¥+l,j) £fE{(i¥+l,j¥+1l} Ek{i,.j¥+1l}1]1;
429 =nd

2320 end

4321 for ==1:NE

432 for j=1l:4

433 elem(e) .LtoG(j) = QUADR(=,3j);

234 end

435 end

226 | enmd

437

428 ( &

235 | function calc3 (]

440 &

24l | global Q2 WNGQ WEN 3 43
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443 | if HEN == 2

444 if HEQ == 2 % Elemento Triangular, guadratura de 2 ptos.

445 GQ.point (1,1} = 0.5; GQ.point (1,2} = 0.0;

2446 GQ.point (2,1} = 0.0; GQ.point(2,2) = 0.5;

2447 GQ.point (3,1} = 0.5; GQ.point(3,2]) = 0.5;

248 GQ.weight (1] = 1/§&;

249 GQ.weight (2} = 1/6;

450 GQ.weight (3] = 1/§&;

451 elseif HEQ == 4 % Elemento Triangular, guadratura de 4 ptos.

452 GQ.point(l,1) = 1/3; GQ.point(l,2) = 1/3;

453 GQ.point (2,1} = 0.§&; GQ.point (2,2} = 0.2;

254 GQ.point (3,1} = 0.2; GQ.point(3,2]) = 0.6;

455 GQ.point (4,1} = 0.2; GQ.point (4,2]) = 0.2;

456 GQ.weightw(l] = —-27/9&;

457 GQ . weight (2} = 25/5&;

458 GQ.weight (2} = 25/96;

459 GQ.weight (4] = 25/96;

4&0 elseif HEZZ == 7 % Elemento Triangular, guadratura de 7 ptos.

461 GQ.point (1,1} = 1/3; GQ.point(1,2) = 1/3;

462 GQ.point (2,1} = 0.05971587178%9770; GQ.point(2,2) = 0.4701420641035115;
463 GQ.point (3,1} = 0.470142064105115; GQ.point (3,2} = 0.059715871789770;
464 GQ.point (4,1} = 0.470142064105115; GQ.point (4,2} = 0.470142064105115;
465 GQ.point (5,1} = 0.101286507323456; GQ.point (5,2} = 0.78974265985353087;
466 GQ.point (6,1} = 0.101286507323456; GQ.point (6,2} = 0.101286507323456;
467 GQ.point (7,1} = 0.7897426985353087; GQ.point (7,2} = 0.10128650T323456;
468 GQ.weight (1] = LG ¥

469 GQ.weight (2} = 0.1232394152788 / 2;

470 GQ._weight (32} = 0.13235%4152788 [/ 2;

471 GQ.weight(4) = 0.1232394152788 / 2;

472 GQ.weight (5] = .125939180544 ) 2;

473 GQ.weight (€] = .12593%180544 [ 2;

474 GQ.weight (7] = .125939180544 ) 2;

473 end

476 for E = 1:HGQ

477 kEsi = EQ.point(k,;1l); e=ta = GQ.point(k,2);

478 3(1;k}) = 1 — ksi — =ta;

479 3(2,k}) = Ek=i;

480 3(3,k}] = eta;

481 | % derivadas de 3 em kai

482 d3{1.1,k} = —1;

483 a3 (1,2, k} = 1;

2484 d3(1,3.k} = 0O;

485 | # derivadas de 3 em eta

2486 d3{2,1.k} = —1;

487 d3(2,2:.k} = 0O;

488 d3({2,3:.k} = 1;

489 end

2490 | mlsmif HEN == 2

251 if HEQ == 4 ¥ Elemento Quadrilateral guadratura de ¢ ptos.

492 GQ.point(l,1) = —-=sgre(l/3}; GQ.point (1,2} = —-=sgrt(l/3};

493 GQ.point (2,1) = =sgre(l/f2}; GQ.point(2,2) = —-=sgre(l/3);

494 GQ.point (2,1} = —=|qrt-['_.|"2];. GQ.point(2,2]) = =|qrt-['_.|"2];

495 GQ.point (4,1) = =sgre(l/f2}; GQ.point(4,2) = =sgre(l/2);

498 GQ.weight (1) = 1.0;

487 GQ.weight(2) = 1.0;
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4598 GQ.weight (3} = 1.0;

499 GQ.weight (2]} = 1.0;

500 elseif WHEQ == 3 % Elemento Quadrilateral guadratura de 9 ptos.
501 GQ.point(l,1])] = —-sgrel(2/5}); GQ.poins (1, 2] -asgrt (3/5);
502 GQ.point(2,1) = 0.0; GQ.point (2, 2] -=|qrt-[3.-"E];
503 GQ.point(2,1] = =agre(2/5); GQ.point (3, 2] -sgrt&(3/5) ;
504 GQ.point(4,1) = —=|qrt-[3.|"E]; GQ.point (4,2 0.0;

505 GQ.point (5,1} = 0.0; GQ.point (5, 2] o.0;

5086 GQ.point(6,1) = =|qrt-[3.-"5]; GQ.point (6, 2] 0.0;

507 GQ.point(T7,1)] = —-sgrel(2/5); GQ.poing (7, 2] sgre(3/5]);
508 GQ.point(B8,1) = 0.0; GQ.point (B, 2] =|qrt-[3.|"5];
509 GQ.point(9,1] = =agrt(2/5); GQ.point (9, 2) sgre(3/5]);
510 GQ.weight (1} = 5/9 * 5/9;

511 GQ.weight (2] = B9 * 5/9;

512 GQ.weight(2) = 5/8 # 5/8;

513 GQ.weight (4] = 5/9 * @/9;

514 GQ.weight(5) = B8/8% * B/95;

515 GQ.weight (6§} = 5/8 *= B/5;

516 GQ.weight (7} = 5/9 * 5/9;

517 GQ.weight (B8] = B/9% * 5/9;

518 GQ.weight (%) = 5/8 # 5/8;

519 and

520 for E = 1:HGQ

521 Esi = GQ.point(k,l]l; eta = GQ.point(k,2]};

522 S3(1,k}) = 0.25* (1—k=i}*®* [(l—e=ta};

523 S3(2,k}) = 0.25* (1+k=i}* (l—e=tal;

524 3{(3,k}) = 0.25* (1+k=i}*® (l+etal;

525 S3(4,k)}) = 0.25* (1—k=i}*®* (l+etal;

526 B derivadas de 3 em Ekai

527 d3(1l,1,k} = —0.25* (1—=ta);

528 d3(1l,2,k}) = ] .25* (l—eta) ;

529 d3(1l,2,k)] = 0.25%* (1+etal;

520 d3(l,4,k}) = —0_.25#%* (1l¥etal;

53l B derivadas de 3 em eta

532 d3(2,1,k} = —0.25* (1—Ek=i};

533 d3(2,2,k}) = —0.25* (1+k=i};

534 d3(2,2,k}) = 0.25* (1+k=i};

535 d3(2,4,k)] = 0.25* [1—k=i) ;

=1 end

537 | end

538 | &

5329 | function calc3l (]

S540| &

541 | global d43L HEN 3L GQL

542

523 | 3L=zeros (HNEH, NEN] ;

544 | ® Quadratura de tr&s pontos

545 | GQL.point (1} = —:qrt-[EJ"E];

546 | GOL _point (2] = 0;

547 | GQL.point (3] = :qrt-[a.u"i];

548 | GQL._.weight (1} = 5/5;

549 | GQL._.weight (2} = 8/5;

550 | GRQL.weight (2} = 5/%;

551| # Fungdes de forma Quadraticas de Lagrange

552| # Valores da funcio de forma para usoc na CC de saida

553 | for kE = 1:23

- 1id -
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554 kEsi = GQL.point (k] ;

555 SL(1, k) = 0.5 & kxi * ([(kai — 1};

556 3L{2, k) =1 Esi * k=i;

557 3L(3., k) = 0.5 & kxi * (1 + k=i};

558 d3L (1, k] = —p.5 *+ ksi;

559 d3L (2, k] = —2 * k=i

560 d3L (2, k] = 0.5 + k=i;

56l | mnd

S62| &

562 | fFunction calc3Glokball(]

S62| &

565 global HE HEN NN HGQ soln coord d3 elem bpR

566

567 | JL=seros=s (length (bpR] ] ;

568 | # Calculo do Jacobiano & seu determinante para cada elemento 2-D.
S69| & inicialisga matris de coordenadas

570 E_:unrd=seru= (HEH, 2) ;

571| for = = 1:HE

572 elem(e) . JL=0.0;

572 | end

574| for = = 1:HE

575 for i = 1:HENR

576 iG = elem(e} .LtoG (i} ;

577 E_:nnrd[i,:_l = coord (16, -} ;

578| ® calculo do jacobiano da integral de linha para a CC ireita derivada materia
579 for kEE=1:length (bpR]

580 if iG == bpRI(kk]

581 if kk < length (bpR]

582 dx = coord(bpR(kk],1l)-coord(bpR(EE+1]},1];
583 dy = coord(bpR(kk], 2] -—coord (bpR(EE+1]},2];
584 JLIiEE]= =|qrt-[d.n‘d.z—d.jr"d._1r_l.|":;

585 elem (=] . JL=JL (kEk]} ;

SAE end

587 end

588 end

589 end

590 | & Calculo & arms. das derivadas=s das fun;ﬁea de forma.
591 for E = 1:HGQ

5892 Jacob({:,:} = d3(:,;::E] 'E_:unrd[:,:];

583 elem{e} .gD3(:,:,k}] = [(Jacobi(:,:}} % d3(:.:.Ek};
594 elem(e) .detdacob (k] = det(Jacob];

585 and

S9€ | end

597| &% Calculo das matrises [D], [El=a, [Hl=

5598 soln.Dx = seros(HN,HN]}; =soln.Dxl = seros(HHN,HN];;soln.Dy = seros(HN,HNN];
5599 soln.KE = seros (HH,HN] ; % =mocln.EKl = geros(HN,HN) ;
600| & =3o0ln.E2 = zeros (HN,HNN];

601 soln.K2 = seros (NN, HN] ;

602 soln.HB = seros (HH, HN] ;

E03 f3o0ln.HBZ = geros(HN,HN);

e04 soln. BT = seros (NN, HNW) ;

605 soln Hll = geros (HN, NN} ;

E0& soln.H2 = seros(HN,HN) ;

607 f3oln.HZ1l = geros(HN,HN);

08 soln. H2ZZ = seros (HN,HN];

- 11 =
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609 | for = = 1:HE

610 calc3Elem (=] ;

611 monta(e];

E6lZ | emd

613 soln HB=scln_ MHl+soln_ MZ; bsoln HBZ=socln Hll+soln HZI1;

614 soln HC=scln Hl+soln HM2Z; =3o0ln.DEC = soln.D=t+socln.D=xL;

615 | %

E1l6| Funection calc3Elem (=]

617 | B

6l18| & Calculo de [EK]'"a" = [H]l'a'" no elemento

E15 global b¥alue coord dil elem funcs OEBC GO GQL NEN HEGQ 3 3L Umed sp

620

621l | elem(e) .Dme = seros (HEN,HNEN); elem(e)] .Dye = seros (HENH,HNEN] ;

622 | elem(e] .DaLe = seros (HEN, HEN] ;

623 | elem(e) . Ke = peros (HEH,HEN)}; % elem(e) _KEle = seros(NEN,NEN];

624 | helem (=] _EZe = peros (NEN, NEN) ;

625 | mlem (=) _.K3e = gmeros (HNEN,NEN];

626 | mlem(e) _HMle = geros (HEHN,HENH)] ;% eslem(e) _Hlle = seros (HEN,HNEN];

627 | elem(e)} .H2e = peros (HEN,NEN] ;% elem(e) .H2le = seros (HEN, HEN) ;

628 | elem(e] .MZ22e = meros (HEN, HEH] ;

629

630 | for E = 1:HGQ

63l x = b

632 ¥y = 0;

£33 For i = 1:HEN

£34 iG = mlem(e} _ LeoG(i];

E£35 x = =x + 3(i,k) * coord(iG.l};

E3E ¥y = %y * 3(i;k) * coord(iG.2};

837 end

638

639 alValue = eval({funcs._al);

&40 aZ2Value = eval(funcs_al);

641 | & bValue = eval (funcs.b])

£42 rholValue = eval (funcs.rhol];

€43 ul¥alue = eval (funcs.ul];

g44

645 for i = 1:HEN

646 for j = 1:HENR

647

648 elem (e}  DEes(i,j) = =lem(=) DEe(i,j) + S(i,Ek)*elem(=) _gD3(l,5.E} ...

