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RESUMO 

 

 

MELO, Alice Peccini de. Projeto ótimo de unidades modulares de trocadores bitubulares. 

145 f. 2017.  Dissertação (Mestrado em Engenharia Química) – Instituto de Química, 

Universidade do estado do Rio de Janeiro, Rio de Janeiro, 2017. 

 

Apesar de trocadores de calor do tipo casco e tubo serem os equipamentos de 

transferência de calor mais comumente empregados na indústria, diversos outros tipos podem 

ser mais adequados em determinadas situações. Este trabalho investiga o projeto ótimo de 

trocadores de calor do tipo bitubulares através de técnicas de programação matemática. A 

função objetivo é a minimização da área de troca térmica e as restrições envolvem 

modelagem termofluidodinâmica e especificações de projeto, tais como, perda de carga 

disponível e área em excesso mínima. O conjunto de variáveis de projeto explora a natureza 

modular deste tipo de trocador, incluindo a alocação dos fluidos (pelo do tubo interno ou pela 

região anular), os diâmetros dos tubos interno e externo, o comprimento dos tubos, o número 

de ramais paralelos e o número de trocadores em série e em paralelo por ramal. Três 

diferentes formulações matemáticas são propostas, a primeira corresponde a um problema de 

Programação Não-linear Inteira Mista (MINLP), o segundo é uma formulação MINLP 

modificada, na qual transformações matemáticas permitem a reorganização do problema, 

eliminando as não-linearidades associadas a variáveis binárias. Por fim, a terceira formulação, 

que corresponde a um problema de Programação Linear Inteira Mista (MILP), que permite a 

identificação do ótimo global. A aplicação da formulação proposta a um problema de projeto 

da literatura identificou uma redução na área de troca térmica quando comparada a um 

procedimento tradicional de tentativa e erro. Uma comparação entre as abordagens MINLP 

evidenciam a importância da identificação do ótimo global, que é encontrado para um 

conjunto de exemplos com a terceira abordagem. Exemplos adicionais ilustram a flexibilidade 

do modelo de descrever diferentes regimes, adaptar-se a modificações de vazões e exploram o 

trade-off entre perda de carga disponível e área de troca térmica.  

 

 

 

 

Palavras-chave: Trocador de calor bitubular, otimização, programação matemática, modelo     

       MINLP, modelo MILP 



 

 

 

ABSTRACT 

 

 

MELO, Alice Peccini de. Optimal design of double pipe heat exchanger modular units. 145 f. 

2017. Dissertação (Mestrado em Engenharia Química) – Instituto de Química, Universidade 

do Estado do Rio de Janeiro, Rio de Janeiro, 2017. 

 

Although shell-and-tube heat exchangers are the most common heat transfer 

equipment in the chemical industry, other types may be more suitable in various situations. 

This work investigates the design optimization of double pipe heat exchangers using 

mathematical programming. The objective function is the minimization of the heat exchanger 

area and the constraints encompass the thermo-fluid dynamic model and design 

specifications, such as, maximum pressure drops and minimum excess area. The set of design 

variables explores the modular nature of this kind of heat exchanger, encompassing the 

allocation of the streams (inside the inner tube or in the annulus), the inner and outer tube 

diameters, the tube length, the number of parallel branches, and the number of units in series 

or in parallel in each branch. Three different mathematical formulations are proposed, the first 

corresponds to a mixed-integer nonlinear programming (MINLP), the second is a modified 

MINLP formulation, where mathematical transformations allow the reorganization of the 

problem to eliminate the nonlinearities associated to the binary variables. Finally, the third 

formulation corresponds to a mixed-integer linear programming (MILP), which allows the 

identification of the global optimum. The application of the proposed optimization to a design 

task from the literature was able to identify a heat exchanger with smaller area, when 

compared to a solution obtained through a traditional trial and error procedure. A comparison 

between both MINLP approaches point out the importance of the identification of the global 

optimum, which is obtained with the third approach for a set of design problems. Additional 

examples illustrate the flexibility of the model to describe different flow regimes, adapt to 

modifications in process throughput and explores the trade-off between available pressure 

drop and heat transfer area. 