£49 #* mlem(e)] . detdJacob(k}l® GQ_weight(k];

650 elem(e) .Dyel(i,j} = elem(e) .Dye(i,j) + 3 (i ;Ek} *elem(=}.gD3(2,.3.E} ...

651 # glem(e] .detdacob(k]l®* GQ.weight (k] ;

652 elem(e]  Ke(i,j) = elem(e) Ee(i,j} + (elem(e) . gD3(1l,i,k} ...

652 * mlem(e) . gD3(1l,j,k}* elem(e] _gD3(2,i,k} ...

854 * glem(e) . gDI(2:5.E}) ...

655 #* mlem(e)] detdacob(k]l® GO _weight(k];

656 | & elem({e) _Ele(i,j) = 1='_1=|.-..[1=].R'_E[i_.j]—[uD":":.'.uz.-"::hnD".":'_ue_l'1='_1=l.'.[1=_l.F.E[i_.
s} BF

657 | B elem(e)}  E2e(i,j} = elem(e]  K2e(i,j] + (alValuef*elem(=} . gD3(l,i,k] ...

658 | B * elem(e] .gD3(1l,j,k]l¥ aZValuefelem(e] . gD3(2.,i,Ek] ...

659 | & * elem(e] .gD3(2,j,k]l*+ bValue * 3(i,k} * 3(j.E}]} ...

660 | & * glem(e) .detJacob(k] * GQ.weight (k] ;

661 elem(e) _Ede(i,j) = elem(e] Ede(i,j)} t+ [(alValue*elem(e) _gD3(1,i,E} ...

662 * mlem(e) gD3(1l,j,Ekl+ aZValue*slem (=] gD3(2,4i,k} ...

£83 * mlem(e=) . gD3I(2,3,El}*elem(e] _ detdacob (k}* GO .weight(k

- 12 -
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H

E64 elem(e) Hle(i,j} = elem(e} . Mle(i,j]} + 3(i k) #* 3(j.E]}l*elem(e) .detdacob(k
1* GQ.weight (k] ;

665 | B elem(e] _ Hlle(i,j) = elem(e] . Hlle(i,jl+*bValue*eclem(e] Hle(i.j];

666 end

6687 end

668 | mpnd

669

670 i OEBC == 23

671 for E = 1:3

672 = = 0;

6732 ¥ = 0O;

674 for i = 1:

675 iG = elem(e} .LtoG (i} ;

6TE " = m + 3L(i,k} * coord(iG.1l};

877 ¥ = y * 3L(i,k} * coord(iG.2];

€78 end

679

€80 alValue = eval (funcs.all;

681 aZ¥Value = eval (funcs.alZ);

682 aValue=sgrt (alValue®*alValuetaZValue*aZValue] ;

EB3| B BETalue = eval (funca.b]

E84 rholValue = eval (funcs.rhol];

685 ulValue = eval (funcs.ul};

E8E UValue = Umed*ewval (funcs.T];

687

&88 for i = 1:HENR

689 for j = 1:HENR

90 elem(e) . H2e(i,j]l= elem(=] .1-!21:[i,j]—[;":";lue;"ﬂ"‘:";lue] *QL{i,k} ...

691 *3L(j. k) *elem(e)  JL*GOL . weight (k] ;

E92| B elem(e]  H2le(i,jl= elemie]  H2Zle(i,j)l *bValue®*eclem(e]  HZe(i.j]);

€93 elem(e}  H22e(i,j]l= elem(=) .HZZE[i,j]—[uD'ﬂ';lueg" (rhelTalue*TValu=]]} ...

g94 *3L(i,k} *3L(j,E} *elem (=] . JL*GQL . weight (k] ;

E45 elem(e)} .DaLe(i,j]l= elem(=] .Dnle[i,j]—[uﬂ":";lueg" (rhoelTalue*TValu=]}]} ...

696 *3L(i,k} *d3L(j, k) *GQL . weight (k] ;

657 end

658 end

699 end

700 | end

TOL| &

702 | funetion montale]

TO2| &

704 | global =lem NEN =socln

705

T06| &8 Honta De em D, Ee's'" am EKE'a'" & Ha'sa' am H"'a"*

Ta7

T0B| foxr i = 1:HENW

709 iG = elem(e} .LtoG(i];

710 for j = 1:HENR

711 j& = elem(e} .LtoG(j] ;

712 so0ln.Dr(iG,jG)} = =3o0ln.Dx(iG,jG} + elem(e) .Dme(i .j);

713 soln.DrL(iG,jE)}] = =3o0ln.DeL(iG,jG] + elem(e] .DrLe(i,j]

714 soln. Dy (iG,jF) = =0ln.Dy(iG,jGl + elemie) .Dye(i,jl;

715 so0ln . K (iG,jG)}] = =30ln.K(iG,jG] +* elem(e} .Ee(i.j);

T16| & soln Kl (iG,j&) = =2o0ln.Kl{i&,jG} + elem(e)] Kle(i,j);

T17| & soln . K2 (iG,jG) = =3eln.K2(iG,jG) + elem(e] KZ2e(i.j);

- i3 -
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718 =2o0ln.K2 (iG,jG] = =2o0ln.K2(iG,jG} + elem(e] _K2e(i,jl;

718 asoln.Hl (iG,; jG) = =30ln. .Ml (iG,jG] + elem(e)} .Hle(i j);

720 soln M2 (iG,jG) = =oln M2 (iG,jG)} + elem(=) _M2e(i,j);

721 soln.M2Z (iG,j6] = =o0ln.MZ2Z2{(iG,jG]) + elemie] .M2ZZe(i,j);

722 =nd

723 | end

24| B

725 | function calc3B_CI]

726 B

727 | global =lem GQ NE NEN HGQ 3 soln

728

7289| foxr = = 1:HE

T30 elem(e] .Be = seros (HEN,HEN]; elemie] .Ce = seros (HEN, HEN) ;

731 for E = 1:HGQ

T3z dpsidy=0; dpsid=x=0;

723 for m=1:NEN

732 dpsidy=dpsidy + elem(e] .gD3(Z2,m,k}] * =soclan.Phi(elem(e] . LtoG(m]];
735 dpside=dpsidx + 2lem(e] _gD3(l,m,k} # =soln_ Phi(elem(e] LtoG(m]];
736 end

727 for i = 1:HEN

728 for j = 1l:HEN

738 elem(e) . Be(i,j) = =lem(e) .Be(i,j) + 3(i,k)}) #*dps=sidy #* ...

740 alem(e)} . gD3(l,j.,k]}] #* elem(e=] detJacob(k} #* GQ_weight(k];
741 elem(e] .Ce(i,;j) = elemie) .Ce(i,j} + S(i,k} * dpsid=x * ...

742 alem(e) . gD3(2,5,k]l* elem(e) _detdJacob(k] * GQ_weight (k]
743 end

744 end

745 =nd

746

747 for i = 1:HENW

748 iG = elem(e] .LtoG (i) ;

749 for j = 1:HEHN

730 j& = elem(e} .LtoG(j];

751 sgln.B(iG,jG) = =20ln.B(iG,jG) + elem(=) .Be(i,j);

752 30ln.C(iG,;jG} = =20ln.C(iG,jG) + elem(e=) C=(i,j]);

753 end

754 end

755 | end

T56| B

757 | function =aidasi(]

758 | B

739 global ax Iy HE HEN HGQ op coord solan elem

760

761

762 | #Grafico dos resultados

763 | x=seros (HNEN,NE] ; y=sceros (HEN,NE] ;

764| ® s=meros (NEM, NE) ; t=seros (HEN,HNE] ;

765 | Phi=geros (HEH, HE) ; Omega=seros (HEN, HE] ; t=seros (NEN,NE) ;vel=geros (HEN, HE] ;
T66| & C=E*D; mm~coord(:,1l); yy~cooxrd(:.2);

767| foxr = = 1:HE

768 foxr i = 1:HENH

TED m(i,e] = coord{elemie} LeoG(i}.,1];

770 ¥li,e]l] = coord(elem(e} . LeoG(i).2);

T71| & ef{i,e}] = moln.ClA{elem(e] . LtaoG{i)];

72| R TRI(e;i]l=elem(e)} .LuoG(i];

- 14 -
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77| R Phi(i,e) = mscln.Phi(elem(e)  Leal(i]}];

T74| & Omega(i,e]= =oln.omegal(elem(e] .LtoG(i]];

775 | & C(TRI(e;i]) }==20ln.ClA(elem(e)] .LtaoG (i) ] ;

776 t(i,e})] = m3ocln.ClB(elem(e)} .LtoG(i]];

TT7T| & wvel(i,e] = selan.ul{elem{e] .LeoGF{i]l];

778 and

779 | end

70| # Plotagem das figuras

T8l | figure (1)

782 | *hold on;

782 | #subplec(2,2,1]

784 | ¥patch(=,¥,.Phi); amis([0 a=m= 0 1.0S5*ryl]; colorbar
785 | ¥=mlabel ('x"]}; ylabel('y"]l; slabel('C"];

786 | ¥sicle(sprinsf('3csream Function']]);

787 | Rsubplot(2,2,2)

788 | *patchi(x, y,Omegal ; amis ([0 a= 0 1.05*ry]); colorbar
788 | ¥xlabel ('x"]; ylabel('y"]l; slabel{('C"];

790 | ¥sicle (aprintf ("Vorticicy"]l] ;

791 | % figuzre(2)

782 subplot(2,1,1)

7923 | if op==1

794 patchi(x,y,%); amis ([0 ax 0 1.05*ryl];

795 | % camis([D.0 2.0]1);

796 | % as = 0; 1l = 80; wiew(as, =l1);

797 mlabel ('®"'}; ylabel("y")}; slabel("C"});
798 | mlse

7959 patch(x,y,vel); a=xis ([0 a=x 0 1.05*ryl]);
BO0| % camis([D.0 2.01]);

B0l | % as = 0; 1l = 80; wiew{as, =l1];

goz2 mlabel({'="}; ylabel("y"}; slabel("u ou +"};
8023 | end

04| if op==1

803 if HEH==3

BO0& title (sprintf("'Concentration Profile nTriangular Elements — Gauss Qu
= kd point=", HEQ}};

ao7 elseif NEN==2

goa title (sprintf('Concentration Profile nguadrangular Elements - Gauss
re %d pointa", HGQ});

a0% end

810 | else

B11 if HEHN==3

g1z title (sprintf("'Longitudinal Velocity Frofile nTria alar Elementa —
1 re B o s=", WEQ));

a13 el=zemif HEN

gl4 title (sprintf (" Lon adinal Velocity Prefile nfjuadrangular Elements
duadrature %d pointa"', HGEQ});

15 end

BlE | end

817 | hold off

g1ia

-i% -
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Pagina 1 de= 1

28/09/2017 16:42:55

§Reator PEFR Subst A HMalha Auto(Trabk. MEC

alpha
beta
gamma
Al
waFunc
QEBC

9| HENX

10| alFunc

o =1 & O s B3 P

11| aZFunc
12| OFunc

12| Y3Func
14| op

15| bFunc

16| omega

17| cholFunc
18| ulFunc
18| HGQ 7
20| a=x 5 BRI

21| my N b

22| a= : 120.0

23| ry H- 1
24| =f o
25| CEFunc
28| CDFunc
27| CInfFunc

28| C3upFunc

1}
5

0
a

0.1
1.0
1.0
2.0
o.0
2

2

0.5
0.5
1.0
1.0

1.0
o.0
1.0
0.01

.o
-a
1. 0tcos(2*pi*tp])
ag.no

2% delwaw : 0.05
0| tma=x = 5.0
3l| ol : 0.05
az2




APPENDIX C — LID-DRIVEN CAVITY TEST MATLAB CODE

C.1

Source code

C: \Users\Cuanabarinc\Docoments TR Y Mec Flu Comp 2\Tznh_;pr\u=m\,ﬂl[!ﬂ3\l’rugﬂ2d1ﬂ:.-
Pagina 1 de 9

28/09/2017 17:13:45

B O D 0 =1 fh N e B3 R

SN

function

= ProgrZ2ZdlZb

L]
B Teste do

codigo em cavidade

cle; clear

all; close= all;

global alpha a=x beta bpl bpR bpl bpd CIlomega coord deltat funcs
ry socln tp tmamx =f

global h NEN NN HGQ n=x ny op Re

tp=0._0;

ArgEntr = £
fgets (ArgEn
fgets (ArgEn

% Lendo demais parametros do problema

B Oba:
% mas foi m
alpha =
beta =
gamma
HMENW

funcs.al

funcas.aZ =
funcs . T =

op

funcs.b =

funcs . omega
funca.rhol

funcs._ul =

HGEQ

B Himero de
nx

ay

# Dimensdes
am

-

% fracioc do
=f

B Talores das :nndi;ﬁea de contornoc pre

funcs . CE =
funcs . CD =
funcs CInf
funcs.C3up
deltat =

R tempo max
tmax =

tol = £
fclose (ArgE
% GZera a Ma
qe::_m:lh:[

open (strcat | E._
txr} ;
txr};

antido assim

facanf (ArgEntzc,
facanf (ArgEntr,
facanf (ArgEntz,
facanf (ArgEntr,
facanf (ArgEntr,
facanf (ArgEntr,
facanf (ArgEntr,
= facanf (ArgEntzr,
facanf (ArgEntr, b

= fascanf (ArgEntr,
= facanf (ArgEntr,
facanf (ArgEntr,

= facanf (ArgEntr,
pontos das
= fascanf (ArgEntr,

= facanf (ArgEntr,

do reservatorioc 2

= facanf (ArgEntr,

= facanf (ArgEntr,

coordenada

D

para aproveitar

0 arguivo tem varios parimatros gue nio

!EIED

utilisados,

o meamo do codigo de escoamento
fgets (ArgEntr]);

comprimento para profundidade

= facanf (ArgEntzr,

facanf (ArgEntr, E
facanf (ArgEntr, E
= facanf (ArgEntr,
= facanf (ArgEntr,
facanf (ArgEntr,
imo de calculo
facanf (ArgEntr,
scanf (ArgEntr,
ntr] ;
lha no

| -

£ i s
inicLo

1
i
1
i

I
]
1
B

[TEETIET]

ETRET)

r

ETRET)

ETRET)

fgets (ArgEntr])

r

fgets (ArgEntzr] ;

fgets (ArgEntr]
fgets (ArgEntr]
fgets (ArgEntr]
fgets (ArgEntr]

r

r

r

r

5 fgets (ArgEntzr] ;

fgets (ArgEntr]
fgets (ArgEntr])
fgets (ArgEntr]

fgets (ArgEntr]

myom

fgets (ArgEntr)
fgets (ArgEntr]

fgets (ArgEntr]
fgets (ArgEntr])

atingir hma=x
fgets (ArgEntzr]) ;

itas

T

1

r

(EBC)

fgets (ArgEntr]
fgets (ArgEntr]
] ;fgets (ArgEntr)
};Efgets (ArgEntr]
fgets (ArgEntr])

fgets (ArgEntr]

fgets (ArgEntr]) ;

% Parimetro para avaliacioc de padrSesa de eacocamento

hh = intd2(
% Dimension
agln_Phi =
soln.B = =
soln.KE = ae
ao0ln. K1l = =

ayl} ;
i matrises e
sercs (HH, 1} ;
ros (HH, NN) ;
ros (HH, HH] ;
eros (HH, HH]

=

soln . C

TELOIES

seros (HH, HN] ;

r

r

r

r

fgets (ArgEntr] ;

CTRET)

CTRET)

ETRE TR TR T

-

h=[:nnrd[bpl[hh],ﬁj—:nnrd[bpl[l],ﬁjJf:nnrd[bpl[hh],:];
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57| aoln. Ml = seros (HH,HN) ;

S| =o0ln . B¥ = sgeros(HH,1);

59| CIomega = geros(HNN,1l); soln.omega = geros (NN,1l); soln.omegaZ = geros (NN, 1) ;

&0 | scln.omegad = sercs (HH,1]);

6l ® Definefcalcula parimetros do escoamento

62 Be = ;b:[h"ev;l[fun::.ﬂ]’fv;l[fun::.rhuﬂ]fev;l[fun::.uﬂ]];

63| % Chama rotinas de resclucgaoc do sisastema HEF

64| calc3 (] ;

65| calc3Global () ;

66| ADetermina matrises aumiliares

7| scln.HM0=30ln_MHl; =o0ln.EK0 = =acln.K;

68| ¥Freparagio das condigies de contorno

69| for ij = l:length (bpl]

70 so0ln Ml (bpL(ij}.:)}) = 0.0; =oln Ml (bpL(ij}.bpLi(ij}) = 1.0;

71 soln K (bpL(ij).:)} = 0.0; soln K(bpL(ij).bpL(ij]l} = 1.0;

72 | end

72| for ik=l:length (bpR]

74 soln_ Ml (bpR(ik},:)}) = 0.0; =oln_ Ml (bpR(ik},.bpRI[ik})} = 1.0;

75 soln _EK(bpR(ik),.:} = 0.0; soln EK(bpR(ik)}.bpR(ik]})} = 1.0;

76| end

77| for il=l:lengthibpI]

78 soln.HMl (bpI(il},:} = 0.0; =ocln_ Ml(bpI(il)},bpI(il}} = 1.0;

T8 soln.K({(bpI(il},.:} = 0.0; so0ln . KE{bpIl(il} . .bpI(il}} = 1.0;

80| mnd

Bl| for im = l:length (bp3]

B2 soln Ml (bp3(im} ., :} = 0.0; soln Ml (bp3 (im] ,bp3(im}] = 1._0;

g3 soln . K(bp3(im},.:} = 0.0; soln K(bp3(im},.bp3(im})} = 1.0;

g4 =2oln.BV (bp3(im}] = Eval(fun:a.ﬂ]f[nz—L];

B3| end

g6 soln BY (bp3 (1]} = E.E'fval[fun:s.U]f[nz-L];

a7 soln . B¥ (bp3 (nx)} )= D.:*ev:l[fun:a.U]f[nz-L];

B8 | while tp<=tmam

B9| % Aplica as condigdes iniciais

a0 if sp==0.0

Sl soln.omega(:,1}) = eval (funcs.omegal;

92 elzmif Sp>0.0

g2 calc3B_CI(]

94 | RPrepara as matrisges & vetor para o trap da worticidade

a5 soln AR = ((sclan. M0}+(deltat®*gammal ® (soln.B-acln.C+=30ln_K1}]};

=1 sclan.BR = ((scla.Hl})-(deltas®* [(l-gammal]l?® (sclan.B-=3clan.C*+3cln.K1l}]);

97| % Localisa a= :nndi;ﬁcs de contorno para Stransp vorticidade

L aplCC3(]

99| & Transporte da worticidade

100 soln.omega = =p1r=f[=u1n.hﬁ]R[sparae[anln.ﬂ?]]'CInmeqa;

101 end

102 | & Localisa a= :nndi;ﬁ:: de contorno para dttc:mina;ﬁn de Phiinl

103 aplCC1 (]

104 & Determinacic da Fungio—Corrente

105 mpgpln.Phi = =nln.K\[=n1n.H1*=uln.umeg:E-auln.BU];

106 | % Localisa as condigbes de contorno da vorticidade com parimetro de relamagio
(ou nioc)

107 soln.omegad = 11pha*[:nln.KD':nln.Phi—:uln.ﬂ?].f[:um[:nln.HD]']— [l—alphal *
soln . omegald;

108| ® Fos-processamento

109 CIlomega = soln.omega;

110 minPhi=min(ascln.Phi]
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111 Pmin = find(minPhi===saln.Phi]

112 P = coord (Pmin,1l]

113 TP = coord (Pmin,2)

1114 TP= aoln.omega(Pmin]

115| & imprime o3 resultados

116 saida= (]

117 | fincremento do tempo

118 tp = tp + deltat

1159 | end

120 | &++++++4+++ 444+ 44044+ HHHH AR AR A A AR A AR AR A AR AR AR AR AR R RS
121 | function aplTCLl(]

122 | §+++++4+4+++ 444444+ HHHHH AR AR AR A AR A A AR AR A AR AR AR R R R AR R R R
123 global bpL bpR bpI bp3 moln

124

125 | soln.omegaZ=soln._ omega;

126 for ij = l:langth (bpl]

127 soln.omegaZ (bpL(ij)] = 0.0;

128 end

129 for ik=l:length (bpR]

120 soln.omegal (bpR(1k} ]} = 0.0;

131 end

132 for il=l:length(bpl]

122 soln.omega (bpI(il})} = 0.0;

134 =nd

1325 for im = l:length (bpd]

1326 soln.omegal (bpd (im]} ] = —=3oln.BV(bpd(im]] ;

137 =nd

138 | §++++++4+++ 444454 HHHHHH AR AR AR AE A AR R AR AR AR A AR AR AR R R AR AR R R
139%| Funeotion aplCCa(]

140 | & ++++++4++ 444444 HHHHH AR A AR AR A AR AR AR AR AR A AR R A AR R AR AR R AR
121 global bpL bpR bpl bpd CIlomega soln

142

142

142 for ij = l:leangth (bpl]

145 soln AR (bpL(ijl.:} = 0.0; =oln.AW(bpL(ij).bpL{ij})} = 1.0;