 

 

 

 

Keywords: Double pipe heat exchanger, optimization, mathematical programming, MINLP 

model, MILP model 
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INTRODUCTION 

 

The chemical industry is one of the prime cores of the modern world and in every 

industrial process there are streams that need to be at a specific temperature and/or physical 

state and therefore must be heated or cooled down to reach the corresponding target. Thus, 

heat exchangers, responsible for these tasks, are primordial equipment in the chemical 

industry. Dealing with a highly competitive environment, the search for cost reduction 

becomes intense and there are a vast number of works related to the optimization of heat 

exchanger design, particularly the shell-and-tube type. 

Although shell-and-tube heat exchangers are the most common heat transfer 

equipment in chemical process plants (Towler and Sinnot, 2008), there is a lack of robust 

works when it comes to the study of optimal design of some other heat exchanger types. For 

instance, double pipe heat exchangers (DPHE) can be an economically more advantageous 

option when smaller services are in place (e.g. heat transfer area lower than 50 m2) (Kakaç 

and Liu, 2002). If the stream contains solids in suspension, double pipe heat exchangers may 

also be a better alternative, because they can be built with an inner tube with larger diameter 

to avoid plugging. The smaller diameters of the outer tube in double pipe heat exchangers 

when compared to large shell diameters are a particular advantage in high-pressure services, 

because it implies a smaller wall thickness. In addition, double pipe heat exchangers are easily 

cleaned and the longitudinal flow avoids the existence of stagnation regions prone to fouling 

(Butterworth et al, 2008). Double pipe heat exchangers also have the benefit of flexibility due 

to its modular structure, which allows an easier adaptation to process modifications. 

Aiming to contribute for filling the gap in the literature about the optimal DPHE 

design problem, this work presents the economic optimization of the design of double pipe 

heat exchangers using mathematical programming. Our optimization procedure explores the 

modular structure of double pipe heat exchangers, considering multiple units in series and in 

parallel. The corresponding thermo-fluid dynamic model can describe different flow regimes 

(laminar, transitional and turbulent). 

In addition, our set of design variables is broader than the one in previous literature 

papers, encompassing the allocation of the streams (inside the inner tube or in the annulus), 

the inner and outer tube diameters, the tube length, the number of parallel branches, the 

number of units in series and in parallel in each branch, which determine the arrangement of 

the existent units. 
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Initially, the problem is formulated using the thermo-fluid dynamic model equations in 

their original form, thus yielding a mixed-integer nonlinear programming (MINLP) problem. 

In this model, we also make use of the fact that the geometric variables (diameters, lengths, 

etc.) can be expressed in a form of discrete choices. Then, a modified MINLP model, where 

mathematical transformations are applied to exclude nonlinearities involving binary variables 

is also presented, so that methods requiring linearity in binary variables like Outer 

Approximation (Duran and Grossmann, 1986) can be employed to solve it.  

However, the solution of nonconvex MINLP problems may present convergence 

limitations and be trapped in poor local optima (which demands more specialized solvers 

based on global optimization algorithms). These problems in the MINLP design formulations 

are even more pronounced when considering the potential use of heat exchanger models in 

process synthesis, such as heat exchanger networks (HEN synthesis). 

Thus, in a third approach, we eliminate these drawbacks through applying the same 

mathematical transformations used to generate the second MINLP problem to reformulate all 

constraints yielding a mixed-integer linear programming (MILP) problem. Linear problems 

are immune to nonconvergence issues and the global optimum can be always attained using 

conventional algorithms. The reformulation proposed does not imply any simplification of the 

original model, i.e. the feasible regions of the original MINLP problem and the new MILP 

problem are identical. This third formulation is the only one that can guarantee global 

optimality when the non-convex MINLP models are solved using local solvers.   