148 soln BR(bpL(ijl.:} = 0.0; =oln.BW(bpL(ij)l.bpL{ij}} = 1.0;

147 CIlomega (bpl(ij) ] =scln.omegald (bpl(ijl}]};

148 end

149 for ik=l:length (bpR]

150 soln. AR (bpR(ik)l,:} = 0.0; =2oclan.AW(bLpR(ik]l,.bpR{ik}} = 1.0;

151 soln.BR (LpR(ik]l,:} = 0.0; =2ola.BWR(bLpR(ik]l,.bpR(ik}} = 1.0;

152 CIlomega (bpR(ik] | =scln.omegad (bpR (1K} ] ;

153 =nd

154 for il=l:length (bpI}

155 soln AW(bpI(il},:} = 0.0; =oln_ AW(bpI(il).bpI(il})} = 1.0;

156 so0ln BW(bpI(il),:} = 0.0; =oln_ BW(bpI(il),.bpI(il}} = 1.0;

157 Clomega (bpIl (il) )=soln.omegald (bpI (il}];

158 m=nd

159 Ffor im = l:leangth (bpld]

180 soln AW (bp3 (im},:}) = 0.0; =ocln. AW (bp3(im].bp3(im}]} = 1.0;

161 soln . BW (bp3(im),:} = 0.0; =oln_BW(bp3(im).bp3(im})} = 1.0;

162 Clomega(bpd(im] ) =scln.omegald (bpd(im]];

183 end

164 | &++++4+444 4444444440 H 0B R AR AR AR AR AR AR AR AR A R R R R R
165| function gera_malhal(]

166 | &++++4+444 44444444400 H AR AR AR AR AR AR AR AR R R R
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167
168
169
170
171
172
173
174
175
176
177
178
178
180
181
182
183
184
185
186
187
188
188
190
191
192
153
194
185
19&
197
198
198
200
201
20z
202
204
205
Z0E
207
208
208
210
211
212
213
214
Z15
Z16
217
218
2158
220
221
222

global bpLl bpR bpI bpd coord elem NE NEN HN nmx ny TRI X

global ZEmazx Xmin Ymam Ymin

BGera o grid
HH=nx®*ny;

[X,T] = neahqrid[ﬁ:;.tf[nn-;]:;.C,

X = reshape (X,1,
& Locais das con

a

}; ¥ = reshape(¥,1,[1});

coes de contorno
Emin=min (X} ;bpL=find(
Emax=ma=n (X] ;bpR=find (E==EKmax]
Tmin=min (Y} ;bpI=find (¥==Tmin} ;

TR

Tmax=max (Y] ; bp3=find (¥==¥Yma=x] ;

BlLer = armasenar

coord (:,1) = X(:};

if HEN==23

as coordenadas

BGera os elementos
TRI=delaunay (X,Y];

HE=saimse (TRI,1l];

Blocalisa o3 s=lementos

coord{:,2}= ¥(:};

0:1.0/(ny-1)

. 0¥;

for ==1:HE
for j=1l:2
elem (=) . Lto&E(j} = TRI(e=,35]);
end
end
elzseif HEH == 4
HE=[(n=x—1}* (ny—1} ;
fk=meros(n=m,ny];
QUADR=gseros (HE, 2] ; nel=0;
for j=l:ny
for 2=l:n=
FE(i,§)=9+(i-1)*ny;
end
end
for j=1l:(ay-1)
For i=1l: (a=mx-—-1]
nel = neldl;
QUADR (nel, :}=[fk{i,j} EEk{i+l,j)} fk(i¥+l,j§+1) EEk{i,j§+1}1;
end
end
for ==1:HE
for j=1l:-4
elem(e]  LtoE(j) = QUADR(e,j) ;
end
end
end
B
function calcd (]

global &2 HGQ WEN 3 43

if WHEN == 2
if WEQ == 3
GQ.point(1,1])
EQ . point (2,1}
GO .point(32,1)]
G0 _weight (1)

¥ Elemento Triangular,

0.5;
0.0;
0.5;

1/6;

GQ.point(l,2]
GQ.point (2, 2]
GO _point (3, 2]

guadratura

0.0;

0.
0.

ooon
CTRET

de 2 ptos.
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C:\Users\GuanabarinchDocuments\UBRT\Hec Flo Comp 2%Trab provas\BMTC3\Frogr2Zdilb.m
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223
224
225
226
227
228
229
Za0
23l
23z
222
224
235
2386
237
238
228
240
241
242
243
244
245
246
247
248
249
250
251
252
252
254
233
256
237
258
258
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278

- & -

=1 O W O =]
-1 | u
s !

L= e I O

o wm O m o

OO Mmoo

oM o S el
o h o B3N

CTRET]

ptos.

r
r
r

GO . weight (2] = 1/&;
GQ.weighs (2] = 1/6;
mlseif HEQ == 2 % Elemento Triangular, guadratura de 4 ptos.
GQ.point (1,1] 1/3; GQ.point (1,2) = 1/3;
GQ.point (2,1} = 0.§&; GQ.point(2,2) = 0.2;
GQ.point (2,1} = 0.2; GQ.point (2,2} = 0.6;
GQ.point (42,1} = 0._.2; GQ_point(4,2) = 0.2;
GO . weight (1) = —-27/%96;
GO _.weight (2] = 25/96;
GQ.weight (2] = 25/96;
GQ.weight (4] = 25/96;
elzeif HEQ == 7 B Elemento Triangular, guadratura de 7 pt
GO .point(l,1} = 1/3; GQ.point (1,2} = 1/3;
GQ.point (2,1} = 0.059715871789770; GQ.point(2,2) = 0.47
GQ.point (3,1} = 0.470142064105115; GQ.point(23,2) = 0.05
GQ.point (4,1} = 0.470142064105115; GQ.point (4,2} = 0.47
GQ.point (5,1} = 0.101286507323456; GQ_point (5,2} = 0.7%
GQ.point (6,1) = 0.101286507323456; GQ.point (E,2) = 0.10
GQ.point (7,1} = 0.797426985353087; GQ.point (7,2} = 0.10
GO weight(l] =
GO _.weight (2]} = 2788 f 2Z;
GQ.weights (3] = 2788 f 2;
GQ.weight (4] = 2788 f 2;
GQ.weight (5] = o544 f 2;
GQ.weight (E] = o544 f 2;
GO . weight (7) = 0.125935180544 J 2;
end
for E = L:HGQ
Esi = GQ.point (k,;1l]}; e=ta = GQ.point(k,2];
3(l;,k} = 1 - kai — eta;
3(2,k}) = Ek=ai;
3(2,k}) = &=ta;
B derivadas de 3 em ksi
d3(1,1,k} = —-1;
a3 {1l,2,k} = 1;
d3 (1,3, k) = o;
B derivadas de 3 em =ta
d3{2,1,k} = -1;
d3(2,2,k} = 0O;
d3(2,3,k} = 1;
end
elseif HEN == 2
if HED == 4 R Elemento Quadrilateral guadratura de 4 ptos
GQ._point (1,1} = —=|qrt-['_.|"2]; GQ.point(l,2) = —=|q:|:t-['_.|"2]
GQ.point(2,1) = =agre(l/f3}; G0 _point (2,2} = —-agre(l/3)
GQ.point (2,1) = —-=agre(l/2}; GO . point(2,2) = agre(l/2};
GQ.point (4,1) = =agrs(l/3}; GQ . point(4,2) = agrs(l/3];
GQ.weight (1} = 1.0;
GQ.weight (2} = 1.0;
GQ.weight (2} = 1.0;
GQ_ weight (4]} = 1.0;
malzmif HEQ == & 8 Elemento Quadrilateral guadratura de 8
GQ.point(1l,1) = —=agrs(3/5]); G0 .point(l,2}) = —-agrs(2/5])
GQ.point (2,1} = 0.0; GQ.point(2,2) —=qrt[3fE]
GQ.point(3d,1l]) = =|qrt-[3,-"5]; GQ.point(3,2) = —=|qrt-[3,-"5]
GQ.point (4.1} = —=|q:|:t-[2.|"5]; GQ.point (4,2 = D.0;
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279 GQ.point (3,1} = 0.0; GQ.point (5,2} = 0.0;
280 GQ.point (6,1]) = :qrt-[E.-"E]; GQ.point (6,2} = 0.0;
281 GQ.point (7,1 = —=agrs(3/5); GQ.point(7,2) = =agrs(3/5);
282 GQ.point (8,1} = 0.0; GQ . point (8,2} = =qrt.[3.|"5];.
283 GQ.point(9,1] = =agre(3/5]; GO _point(%,2) = =agre(3/5);
294 GQ.weight (1] = 5f/8 #* 5/ 8;

285 GQ.weight (2] = Bf8 * 5/8;

286 GQ.weight (3] = 5f8 # 5/8;

287 GQ.weight (4] = 5/3 * B8/%9;

2da GQ.weight(5) = 8/f9% * 8/%;

289 GO . weight (€} = 5/9% # B/%;

2490 GO . weighs (7} = 5/9 *# 5/8;

291 GQ.weight(B) = Bf8 * 5/ 8;

292 GQ.weight (%) = 5/8 #* 5/ 8;

b =] end

294 for E = 1:HGEQ

295 Eai = GQ.point(k,1l); eta = GQ.point(k,2];

2896 S(1,k} = 0.25* (1—-ksi}#®* (1-=ta);

297 3(2,k} = 0.25* (1+ksi}* (1-=ta});

2498 5(3,k} = 0.25* (1+ksai)}®* (14+m=ta};

2499 3(4,k}) = 0.25* (1l-ks=si}* (l+etal;

200 B derivadas de 3 =m ksi

ani d3(1,1,k} = —-0.25*(1—-etal;

ana d3(l1,2,;k) = O0.25*(l—-etal;

ana d3(1,3;k} = O0.25* (1#+etal;

ans d3 (1,4, k) = —0.25%* (1+eta);

205 & derivadas de 8 =m =ta

a0E d3(2,1,k}) = —-0.25*[1-k=i};

an7 d3(2,2,k} = —0.25* (1+k=i};

ana d3{2,3,k}) = O0.25*[1+k=i);

ans d3(2,4,k}) = O0.25*(1-k=i};

alo =nd

211l | and

312 | &

212 | Function calc3Global ()

14| &

als global HE HENW HEGQ coord 43 elem Jacob

alE

2l7| % Calculo do Jacobiano £ seu determinante para cada elemento Z2-D.
21| & imicialisa matris de coordenadas

als -E_l:-u-nrd.=zer-u= [(HEN, 2] ;

320| for = = 1:NE

321 for i = 1:HEW

a2z iG = elemie) .LtoG (i} ;

223 e_:nurd[i,:} = coord (iG, :);

324 end

225 | &% Calculo = arme. das derivadas das fun;ﬁc: de forma.
226 for E = 1:HGQ

327 Jacob(:,:}) = d8(:,::Ek} "'E_I:D-D:I.'d[:_.-:];

228 elem(e] . gD3(:,;:,k} = (Jaceb(:,:}} % d83(:,:,k];

229 elem(e) .detJacob (k] = det(Jdacob];

330 end

23l | end

332| &% Calculeo das matrises [K] = [H]

222| for = = L1:NE

2324 calc3Elem (=] ;
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235 monta (=) ;

226 | mpnd

237 | &

2328 | function calc3Elem(e]

228 | &

340| & Calculo de [K],[H]'s'" no slemento

34l | global elem G2 HEN HGQ Re 3

242

343 | elem (e} .Ee = meros (HEN, HEN] ; elem(e]) _KEle = seros (HEN,HEN]) ;

344 | elem (e} .Hle = meros (HEN, HNEN] ;

245

346 | for E = 1:HGQ

247 for i = 1:HENW

248 for j = 1l:HEN

249

as0 elem(e) Ee(i,j)] = slem(e)  Ee(i,j)} + (elem(e) gD3(1l,i,E} ...