This dissertation is organized as follows: Chapter 1 presents the review of literature; 

Chapter 2 encompasses the description of the system structure, the corresponding design 

problem and present both MINLP problem formulations; Chapter 3 exhibits the MILP 

problem formulation; Chapter 4 contains the numerical results; Chapter 5 discusses the 

conclusions and brings suggestions for improvement of this work. 
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1 REVIEW OF LITERATURE 

 

The review of literature is divided in four main aspects: (i) Double pipe heat 

exchangers overview; (ii) Heat transfer correlations; (iii) DPHE optimal design; (iv) 

Literature overview and Proposed contribution. 

 

1.1 Double pipe heat exchangers overview 

 

The basic structure of a double pipe heat exchanger consists in two concentric tubes, 

as shown in Figure 1 for a countercurrent configuration. 

 

Figure 1: Double pipe heat exchanger. 

 

Source: The autor. 

 

There are two flow paths, inside the inner tube or in the annular region formed 

between both tubes. There are yet a few variations of this type of heat exchanger. One of them 

is the multi-tube heat exchanger, where there is a tube bundle inside the outer tube instead of 

just one concentric tube (Serth, 2007). The cross-section views for both types are illustrated in 

Figure 2. 

 

Figure 2: Cross-section views for double pipe and multi-tube heat exchangers. 

 

Source: The autor. 
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There are still the triple tube heat exchangers, mostly used in the food industry, which 

consists in three concentric tubes, as shown in Figure 3. 

 

Figure 3: Triple tube heat exchangers. 

 

Source: Adapted from (GENEMCO, 2017). 

 

Double pipe heat exchangers can also be constituted of plain tubes, as the ones showed 

so far, or equipped with longitudinal fins (Serth, 2007), as shown in  Figure 4. 

 

Figure 4: Finned DPHE. 

 

Source: Serth (2017). 

 

Double pipe heat exchangers are most commonly commercialized in the form of 

hairpins, as illustrated in Figure 5 
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Figure 5: Hairpin structure. 

 

 

Source: (KOCH Heat Transter, 2017). 

 

1.2 Heat transfer correlations 

 

Heat transfer in pipes has been widely approached in literature and there are many 

correlations to the calculation of the convection heat transfer coefficient for different flow 

regimes. This section will do a brief essay on the most important and applied correlations.  

For all correlations that follow, the physical properties are considered constant and 

evaluated at the mean temperature between the stream inlet and outlet temperatures. 

 

1.2.1 Circular tubes 

 

The dimensionless representation of the convection heat transfer coefficient 

corresponds to the Nusselt number, which for internal flow in circular tubes is represented by 

Equation (1.1): 

 

 
(1.1) 

 

where Nu is the Nusselt number, h is the convection heat transfer coefficient, D is the inner 

diameter and k is the tube thermal conductivity.  
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1.2.1.1 Laminar flow 

 

For fully developed laminar flow and constant surface temperatures, the assumption of 

negligible axial conduction is often reasonable and it is possible to algebraically demonstrate 

that the theoretical Nusselt number for this case is (KAYS, 1993): 

   

 (1.2) 

 

For the entrance region, however, the energy equation becomes a little more complex 

due to the presence of radial advection and some simplifications may not be done. There are 

two approaches for the entrance length, the thermal entrance length and the combined 

entrance length. The first one, and the simpler one, assumes that the velocity profile is fully 

developed while the thermal conditions are still in developing process. The second one 

assumes that both temperature and velocity profiles develop simultaneously (Incropera et al., 

2008).  

Since, in the combined entrance length, the results depend on how the velocity 

distribution develops, it is sensitive to the fluid viscosity, and to the Prandtl number, which is 

the dimensionless ratio between the diffusions of momentum and heat:  

 

 
(1.3) 

 

where Pr is the Prandtl number, Cp is the fluid heat capacity, µ is the fluid viscosity and k is 

the fluid thermal conductivity.  

For Pr higher than 5, where the fluid dynamic conditions develop faster than the 

thermal ones, the assumption made by the thermal entrance length approach is quite 

reasonable and the correlation proposed by Hausen (1943) is appropriate: 

 

 
(1.4) 

 

where L is the tube length and Re is the Reynolds number. 
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 For moderated Prandtl numbers (0.6 ≤ Pr ≤ 5), associated to the combined entrance 

length approach, Sieder and Tate (1936) proposed the following correlation: 

 

 
(1.5) 

 

where µs is the surface viscosity.  

 According to the suggestion of Incropera et al. (2008), if the value predicted by the 

Sieder and Tate correlation is smaller than the theoretical value showed on (1.2) it would 

mean that fully developed conditions cover most of the tube length, and the theoretical value, 

Nu =  3.66, should be applied.   

 

1.2.1.2 Turbulent flow  

 

The description of turbulent flow conditions is considerably more complex. Thus, 

there is a bigger focus on empirical correlations when compared to laminar flow. A classic 

correlation for fully developed turbulent flow inside circular tubes was proposed by Colburn 

(1933): 

 

 (1.6) 

 

A small modification, and more accurate correlation was proposed in the same decade 

by Dittus and Boelter (Winterton, 1998) and it is shown below: 

 

 (1.7) 

 

where n = 0.4 for heating and n = 0.3 for cooling. 

 Both correlations were tested for a given range of Prandtl number (0.7 ≤ Pr ≤ 160), 

Reynolds number (Re ≥ 10 000) and L/D ratio ( ≥ 10 ) and may be used for small to moderate 

temperature differences. For scenarios where there is a more significant change in physical 

properties Sieder and Tate (1936) proposed this correlation: 
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(1.8) 

 

which is valid for the same ranges of Reynolds number and L/D ratio as the previous 

correlations and for a different Prandtl number range (0.7 ≤ Pr ≤ 16 700).  

 Although the previous correlations are easily applied, they may result in errors up to 

25%, which may be reduced down to less than 10% by the use of more recent correlations 

(Incropera et al., 2008). One of which was proposed by Gnielinski (1976): 

 

 
(1.9) 

 

where f is the Darcy friction factor.  

 Gnielinski correlation is valid for a wider range of Reynolds number (3000 ≤ Re ≤ 

5·106) and Prandtl number (0.5 ≤ Pr ≤ 2 000) and it is the correlation to be used in this work 

which, despite the higher complexity, should bring better results. 

 

1.2.1.3 Annular region 

 

The correlations presented in this section for flow inside circular tubes may be applied 

to the annular region through the concept of a hydraulic diameter (dh), which is defined as 

four times the cross-sectional flow area divided by the wetted perimeter (Incropera et al., 

2008): 

 

 
(1.10) 

 

The hydraulic diameter should be used for the calculation of both Reynolds and 

Nusselt numbers in replacement of the inner tube diameter. In addition, for two concentric 

tubes, as illustrated in Figure 1, it can be simplified as the difference between the inner 

diameter of the outer tube (Dti) and the outer diameter of the inner tube (dte), as shown 

below: 
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(1.11) 

 

1.3 DPHE optimal design  

 

Several papers address the design of double pipe heat exchangers, but a large number 

of them are focused on heat transfer enhancement devices rather than on the general 

optimization of the equipment design (for example, diameter and length of the tubes are 

usually considered fixed parameters) (Omidi et al., 2017). For example, Sahiti et al. (2008) 

investigated the optimization of the pin fins in the heat exchanger annulus aiming at the 

minimization of the entropy generation. Their heat exchanger model was based on 

experimental data and the optimal set of variables was determined through a sensitivity 

analysis study. 

In turn, using genetic algorithms and a trust region method, Syed et al. (2011) 

investigated the optimal configuration of the annulus with trapezoidal fins through the 

selection of the number of fins, fin height, fin thickness, and the radius ratio of the inner and 

outer tubes. A similar investigation was also proposed by the same authors using parabolic 

fins (Iqbal et al., 2011) and using a generalized optimization of the fin shape (Iqbal et al., 

2013). 

Later, Han et al. (2015) investigated the design of the outer surface corrugation of the 

inner tube using multi-objective optimization for the determination of the optimal values of 

the pitch, height, and radius of the corrugation, and the Reynolds number (the objective 

functions involved the Nusselt number, the friction factor, and the overall heat transfer 

coefficient). Their optimization was based on a response surface methodology (RSM) using 

simulation data generated through computational fluid dynamics (CFD). 