351 * glem({e) . gD3(l,j,k}+ elem(e) . gD3(2,1i,KE)} ...

252 * glem(e} . gD3I(2.5,.E})} ...

asa #* mlem(e) _detdJacob (k) ® GQ_weight (k] ;

254 elem(e] _Kle(i,j) = elem (=] .Klel:i,j]—e"_-em[-e].KE[i,j];"RE;

355 elem(e] Hle(i,j) = elem (=)} _Hle(i,5) + 3(i1,Ek])] #* 3(j,E}l*=lem(e] _detdacob(k
1* GQ.weight (k] ;

256 end

a57 end

3568 | end

259

ae0 | &

26l | function monta(e]

262 | B

ag3 global elem NEN asoln

282

365 | & Monta Ee em K, He sm M

266

287 | for i = 1:HEN

2&8 iG = elem(e) . LtoG (i) ;

269 for j = 1:HENW

370 G = mlem(=) _LtoG(j]);

371 soln.K(iG,;jF] = =moln.EK(iG,jG) + elemie]} .Ee(i,jl;

372 so0ln Kl (iG,jE) = =so0ln . El(iG,jE} + elem(e) KEle(i.j]);

a73 soln Ml (iG, j&E) = =oln M1 (iGE,jE) + =lem(e) Mle(i,.j);

374 end

275 | mnd

376 | &

2377| function calc3B_T(]

278 | &

a7s global elem funcs GQ Jacok HE HEN HGQ ax 3 =oln coord Emax Emin Tmax Tmin

280

381l | for = = 1:HE

ag2 elem (e} .Be = seros (HEN,HEN]; elemie) .Ce = seros (HEN,HEN];

283 for E = 1:HGQ

284 dpaidy=0; dpsid=x=0;

285 for m=1:HEN

28E& dpsidy=dpsidy + elem(e} _gD3(2;,m,;k]* =so0oln.Phi(elemie)  LtoE(m}]);

287 dpsidax=dpsida + elem(e) . gD3(l,m,k]* =soln.Phi(elemie) . LtoE(m]}];

288 end

288 for i = l:HENW
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2580 for j = Ll:HENW

351 elem(e] .Be(i;j)} = elem(e) .Be(i,j)] *+ J(i k] *dpaidy* ...

382 elem (e} . gD3(1l,j,k}) * elemie] .desdacob(k] #* GQ.weight (k) ;
283 elem(e] Ce(i,j) = slem(e) Ce(i,j) + 3F(i,k] *dpasid=x® ...

294 elem () gD3(2,5,k}* elem(=] detdacob (k] #* GQ.weight (k] ;
285 end

=1 end

287 end

258 for i = 1:HEHNW

2595 if = elem(e] _LtolG(i];

400 for § = 1:HENW

401 Jj& = elem(e) .LtoBE(j]);

402 s0ln.B(iG,jG) = =30ln.B(iG,jG)] +* elem(e) .Be(i,j};

402 20ln.C{(iG,j§G) = =30ln.C({iG,jG) +* elem(e)} .Ce{i,j};

204 end

205 mnd

206 | mand

407 | &

208 | function =aidas(]

409 | &

410 global CIomega tp HE NEN coord nax ay soln elem Re

411

412 Grafico dos resultados

413 | m=seros (HEN,HE] ; y=seros (HEN, HE] ;
414 | sn=coord (-, 1)} ;yn=coord(:,2]};

415| for = = L1:NE

41§ for i = 1:HEW

417 x({i,e) = coord(elem(e} . LtoG(i},.1});

418 ¥ili,e}) = coord{elem(e} . LtoG(i)},2);

419 | & TRI(e,i)=elemie) .LsoG (i) ;

420 & Phi(i,e] = =soln.Phi(elem{e] .LtoG(i])];
2471 | & OCmega(i,=]= soln.omega(elem(e] _LtoG(i]];
422

423 end

224 | mand

425| &% Plotagem das figuras

426 | figure (1]

427 | hold off

478 | subplot (1,2, 1]

479 | & patch(=,y,Phi); amis({[0 1.0 0 1.0]1);
430| & smshading interp

431 | % surf(=,y.Phi)l; a=mxisa{[0 a=x= 0 1.05%*=ryl];

2432 a=x=0:1_0/ (ax—1} =L.@; y1r=l:!:'_.l:-,-" [ny—1}:1_.0;
433 [EXE,¥Y¥]=meshgrid(==,¥v¥);

2324 sfn=griddata (mn, yo,soclno.Phi, XX, TY];

2435 | B contour (EX,¥Y,afn,.20) ;

436 [~,h]= contour|

427 nmt (h,
428 | a=a2= ([0
4329 | faxis e=gual;

440 | mlabel ("="); wylabel(
44l | title (sprintE("'Eleme
442 | ®figure (2]

443 | subplot (1,2, 2]

444 | & patch(=,y,0mega)l; a=mis ([0 1.0 0 1.073);

H
Bd, HERe = &d nitream Function', HE, Re}};
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445| &% shading incezp

44€| % mcisurf (TRI,.=x=x, yy.,s0ln.omega);

447 veEy=griddata (®mn, yn, soln.omega, XX, TY] ;

448 contour (KX, ¥YY,vey,20) ;

245| & [2£2,i5]F contour (EX,¥YY,vey,26,"k—-.");% amis equal;

450 ® et (ij, "ShowTexts", "on", "Texts3sep ', ges (ij, "Level3cep") *1.0];

451 ) axis ([0 1.0 0 1.0]);
432 | baxis equal;

453 | xlabel('="); ylabel('y');% coelezbaz('scuchourside");
454 | cicle (aprzinef ("Time = &£, n nVersiciey', upll;

455| hoeld on

456

C.2  Code inputs sample file
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ap + a1aR + as (a?{ - a;}) =0 and, therefore: aj = £, /a% - Z;;QR = Z—z (8)

which, after substitution in Eq.(7), implies in:

Br = ﬂ:‘ /Ot%% + Z—;O(R + Z—Z (411 + 2a2aR) (9)

By noting that the concentration ¢ cannot take negative values, in order to provide a
physically consistent solution, we need to add a constant forcing such that this nonnegative
restriction is satisfied. Also, for a constant in time forcing, we have Sr = f; = 0 and,
therefore, substituting this condition in Eq.(4), we obtain:

n ay :E (l% agp ( 1 0)
bd=—— — = —
2a5 da3  ap

As expected, Eq.(2) has negative real solutions in case of ag < 0, thus producing a

steady solution that decays in the z direction, representing the amplitude decay with the

distance. So, given ag, a1, az, and an arbitrary ap, we may construct a solution employing
Eq.(3) and Egs.(8) to (10).

2.2 Sample code test

5 Compared 1-D Plots - time elapsed: 34 90
L DO ODOB0! )
C8006,,
g L T S i eineiin H-G‘)‘:-)OQDQO\DOD‘;H s
°© i i 00000,
H 901
05 j ks
0 i i i i - o
0 3 4 6 5| ©0° analync_:a] aolum.)n
S IETIT — numerical solution
05 ; ; ; . — error plot
L weesassdores ; &
= ; : :
L s s B
E 02f- ! ? :
< gql- L R A 1
0 L i i i
0 2 4 6 8 10
X

Figure 1: 1D Sample Code Graphics Output.

We show a test (Fig. 1) where a simple 1D explicit finite difference (FD) code that
solves Eq.(2) is tested against the analytical solution given above. Entry parameters are:
L (computational domain size) = 10; Az = 0.2; At = Az?/2; ag = —0.01; a; = —1.0;
a2 = 1.0 and ap is arbitrarily set as -0.1. The transient analytical and numerical solutions
are plotted on the upper graph and the absolute error (amplified by 10) is plotted below.
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Also, to assure the nonnegative restriction for the concentration profile, we must have
also 3 = 0 and this supplies the constant forcing:

cp = el@artioar)etiogrytiosrz (21)

For the 2D case, we can proceed analogously, considering that there is not the z com-

ponent and, as a consequence, periodicity in the z direction. Thus, given ag, a1, a2 and

arbitraries o, g, a7 and a1, according to the case, we may construct a 2D or 3D solution,
employing Eqs.(18) to (21).

3.2 Sample code test

Analitycal 2D Solution {time elapsed: 30.00)

Figure 2: 2D Sample Code Graphics Output (1250 elements mesh).

A 2D code employing a simple Galerkin formulation through finite elements method
(FEM) is employed for test and the outcome for a given elapsed time is shown by Fig. 2.
The entry parameters are L = 10; W = 5; Az = 0.4; Ay = 0.4; At = 0.1; a9 = —0.01;
a1z = —2.0; ayy = —0.2; ag = 1.0; a,p and ayy are arbitrarily set as -0.1. The error is
evaluated through Root Mean Square Deviation (RMSD), which is also shown in Fig. 2,
or:

RMSD = (22)

where (" is the analytical solution at node 4 for a given total number of nodes m.
We further observe that for 2D, Eq.(21) assumes the form:

o= e&;m#«iayly (23)

DOI: 10.5540/03.2017.005.01.0411 010411-5 © 2017 SBMAC
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SIMULATION OF SPECIES CONCENTRATION DISTRIBUTION IN
REACTIVE FLOWS WITH UNSTEADY BOUNDARY CONDITIONS
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Abstract — The determination of species concentration profiles in reactive flows with variable inlets is a
problem of practical interest to many fields such as in flow reactor transient operation and in cyclic
degradable pollutants disposals in watercourses. In these cases, the inflow condition often consists of a
time-dependent function which may imply in unsteady outflows, not always well represented by the
usual boundary conditions (BC) so far used. A new approach, using an outlet condition in the form of a
material derivative, termed Material Derivative Boundary Condition (MDBC), is introduced and a
numerical model to solve convection-diffusion-reaction equations in two-dimensional (2-D)
incompressible flows is developed. Upon reviewing the literature, it is noticed that Finite Element
Method (FEM) is rarely used in the simulation of reactive flows, in spite of its ability of consistently
coping with variable BCs. The above facts are reasons to explore its use along with a semi-discrete
formulation with Galerkin Method in our simulations. Results are obtained for various conditions, in
order to show features of the code and are compared to existing solutions. Use of MDBC is shown to
provide a better approximation of the exit concentrations and use of FEM in reactive flows is further
enhanced.

Keywords — Concentration Profile Simulation, 2-D Reactive Flows, Finite Element Method, Material
Derivative, Unsteady Boundary Conditions.

INTRODUCTION
Preliminaries

The determination of species concentration profiles in incompressible reactive flows
presents practical interest to many engineering applications, such as tubular continuous
chemical reactors design and operation, concentration evolution prediction of degradable and
non-buoyant contaminants in rivers, downstream industrial wastewater or domestic sewage
discharge, etc.

While reactants in chemical reactors are subject to transformation due to chemical or
biochemical reactions, pollutants in rivers may also disappear by physical processes, such as
volatilization or reactive decay, all of which being accounted for in the transport equation by
addition of a reaction term r (van der Perk, 2013):

(1)

g —
ot ox; Ox;

1

oc ___aC 0 |:Dij ac}_rr
0x
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D 0
where we define for 2-D flows: Dij = [ * } )

After a certain initial time interval, when the mixing processes are completed, species
concentration along the flow can be modeled by the use of equation 1. In ideal tube reactors,
often treated as plug flow devices, molecular diffusion and radial/lateral velocities terms may
be dropped (Levenspiel, 1999), leading to one-dimensional (1-D) pure advective-reactive
model. In other cases, these terms must be taken into account, requiring 2-D models to
describe the flow. It is also reasonable to assume 1-D convective and diffusive flows for small
rivers and channels when the length is ten or more times larger than its width (Kachiashvili et
al.,, 2007). In larger watercourses, by its turn, where the river depth is significantly small
compared to its width, depth-averaged concentrations assuming vertically well-mixed species
could be employed (Lee and Seo, 2007), making it possible to apply a 2-D model derived
from equation 1.

Thus, it is all about solving equation 1 in the applicable dimensions, subject to proper initial
and boundary conditions Usually, three types of BC apply:

C=¢ on T, ()
a_C — 67 on Fn (3)
X
wc+DC _ 7 on T, (4)
Oox

where ¢, ¢ and g may be homogeneous, constant valued or function of time and the greek

letters I" denote the correspondent surface where the BC applies. Equation 2 is usually
referred to as Dirichlet or Essential Boundary Condition (EBC), equation 3, as Neumann or
Natural Boundary Condition (NBC) and equation 4, as Robin or Cauchy Boundary Condition.

Scope

In this paper, we are particularly interested in 2-D simulations of reacting species
transport, where the inlet boundary concentration is a pulse, a series of pulses or a continuous
periodic function. These inlet conditions apply to cases of flow chemical reactors operating
under variable inlet feed and variable species concentration spills in rivers and channels.

This class of problems has motivated studies pursuing analytical solutions of convection-
diffusion-reaction equations—subjected to time-dependent—BCs, like the ones from van
Genuchten and Alves (1982), Logan and Zlotnik (1995), Logan (1996), Aral and Liao (1996),
Golz and Dorroh (2001), Chen and Liu (2011) and Pérez Guerrero et al. (2013). However,
these studies either are restricted to 1-D cases, or adopt conditions that may not represent time
dependence close to the domain exit.

We emphasize that, in the case of time-dependent inlet conditions, special attention must be
given to the outlet BC. Since the exit concentration or the species flux is an unknown,
assuming prescribed values at the outlet is not consistent.
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To the present, as in the works cited above, this indeterminacy is treated either by
considering that the outlet concentration gradients are zero, which may be physically
unrealistic (Ziskind et al., 2011), or by using Robin type BCs, best suited to represent inlet
conditions.

Literature Review

A number of papers address the advection—dispersion equation, with or without the
reaction term, providing both analytical and numerical solutions for cases of pollutants
discharge. O’Loughlin and Bowmer (1975), for instance, applied analytical solutions to
equation 1 in 1-D channel flows with decaying species, later extended by Chapman (1979) to
non-uniform steady rivers, both considering only pulse or continuous inlet concentrations and
homogeneous NBC for the concentrations at the outlet. Comparison with the results obtained
in the experimental works of Vilhena and Leal (1981) for non-reacting pollutants in point
source injection shows good agreement with them. Czernuszenko (1987), also working with
dispersion of conservative species, proposed a numerical solution for the 2-D advection—
diffusion equation, using a conditionally stable finite differences (FD) scheme. But, since the
study was restricted to mixing far from the pollution source, leaving convection to the
background, the equation was bounded by NBCs, not encompassing unsteady BCs. Piasecki
and Katopodes (1997) interested in sensitivity of contaminant concentration profiles to timely
changes in its load, a similar aspect of our own concern, treated the problem by the use of a
FEM scheme, but the unsteady load was a zeroth order production term of the transport
equation and the problem was subjected to Dirichlet and Neumann type BCs. Kaschiashvili et
al. (2007) provided a consistent model for river reactive flow problems in one, two and three
dimensions and used dimension-splitting FD numerical schemes, with unsteady upstream BC
and a NBC downstream. But, due to the equilibrium condition at the outlet, consisting of a
constant spatial concentration gradient, this BC no longer applies and is modified, sometimes,
with the introduction of an additional parameter in order to better reproduce experimental
data. The fact supports our remark that time-dependent inlet conditions may imply in
difficulties for prescribing values for the outlet conditions. Lee and Seo (2007) used a 2-D
finite element model, based on the Streamline-Upwind Petrov-Galerkin Method (SUPGQG)
together with a Crank-Nicholson FD scheme for the time derivative, as in this paper, but
restricted to rivers where the process is diffusion dominated and the downstream BC was a
prescribed diffusion flux. Two years later, the same authors employed this same method to
accidental mass release in rivers (Lee and Seo, 2009) and, similarly to Piasecki and
Katopodes (1997), the accidental mass release was represented by a zeroth order production
term of the transport equation which was subjected to Dirichlet inlet BC and Neumann outlet
BC, once more not considering unsteady BCs.

The literature survey detailed above, related to watercourses pollutants spills, shows
that FEM has not been widely used to obtain solutions of reactive flows, in spite of its ability
of consistently coping with differential BCs (Logan, 2007). This might be explained by the
existence of the advective term in the transport equation that makes the system of equations
nonsymmetric and prone to numerical oscillations (Yu and Singh, 1995). Several authors
addressed the problem by focusing the development of consistent and stable FEM schemes for
these flows (Yu and Singh, 1995; Galedo et al., 2004; John and Schmeyer, 2011) but rarely
holding their attention on unsteady BCs. We also quote the studies of Konzen et al (2007) by
which a convective-diffusive-reactive problem formulated through vorticity and stream-
function is numerically solved, employing Galerkin FEM (GFEM) together with a Runge-
Kutta scheme for the time stepping. But, owing to the formulation adopted, the BCs were
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assumed homogeneous Neumann type and the flow, taking place in a closed cavity, is not
subjected to inflows and outflows rates, as in rivers and continuous chemical reactors.

Modeling work on fluid dynamics by FEM in chemical reactors is also not commonly found
in the literature. Ranade’s (2002) book on reactors computational fluid modeling employs the
finite volume method, in the examples and applications presented. Sometimes, commercial
packages using the FEM on their built-in routines are employed for the study of chemical
reactors models performance (Galante, 2012; Mushtaq, 2014). However, in addition to being
proprietary, these routines often focus simulations of chemical reaction media, rather than
flow dynamics. Yet, it is possible to verify, in the works by Skrzypacz and Tobiska (2005)
and Skrzypacz (2010), a FEM scheme to solve a simple 1-D reactive flow in packed bed
reactors. Even though these two studies assume steady flow, BCs are of Dirichlet type and the
reaction term is not explicitly solved, the convenience of using FEM in chemical reactors flow
modeling is pointed out.

Aims and Objective

Thus, additional motivation exists for the study of concentration fields using FEM, to
simulate problems modeled by equation 1 and subjected to unsteady BCs.

Our proposal, and what depicts the main contribution of this work, is to use an outlet BC in
the form of a material derivative, directly representing the concentration gradient or the
species flux time dependence, an usual feature for such models.

To the authors’ knowledge, no analytical solution considering a material derivative as the
outlet BC was yet constructed. So, a computer code prototype is developed in MATLAB,
through a semi-discrete formulation with GFEM and implicit FD scheme for the simulations.
The inlet, or upstream, unsteady BC behavior is assumed either as time periodic, or as pulse
functions, providing a variable condition. At the outlet, or downstream, to better represent the
equilibrium condition among diffusion, advection and reaction in unsteady conditions, the
outlet flux is evaluated by the species concentration material derivative.

MATHEMATICAL FORMULATION

Considering the objectives of the present study, of addressing isothermal reactive
flows, an average hydrodynamic field is assumed, so turbulence models are not introduced in
the evolution equations. We emphasize that averaging the concentration field along one of the
three directions, in order to construct 2-D models, requires that reactants or pollutants be
mixed at a much faster rate than the reaction rate, as in the microfluid idealization
(Levenspiel, 1999).

The reaction term in equation 1 may considerably vary, depending on the process. For
simplicity, it was decided to analyze only a first order reaction model and the diffusion tensor
was considered constant. The transport equation then becomes:

2
o€ _ 7.9€ p. 0C 4 5)
ot L ox; U ox;0x ;
with initial condition given by:

Clx;, 0)=0 (6)
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BCs used at the inlet or upstream are prescribed in one of the two forms below:

C,-nj(O,y, Z) = (), t#nt (7)
Cinj(O,y; t) = C*inj, t=nt

in order to represent short injections at arbitrary times nz, or to represent a periodic injection,
we assume :

Cini(0,y,t) = C1 (1 + cos mnt) (8)

where C;is the mean amplitude of the species concentration at the inlet. In equations 7-8, the
y coordinate dependence is applicable to 2-D flows and may represent the injection in part or
along all its length.

As already mentioned, analytical solutions for this kind of problem exist and will be
used in order to validate numerical results. These solutions assume either prescribed or
Neumann’s outlet BCs mostly at semi-infinite domains. Moreover, even the solutions for
finite domains that accept one or other of those BC are subjected to criticism (Ziskind, 2011).

Equation 5 is solved by a FEM scheme, with a Galerkin formulation. So, a weighted
residual statement of that equation reads:

J' oCc _ oC o’c
—+u.—-—D..
ot L ox; U@x@x

— — +kC }wdg 0 )

By applying the divergence theorem to the third term of the above equation, and
substituting the result in equation 9, the following weak form is obtained:

jwﬁ—c+wﬁ.a—c+w¢7 Ly, 2 % p 2 k-
Wa "Ya Ve Taa Yoo

aC oC
jw(n D%, p, ayjdl‘ (10)

where n, =n-é,, n,=n-e, and I' =T;, UI, UL, UT,,,.

I'1 and I> represent lateral surfaces and the related fluxes are zero. I'i,, by its turn,
represents the inlet boundary, subjected to specified, but time-dependent, BCs, as given by
equations 7-8. In this case, the weight functions are zero for I';,, implying that the surface
integral is only evaluated along I ou.

For the outlet surface, we can assume that:

i=é, (11)

and, t s
[ w(Dx 6—der (12)
ox
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By looking again at equation 12, it can be verified that the weak formulation boundary term
represents the species flux by Fick’s Law. Yu and Singh (1995) sustain that this formulation
should only be applied to situations where there are exclusively diffusion fluxes at the outlet
boundary. But in the problems under consideration, advection effectively occurs at the outlet,
and must be taken into account in the BC expression.

In fact, there are cases where gradients normal to the outlet surface are zero, bringing the
formulation back onto consistency, even in presence of convection because it eliminates the
surface integral. Again considering equation 12:

a o f W(Dxa—cjdrmzo (13)
r Ox
r

Oox
out out

We must have in mind that for a developed profile, equation 13 also implies, taking into
account equation 5, in:

L e (14)
ot

r

out

We emphasize that this condition does not hold when the gradients at the outlet are not
zero. It is well known that flow problems involving the transport of chemical species with
homogeneous NBC fail to satisfy the conservation law for species concentrations within the
domain (Golz and Dorroh, 2001). In particular, prescribed constant outlet fluxes also do not
lead to correct description of time-dependent problems.