Finally, Dastmalchi et al. (2017) employed a particle swarm algorithm (PSO) 

associated to a CFD model for the optimization of the inner micro-finned tube surface, 

contemplating the selection of the number of micro-fins, the micro-fin height, and the micro-

fin helix angle. 

The aforementioned studies do not account for the operational and capital costs in 

their objective functions and are focused on enhancing the heat transfer variables such as 
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Nusselt number and heat transfer coefficient, sometimes the minimization of entropy 

generation but never discussing a complete design. 

Reducing costs is, after all, the main motivation for design optimization in practice. 

The literature involving the solution of the least-cost design problem of double pipe heat 

exchangers is scarce and the available papers are based on limited search spaces of the 

geometric variables. First, Söylemez (2004) investigated the optimization of double pipe heat 

exchangers for waste heat recovery, aiming at identifying the inner tube diameter, with a fixed 

ratio of the outer and inner tube diameters, for the minimization of capital and operating costs. 

Later, Swamee et al. (2008) presented the optimization of double pipe heat exchangers 

focusing on operational costs, encompassing the heat load, the pumping power, and the utility 

consumption. The decision variables are the inner and outer tube diameters and the utility 

flow rate, but the tube length is assumed known. 

 

1.4 Literature overview and proposed contribution 

 

In this review of literature, the double pipe heat exchanger and its variations were 

discussed, as well as available correlations for the calculation of the convection heat transfer 

coefficients. In addition, what has been addressed in the literature in terms of DPHE design 

has also been discussed. 

In this work, aiming to bring an applicable yet robust formulation we assume the 

classical double-pipe heat exchanger structure, where two concentric tubes are the 

components. One unit will be associated with the hairpin structure showed in Figure 5, and 

the unit length (L) will be interpreted as the total tube length comprised in the unit (e.g. a 5 ft 

hairpin has a total of 10 ft of tube length). The most recent correlations, associated with 

smaller errors will be applied. 

In comparison to the studies mentioned in the previous section we bring a more robust 

design formulation, including the description of different flow regimes (laminar, transitional 

and turbulent) and a broader set of design variables, encompassing the allocation of the 

streams (inside the inner tube or in the annulus), the inner and outer tube diameters, the tube 

length, the number of parallel branches, the number of units in series and in parallel in each 

branch, which determine the arrangement of the existent units. 

In addition, three formulations are proposed where the third one, the MILP 

formulation, is able to achieve global optimality.  
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2 MIXED-INTEGER NONLINEAR PROGRAMMING 

 

This chapter is divided in four sections: (i) the system structure is further explained; 

(ii) the design problem to be studied is approached; (iii) the first mixed-integer nonlinear 

programming approach is presented (MINLP 1); and (iv) the second approach (MINLP 2) is 

explored, where mathematical transformations are applied yielding a formulation with 

nonlinearities restricted to continuous variables, aiming to ameliorate convergence and to 

provide a more robust formulation. 

 

2.1 System Structure 

 

For a simpler understanding of the modular feature of the double pipe heat exchanger 

and of the possible arrangements considered in this work, this section will give a more 

detailed description of the system structure. In a more simplified illustration a hairpin as the 

one showed in Figure 5 for two concentric tubes is presented in Figure 6. 

 

Figure 6: Hairpin structure. 

 

Source: The autor. 

 

In this work, the term unit will be associated with one hairpin. If the thermal service 

demands a higher heat transfer area, several units can be interconnected. For example, Figure 

7 illustrates two hairpins connected in series. 

 

Figure 7: Two hairpins connected in series. 

 

Source: The autor. 
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Different interconnection patterns among the heat exchanger units provide flexible 

design alternatives better suited to attain the heat load and maximum pressure drop 

specifications of the service. The mathematical formulation proposed here explores three 

main arrangements: tube-side and annulus-side streams aligned in series (Figure 8), tube-side 

stream aligned in series and annulus-side stream aligned in parallel (Figure 9), and tube-side 

stream aligned in parallel and annulus-side stream in series (Figure 10). 