So, for the sake of generality another outlet BC must be assumed. We point out that, in the
flows under consideration, the species dispersion is mainly due to vertical and transverse
velocity gradients, while molecular and turbulent diffusions are generally negligible (Launay
et al., 2015). So, adding the advection term to equation 14, one has:

oc _ oC
ot 0x;

Equation 15 is in fact a nonhomogeneous material derivative that automatically evaluates
the spatial gradients at the outlet boundary. We propose to term it Material Derivative
Boundary Condition, or MDBC, as previously mentioned.

= kClp (15)

r

out

Assuming that, at the boundary Tou, i = 77U , where U =./u f + ﬁyz , then, equation 15
can be expressed as:

ot Ox;

1

= —kC|r0m (16)

r

out

where: n; =n-¢;

Following, combining equations 10, 12 and 16, it is possible to write:
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[ v, 8 0 5 i) [ B S
e o Yoy o ax Yoy oy ot

(17)

Then, equation 17 is the one to be numerically implemented by GFEM, in order to obtain
the species concentration profiles.

The numerical procedure may be tested by comparing the results with existing analytical
solutions. In the simplest case of 1-D flow, analytical solutions for continuous and pulse mass
injection, are, respectively (O’Loughlin and Bowmer, 1975; Chapman, 1979):

C(x,t):lexp —_kx erfe x—u t(l+H,) (18)
Ciy 2 0, NZDW
and:
M. . 7. t)P
C(x,t)ziexp —kt—M (19)
47D .t 4Dt

where H_= ZkD% , and M iy is the total mass injected per unit area. And for a 2-D case with
u}(

pulse injection where there is a transversal diffusion D, and zero lateral component of velocity
(Vilhena and Sefidvash, 1985):

M .. = 2 2
C(x,y,t)=¢exp—{kt+(x ), + -2 } (20)

4nt\[D.D, 4Dt 4Dt

When the inlet BC is given by equation 8, an one-dimensional analytical solution may
be obtained. By following the work of Logan and Zlotnik (1996), it is possible to establish
that equation 5 clearly admits a solution of the form:

Clxt) =@+ (21)
where  and ,B are complex valued, thus:
O:(ZCZR +i(Z[ and ﬂAIﬂR +iﬂ[ (22

Then, substituting equations 21-22 in the 1-D form of equation 5, one obtains:

A

B=—k-u.d+D.a? (23)

Once the periodic BC forces the inlet concentration at a fixed value, fr = 0 and
the solution may be expressed as:

Clx,1)= R[e(aRW’ it ] (24)

where R means the real part of equation 24 and:

u k u k _
o =t 0:2—&0( —— and G =% 0.7'—&05 ——\2D.op— 25
I\RDXRQCanﬁI]/RDxRDx(xR%c) (25)
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Also, considering that the concentration at x = 0 cannot take negative values, it
is necessary to add a constant forcing, such that this restriction is satisfied, and
equation 24 becomes:

Cx1)=cC, +R[e(“R*i“1)"*iﬁ”] (26)

For this constant forcing, obviously fr = 1 =0 and therefore, with the use of
equation 25:

— —2

Gy =g | MK ex)
2D, \4D: D,

what implies in:

C, = Rle!™ | (28)

Thus, given &, u, and Dy, as well as an abitrary ar, the analytical solution may be
constructed, employing equations 25-28.

NUMERICAL PROCEDURE

By using the Galerkin formulation, the concentration profile is approximated by:

€yl = 30,05, (x) 29)

Substituting this approximation into the weak form given by equation 17, where, according
to the GFEM, the weight functions are the same as the shape functions (Zienkiewicz and
Taylor, 2000), one has:

NN
D ac, [ (e, &) (. as as,
Z .[SISJCK2+7X J‘SIS/dFOm dt-l—j|:Sl~(uxax+uy@/ + Dxalg‘f‘
A r Q
out
. 0S;
+D, 05 &) dQC; +k J.SiS,dQJr& _[SiS;dFom C;t=0 (30)
oy 0oy T v

out

where the boundary integral (r.h.s of equation 17) was approximated through:
NN dcC .
e [ 5080, | -kc,+=2 (31)
j:1 U - ey ou. J dt
out

Equation 30 encompasses a stiffness matrix and a modified mass matrix which is related to
the concentration time derivative and the reaction term. It can be put under matrix form as:
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M E sl v =0 @)
where, M and K are, respectively, the modified mass and stiffness matrices.

In order to solve equation 32, we employ a numerical scheme, using the Crank-Nicholson
Method (Lewis et al., 2005), which reads:

(ot [[M1]+A2’ (K-+ATM ] )j_l ([Ml -5 (ke k] )jct (33)

It must be observed that it is also possible to look for another solution without modifying
the original mass matrix, as suggested above. In this case, the use of the Crank-Nicholson
scheme on GFEM approximation of equation 10, implies in:

Gual={ b 211 (- Y1) 2151, o

where {B}; and {B} are the boundary terms arising from the line integral approximation on

NN

the r.h.s of equation 10 at times ¢ and 1, [M] is ZISZ'S/dQ and [Ki] is a modified
J=10

stiffness matrix, now including the decay term, last on the left term of equation 17, or:

NN
oS ; oS - 0S;
Z J. S| o, —L+iu, —L |+ Dxai—j+
, Ox oy ox Ox
7=
. 0S ;
+D, ai—uksisj dQC (35)
dy Oy

In this case, the boundary vectors ({B}; and {B};1) must be evaluated using equation 31.
Being dependent on the concentration and its time derivative in past and present time steps,
these vectors must be continuously updated, making the numerical scheme for solving
equation 33 simpler than the one required for solving equation 34. Thus, we opted for the first
scheme.

The code was implemented in MATLAB, taking advantage of its matrix calculation
resources. The integrals in equation 30 were evaluated by the Gauss Quadrature (GQ). The
solution domain was discretized in regular triangular or quadrangular element meshes by
routines within the program, depending on the case run. The program is also capable of
performing GQ calculations in diversified number of interval points. Linear shape functions
were used throughout this work, so precision of the scheme was controlled by properly
refining the mesh.

It is well known that simple GFEM presents numerical oscillations and instabilities in
problems where advection is important. So, more elaborated FEM schemes would be required
to solve problems with small diffusion coefficients. However, considering that the role of the
unsteady BC along with the outlet BC represented by a material derivative were the main
aspects to be investigated, this method was employed with restrictions. Aware that some of
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the major factors causing these issues are improper choice of a time step size and also of
element size and shape (Yu and Singh, 1995), we adopted, as a basis for the time step and
element size control, respectively, (Chapra and Canale, 2010):

L (y 20,
< 5 and Ax, <— (36)
2D, +k.(Ax,) U,
RESULTS AND DISCUSSION

Preliminary Tests

A more detailed look at the analytical solution presented by equation 18 reveals that,
actually, the assumed constant upstream BC is not time independent, as it may appear to be in
a first glimpse. Assuming unitary injection concentration (Ci,; = 1.0), the analytical solution

result in the plots of Figure 1, obtained for Pe = 5.0 (u, = 1.0; D =4.0; Da = 2.0).
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Figure 1. 1-D Plot of Analytical Solution (Equation 18).

As it can be verified, within the stream limits, the BC shows an unsteady profile
characterized by the inlet concentration correction due to particular advective and diffusion
effects. Obviously, the analytical solution follows the general form of the concentration
profile for this kind of problems (Vilhena and Sefidvash, 1985):

C(x,t)=C,(x,t)exp (— kt) (37)

where C, is the corrected species concentration to initial time.

It can be also easily seen, by inspection of equations 19 and 20, that the solution for
pulse injections also follows equation 37, in order to correct the inlet concentration values.

So, in order to check the code results, the inlet BCs to be applied at x=0 must carry on the
initial shape of the defined concentration, as suggested by Yu and Li (1998). This implies in:

d) for equation 18:
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C,(0,1)= C;”f {erfc{_ﬁi/t%{xq} (38)

e) for equation 19:

Min' (_I/Tt)z
C,(0,t)=—2= -kt - — 39
Oy @)
and:
f) for equation 20:
My ) )
C,(0,y,t)=———exp| —kt - ~—L 40
o (0:1:1) 4t [D,D, exl{ "D 4D i @

Having that in mind, one can apply equations 38-40 to the MATLAB code and compare the
results with the analytical solutions for constant and pulse injection cases.

In the following Figures 2-3, conditions for Pe = 5.0 are the same as for Figure 1; for Pe =
50 are: u, =10, Dx=4.0 and k = 1.0; for Pe =200 are: u, = 10, Dy = 1.0 and k= 1.0, resulting

in the same Damkohler Number (2.0) for all cases. For the tests with equation 20, which
admits a lateral component of diffusion, D, was set equal to 0.2 and its 1-D plot (graph C of
Figure 2) represents the centerline concentration profile (y = 0.0).

() )08 2%, (B)

© oooo — Analytical

— Numerical

(A) Equation (18), Pe =200
(B) Equation (19), Pe =50
(C) Equation (20), Pe=3
y=0.0)

Figure 2. 1-D Analytical and Numerical Solution of Equations 18-20 Cases.

The numerical solution of equation 5, for the periodic inlet BC (equation §), may be compared
with the 1-D analytical solution constructed from equations 25-28 through a plot extracted
from the centerline concentration profile. Figure 4 shows the outcome for Pe = 100, where
u,=5.0,Dy=1.0 and k= 0.1, implying in Da = 0.4.
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Figure 3. 2-D Analytical and Numerical Solution of Equation 20 Case.
(1250 Elements Mesh; GQ 9 points; Pe = 50)
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Figure 4. 1-D Analytical and Numerical Solutions of Equation 5 with periodic inlet BC.
(1250 Elements Mesh; GQ 9 points).

In order to obtain the plots of Figures 2 to 4, we run the code and then compared the results
with the analytical solution correspondent to the time run. Numerical calculation was
performed, respecting the stability restrictions posed by equations 36. The plots show good
agreement between analytical and numerical solutions even for high Péclet Numbers.

It is possible to observe a better agreement between analytical and numerical solutions for
the continuous injection case (equation 15), as shown in plot A of Figure 2. The plots B and C
of Figure 2 (equations 19 and 20) and the plot of Figure 3 (equation 20), show that the
numerical curves are slightly delayed compared to the exact solutions. This delay results from
the fact that the discrete time integration cannot completely follow the instant moment of
mass release (Lee and Seo, 2010).

Comparing Analytical and Numerical Solutions

Figure 5 compares simulated concentration profiles for sorted conditions, such as Pe = 5
(u,=1.0; Dx=4.0; k=0.1), Pe =25 (uz, = 5.0; Dx =4.0; k= 0.1) and Pe = 100 (i, = 5.0; Dy
=1.0; k= 0.1). In order to obtain the plots, we solved equation 5 subjected to a time periodic
inlet BC (equation 8), changing the outlet BC type. First, we employed an EBC arbitrarily set
to a given constant value, then, we employed a homogeneous NBC and last, our proposed
MDBC. Since the meshes used were the same in all simulations, we compared the centerline
nodes values obtained, plotting the concentrations differences (Dif C).
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As we can see, profiles obtained when the adopted outlet condition is either EBC or the
homogeneous NBC, compared to those obtained by the adoption of the MDBC, concentrate
larger differences around the exit.