 

Figure 8: Arrangement I: Tube-side and annulus-side streams aligned in series. 

(a) Generic arrangement (b) Particular case with 3 units 

 

 

Source: The autor. 

 

Figure 9: Arrangement II: Tube-side stream aligned in series and annulus-side stream aligned 

in parallel. 

(a) Generic arrangement (b) Particular case with 3 units 

 
 

Source: The autor. 
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Figure 10: Arrangement III:  Tube-side stream aligned in parallel and annulus-side stream 

aligned in series. 

(a) Generic arrangement (b) Particular case with 3 units 

 

 

Source: The autor. 

 

Figure 8(b), Figure 9(b) and Figure 10(b) are but a particular case of each main 

arrangement, when the number of units is equal to 3. Their representation was executed with 

hairpins to easier the reader understanding, however, from now on the units will be illustrated 

as the more generic representation from figures (a).    

 These three types of arrangements are the possibilities for what is here called a 

branch. The complete heat exchanger structure can also be composed of a set of parallel 

branches, which is illustrated by Figure 11 for each type of arrangement. 

 

Figure 11: Double pipe heat exchanger structure composed of multiple parallel branches. 

(a) Arrangement I: Tube-side and annulus-side streams aligned in series 
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(b) Arrangement II: Tube-side stream aligned in series and annulus-side stream 

aligned in parallel. 

 
 

 

(c) Arrangement III: Tube-side stream aligned in parallel and annulus-side stream 

aligned in series. 

 
Source: The autor. 

 

 

2.2 Design Problem 

 

The design problem involves the determination of the following data:  

 

 Stream allocation of the hot and cold streams (tube-side or annulus-side). 

 Diameter and length of the tubes of the heat exchanger units. All units are considered 

identical (i.e. same diameter and length).  
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 Structure layout (number of units in parallel and series per branch and the number of 

branches).  

The goal is to identify an optimal solution, according to the usual heat exchanger 

design equations and thermal hydraulic modelling (LMTD method and Darcy-Weisbach 

equation), associated to the minimization of the total heat transfer area, restricted by a 

maximum allowed pressure drop and a minimum excess area.  

Finally, we only consider streams without phase change and constant physical 

properties (representing average values), but considering any flow regime (laminar, 

transitional, and turbulent), which is associated to a particular formulation applying binary 

variables that will be further explored in the next section.  

 

2.3 Problem formulation – MINLP 1 

 

2.3.1 Constraints 

 

The problem constraints are composed of the representation of the geometric 

variables, stream allocation equations, structural constraints, thermal and hydraulic modelling, 

and pressure drop and velocity bounds. The parameters in the constraints are identified with a 

symbol ^ on top. 

 

2.3.1.1 Representation of the geometric variables 

 

The diameter and length of the tubes employed in the construction of the heat 

exchanger must be selected among the set of discrete values according to the available 

standard options. This design feature imposes the following relations involving the sets of 

binary variables that represent the available options: 

 

 

(2.1) 
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(2.2)  

 

(2.3) 

 

(2.4) 

 

(2.5) 

 

(2.6) 

 

(2.7) 

 

(2.8) 

 

where  and are the outer and inner diameters of the inner tube,  and  are the 

outer and inner diameters of the outer tube, and  is the tube length of each unit. The 

corresponding binary variables which indicate the discrete options selected are  for the 

inner tube diameter (discrete values: and ),  for the outer tube diameter 

(discrete values: and ),  and  for the tube length (discrete values: ). 

 The constraints in Eq. (2.6) to (2.8) ensure that only one discrete option will be 

selected for each variable. 

The selection of the number of parallel branches present in the heat exchanger design 

is represented by the binary variables yBsB: 
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(2.9) 

 

(2.10) 

 

where  is the set of discrete values of the possible number of parallel branches (1, 2, 

…, sBmax). 

The number of units aligned in series and aligned in parallel in each branch for the 

tube-side stream and for the annulus-side stream are also represented using binary variables 

according to their integer nature: 

 

 

(2.11) 

 

(2.12) 

 

(2.13) 

 

(2.14) 

 

(2.15) 

 

(2.16) 

 

(2.17) 
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(2.18) 

 

where yStsE and ySasE are the binary variables which represent the integer options of the 

number of units in series per branch for the tube-side and the annulus-side streams, yPtsE and 

yPasE are the equivalent variables related to the number of units in parallel per branch, and 

 is the sequence of integer numbers which represents the number of units that can be 

interconnected along a branch (1, 2, …, sEmax). 

According to the possible structural options for a single branch shown in Figure 8 to 

Figure 10, four additional constraints must be included: 

 

 
(2.19) 

 
(2.20) 

 
(2.21) 

   (2.22) 

 

Eq. (2.19) ensures that if the tube-side has already more than one parallel passage, the 

annular side can be only arranged in series and vice-versa (e.g. Figure 12). Eqs. (2.20) and 

(2.21) guarantee that if a given side has multiple parallel passages it can only have one unit in 

series (). Finally, the constraint in Eq. (2.22) must be included to avoid alternatives without 

physical meaning related to the arrangement of the flow distribution among the set of units of 

the tube-side and annulus-side streams. 
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Figure 12: Violation example for Eq. (2.19). 

 

Source: The autor. 

 

Figure 13: Violation example for Eq. (2.20). 

 

Source: The autor. 
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Figure 14: Violation example for Eq. (2.22). 

 

Source: The autor. 

 

The utilization of the proposed set of binary variables and constraints, shown in this 

subsection, to describe the interconnection structure of double pipe heat exchanger units is 

illustrated by the example depicted in Figure 15. According to the proposed approach, the 

nonzero binary variables that describe the structure present in this figure are: yB3 = 1 (three 

parallel branches), ySt5 = 1 and yPt1 = 1 (five units aligned in series for the tube-side flow), 

ySa1 = 1 and yPa5 = 1 (five units aligned in parallel for the annulus-side flow). 

 

Figure 15: Example of a double pipe heat exchanger structure composed of three parallel 

branches (yB3 = 1). Each branch has a total of five units and a flow-arrangement as shown in 

Figure 9(a), where the tube-side stream is aligned in series (ySt5 = 1 and yPt1 = 1) and the 

annulus-side stream is in parallel (ySa1 = 1 and yPa5 = 1). 

 

Source: The autor. 
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An important observation is that the proposed structure contemplates rectangular 

arrangements, in which the discrete options  for the number of units per branch 

necessarily begins at .  

2.3.1.2 Stream allocation 

 

The stream allocation is controlled by the binary variables yTsST, where sST is the set 

of streams sST = {c, h}, c being the cold stream and h the hot stream. If yTc = 1, then the cold 

stream flows inside the inner tube and the hot stream flows in the annulus; if yTh = 1, then the 

hot stream flows inside the inner tube and the cold stream flows in the annulus. 

The following equations relate the mass flow rates, physical properties and fouling 

factors of the hot and cold streams to the corresponding values of the tube-side and annulus-

side flows: 

 

 (2.23) 

 (2.24) 

 
(2.25) 

 
(2.26) 

 
(2.27) 

 
(2.28) 

 
(2.29) 

 
(2.30) 

 
(2.31) 

 
(2.32) 

 
(2.33) 

 
(2.34) 

   (2.35) 
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where m is the mass flow rate,  is the density, Cp is the heat capacity,  is the viscosity, k is 

the thermal conductivity, Rf is the fouling factor, and the subscripts c and h indicate the cold 

and hot streams, respectively. 

2.3.1.3 Structural constraints 

 

The flow area and length of the hydraulic path of the streams considering the complete 

double pipe heat exchanger structure depend on the selection of the tube diameters and length, 

the number of units in series and in parallel in each branch, and the number of parallel 

branches: 

 

(2.36) 

 

(2.37) 

 (2.38) 

 (2.39) 

 

where At and Aa are the tube-side and annulus-side flow area, and Lt and La are the 

corresponding flow path lengths. 