Compared Centeriine Concentration (NBC-MDEC) Compared Centerline Concentration (NBC-MDBC)
001 (time elapsed: 9.00) X |(j|'3 (time elapsed: 9.00)
L T 1 T T
(EY] 0
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3 5
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Figure 5. Centerline Concentration Profile Differences — Numerical Solutions.
(Inlet BC: Equation 8; Outlet EBC = 0.5; Outlet NBC: Equation 13; Outlet MDBC: Equation 16).

In order to check the validity of the above proposition, we numerically evaluated
concentrations 1-D profiles for various flow and reaction parameters. The results were
compared to the analytical solution and analyzed by the Root-Mean-Square Deviation
(RMSD), or:

Z,ni (Ci_cia)z

nd

RMSD = (41)

where C/ is the analytical solution at node i for a given total number of nodes nd at the exit

region.
Tablel. RMSD between 1-D Analytical and Numerical Solutions.
Pe =100 RMSD
Ax At Da An.-EBC | An.-NBC | An.- MDBC
0.1 0.8193 0.0315 0.0226
0.2 0.02 1.0 0.2640 0.1839 0.1744
2.0 0.0745 0.0044 0.0022
Pe =50 RMSD
0.005 0.1 0.8628 0.0098 0.0041
0.2 0.05 1.0 0.4982 0.0106 0.0032
) 2.0 0.1312 0.0809 0.0798
Pe =25 RMSD
0.2 0.02 0.1 0.8846 0.0777 0.0537
0.4 0.01 1.0 0.4010 0.0676 0.0679
0.2 0.02 2.0 0.1476 0.0387 0.0259
Pe=35 RMSD
0.05 0.1 0.6155 0.0275 0.0191
0.2 0.2 1.0 0.5672 0.0071 0.0072
0.1 2.0 0.0880 0.0178 0.0034

(Inlet BC: Equation 8; Outlet EBC = 0.0; Outlet NBC: Equation 13; Outlet MDBC: Equation 16).

Outcome Analysis
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We observe that the numerical solutions with outlet EBC provide the poorest
approximations in all Péclet and Damkohler Numbers considered and that MDBC solutions
result in better approximations than NBC in almost all cases. This is possibly due to the fact
that MDBC better captures specific features of the flow because it encompasses, in its
formulation, physical effects of the problem which are not present in the usual types of BCs.

Results on Table 1 also point at examples where the advantages of using MDBC
instead of homogeneous NBC are not clear. Such situations arise from particular flow
conditions that imply in very small concentration gradients at the outlet, as consequence of
Péclet and Damkohler Numbers combinations. These cases approach patterns that can be
treated conveniently by the homogeneous NBC (equation 3) and so, when we compare the
outcomes obtained both with the use of NBC and MDBC, we verify analogous deviation from
the analytical solution. However, these are special cases of the problem and the use of the
MDBC for more general formulations is established.

2-D Simulation Results

Having in mind the satisfactory results obtained in the tests, we further used the code
to investigate the behavior of 2-D systems. Velocities and diffusion constants were chosen as
close as possible to real configurations.

For instance, Figure 6 shows the results of 2-D and 1-D simulations under conditions such
that the inlet BC is the periodic concentration oscillation given by equation 8, lateral
components of velocity and diffusivity are ten times smaller than the longitudinal components
(#,=5.0, u,=0.5,D:=1.0,D,=0.1 and k= 0.1), implying in Pe = 100 and Da = 0.4.

2D Concentration Profile 20 Concentration Profile
Quadrangular Elaments - Gauss Quadratura 9 points Quadrangular Elements - Gauss Quadratura 9 points

0 5 10 15 il 0 § 10 15 20
X X

1.0 Concentration Profila (e elapsed. 11.00) 1.0 Concentraion Profile (ime elapsad 14.00)
2 T T T 2 T T T

@) (B)

Figure 6. Concentration Profile for Decaying Species.
(900 Elements Mesh - Inlet BC: Equation 8; Outlet BC: Equation 16)

In this case, corresponding to a high Pe, convective transport plays a major role overcoming
diffusion transport and reaction decay. Parts A and B of Figure 6 show the oscillatory
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behaviour of the concentration profile along the domain at different time values for the
concentration along all the domain. We also note the variable outlet concentration values that
would not properly be captured by EBCs and possibly NBCs.

Figure 7 shows the outlet concentrations for Pe = 10 and Da = 0.4 (&, =0.5; u, =0.05; Dy

=1.0; D, =0.1; k=0.01), subject to the same BCs, implying a more important role for diffusive
transport. In addition, smaller flow rates allow the chemical reaction to further evolve as the
convective transport takes place. Following, the oscillatory behavior of the inlet concentration
is damped before reaching the domain outlet and the solution approaches the typical shape of
pure diffusive transport problems subjected to oscillatory BC, known as periodic steady-state
(Bird et al, 2002).

2-D Concentration Frofile
Triangular Elements - Gauss Quadrature 7 points
& 2
15
1
05
’ * ! ' 0
0 5 10 15 20
*
1-D Concentration Profile  (time elapsed: 100.00)
2 T T T
(- FERTEPEPEPRPRTS S ERTRTETETE R CRCRERTE SRERTETETRPRPE
Gr Nl A e e e e
(R R e R DEREEEREEREEEEEE
O | | |
0 5 10 15 20
%

Figure 7. Concentration Profile for Decaying Species.
(2000 Elements Mesh - Inlet BC: Equation 8; Outlet BC: Equation 16)

When equations 7 are applied as the inlet BC, resulting in pulse injection of time-dependent
concentrations, the code shows the concentration profiles approaching the oscillatory profile
as the interval time between each injection becomes shorter (part A of Figure 8), or the pulse
injection profile (part B of Figure 8), in a Gaussian shape, as it becomes larger.



2-D Concentration Profile
Quadrangular Elements - Gauss Quadrature 4 points

] 5 10 15
X

1-D Concentration Profile (time elapsed: 2500)
T ™ T

20

g i ; ‘
] 5 10 15
X

20

2-D Concentration Profile
Quadranguler Elements - Gauss Quadrature 4 points

0 5 10 15
X

20

o = ra W

1-D Concentration Profile {time elapsed: 50.00)
T T T

(4)

Pe, = 60;

Pe, = 10;

Da=04

®)

20

133

Figure 8. Concentration Profile for Decaying Species.
(1000 Elements Mesh - Inlet BC: Equation 7; Outlet BC: Equation 16)

The code is able to simulate 2-D configurations. including flow predictions when the
velocities profiles are steady but dependent on the spatial coordinates such that @, =i, (y)

and i, =, (x). For example, if a steady parabolic profile is considered for the longitudinal

velocity (equation 42), for the same other parameters as those of Figure 4, Figure 9 is

obtained:

U, =5.0y—y2

(42)

2-D Concentration Profile
Cuadrangular Elements - Gauss Quadrature 4 points

15 20

Figure 9. Concentration Profile for Decaying Species — Parabolic Longitudinal Velocity.

(700 Elements Mesh - Inlet BC: Equation 8; Outlet BC: Equation 16)

Figure 9 depicts the evolution of the species cloud deformed due to the existence of lateral
components of velocity and diffusion. But the mass injection occurs uniformly at the inlet
cross section area, a condition most found in chemical reactors or in small channels.

So, in order to demonstrate the code ability to simulate conditions more likely to
happen in large watercourses, we modify the inlet BC as follows. Considering that in 2-D
analysis the inlet may also be dependent on y (equation 8) we are able to obtain results:

a) for centered pointsource injection:
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Figure 10. Concentration Profile for Decaying Species — Left centerline injection.
(1250 Elements Mesh - Inlet BC: Equation 8; Outlet BC: Equation 16)

b) for right margin (left bottom) pointsource injection:
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Figure 11. Concentration Profile for Decaying Species — Bottom left injection.
(1250 Elements Mesh - Inlet BC: Equation 8; Outlet BC: Equation 16)

c) for left margin (upper left) pointsource injection:

2-0 Concentration Profile
Quadrangular Elements - Gauss Quadrature 9 points
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Figure 12. Concentration Profile for Decaying Species — Upper left injection.
(1250 Elements Mesh - Inlet BC: Equation 8; Outlet BC: Equation 16)

134
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Figures 10 and 11 are obtained from the same parameters as those for Figure 9 and in
Figure 12 the lateral component of the velocity is set from the upper margin downwards,
assuming the negative of Figure 9 value for this same component.

CONCLUSION

In transient reactive flow problems subjected to unsteady BC the main issue is to
achieve physical coherence in constructing the model to be solved. Some analytical solutions
of this class of problems are found in the literature which, though being parabolic, usually
assume the outlet BC in the form of a constant concentration or of a given concentration
gradient.

As indicated by Piasecki and Katopodes (1997), simulations presented in this work
confirmed that oscillatory inlet conditions result in time-dependent concentrations at the
outlet, that cannot be accounted for by EBCs and NBCs. Also, NBCs may not represent the
total equilibrium flux at the outlet (Yu and Singh, 1995), leading to physically incomplete
models that could perform imprecise profile estimation.

A new procedure was then proposed, by which a material derivative is considered as
the outlet BC. Our results show that these BCs provide a better picture of the process,
updating the outlet equilibrium concentration.

A MATLAB code was developed with a numerical scheme subjected to prescribed
stability restrictions (equations 36), using a semi-implicit GFEM scheme. Good agreement
was obtained between simulations and existing analytical solutions, as can be seen on Figures
2 to 4 and Table 1. It is also shown in Table 1 and Figure 5 comparisons of numerical
solutions using EBC, homogeneous NBC and the proposed MDBC, evidencing the positive
aspects of applying the material derivative as the outlet BC. Following, 2-D simulations were
then performed in rectangular channels, assuming fully developed velocity profiles.

The code features a certain flexibility for automatically generating regular triangular
and quadrangular meshes that could be selected to the applicable case. There was also the
option of changing the number of GQ points to evaluate the model integrals, known to
slightly affect the computational time.

Several simulations were run on a i5 CPU notebook, limited to a maximum of 2000
element meshes, all requiring few minutes to run, showing that even more refined meshes
could be used while keeping CPU times within acceptable limits. Our tests indicate that the
numerical scheme is sufficiently tested to be implemented in codes written in lower level
languages.

The use of FEM in reactive flows simulation was reinforced and, finally, a further
improvement could be made in the code by future works, in the sense of adopting more
elaborated FEM formulations, involving a SUPG or other more advanced stabilization
technique, so to combine the advantages of more stable schemes with the proposed adoption
of the MDBC.

NOMENCLATURE

C section-averaged species concentration
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Cappr approximated concentration given by the FEM formulation
Cinj injected averaged concentration

Dx, Dy averaged diffusion coefficient in the direction of the respective coordinate axis
Da Damkohler Number

k reaction constant or pollutant decay constant
m, n arbitrary integers 1,2, 3 ...

NN number of nodes in the finite element mesh

Pe Péclet Number

r reaction term

Si(xi) shape function

t time

u; averaged flow velocity along coordinate x;

w arbitrary weight function

X; coordinate in an arbitrary direction i

r control surface

I's arbitrary boundary on surfaces

T arbitrary time between injections

Q control volume
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