 

2.3.1.4 Thermal and Hydraulic modeling – Tube-side flow 

 

The Prandtl number of the stream that flows inside the inner tube is stated as: 

 

 

(2.40) 

 

The flow velocity inside the inner tube and the corresponding Reynolds number are 

given by: 
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(2.41) 

   

  (2.42) 

 

The pressure drop of the flow in the inner tube is calculated by the Darcy-Weisbach 

equation (omitting the viscosity correction factor) (Saunders, 1988): 

 

 

(2.43) 

 

where ft is the Darcy friction factor. 

The friction factor depends on the flow regime according to the following equations 

(Saunders, 1988): 

 

 

(2.44) 

 (2.45) 

 

(2.46) 

 

The values of the intervals of the different flow regimes in Eqs. (2.44)-(2.46) guarantee 

a continuous profile of the friction factor, as shown in Figure 16. 
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Figure 16: Inner tube friction factor profile in all three regimes generated from Eqs. (2.44)-

(2.46). 

 

Source: The autor. 

 

Regarding the Nusselt number; laminar, transitional, and turbulent flows are 

considered, with the threshold of  between the laminar and the 

transitional/turbulent flow. For the transitional and turbulent flow, the Gnielinski correlation 

is applied (Incropera et al., 2009): 

 

 

(2.47) 

 

Since the laminar flow is more affected by the entry region, more than one equation is 

utilized, according to the proposal of Incropera et al., (2009). For , Hausen correlation 

is applied: 

 

 

(2.48) 

 

For , the Nusselt number is specified by the Seider & Tate correlation unless 

its given value is lower than the theoretical Nusselt number for fully developed flow (3.66), in 

which case the latter is applied: 
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(2.49) 

 
(2.50) 

 

The viscosity correction factor in the Seider & Tate correlation in Equation (2.49) has 

also been omitted (i.e. the ratio between bulk and wall viscosities were considered equal to 

one). 

In order to formulate a set of constraints able to represent the friction factor and 

Nusselt number evaluation for all possible conditions described in Eqs. (2.44) to (2.50), binary 

variables are included associated to the possible ranges of ,  and , as indicated in 

Figure 17, where , , and  are maximum values of Re, Pr, and Nu, respectively. 

In each interval, the corresponding binary variable is equal to 1 and the others are 0. 

 

Figure 17: Possible ranges for , ,  and its corresponding binary variables. 

 

Source: The autor. 

 

The following equations relates the binary variables and its corresponding ranges: 

 
(2.51) 

 
(2.52) 

 
(2.53) 

 
(2.54) 
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(2.55) 

 
(2.56) 

 

where  is a small positive number. 

Since only one binary variable must be selected for each set of intervals, it yields: 

 

 

(2.57) 

 
(2.58) 

 
(2.59) 

 

Therefore, the evaluation of the friction factor and the Nusselt number are represented 

by: 

 

 
(2.60) 

 

(2.61) 

   

2.3.1.5 Thermal and Hydraulic modeling – Annular flow 

 

The Prandtl number of the stream flowing in the annular region is stated as: 

 

 

(2.62) 

 

The flow velocity inside the annular region is given by: 

 

 

(2.63) 
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The hydraulic diameter is here calculated as four times the flow cross-sectional area 

divided by the wetted perimeter, which in the case of only one concentric tube can be 

simplified to (Incropera et al., 2009): 

 

 
(2.64) 

 

The Reynolds number can then be calculated by: 

 

 

(2.65) 

  

The pressure drop of the flow in the annulus is given by the Darcy-Weisbach equation 

using the hydraulic diameter (also omitting the viscosity correction factor) (Saunders, 1988): 

 

 

(2.66) 

 

where fa is the Darcy friction factor for the annular flow. 

The annular region friction factor, analogously to the inner tube, depends on the flow 

regime according to the following equations (Saunders, 1988): 

 

 

(2.67) 

 

(2.68) 

 

(2.69) 

 

The threshold Reynolds number values in this case are 500 and 10000 and it also 

forms a continuous profile for calculation of the friction factor, as shown in Figure 18. 
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Figure 18: Annular friction factor profile in all three regimes generated from Eqs. (2.67)-

(2.69). 

 

Source: The autor. 

 

Regarding the Nusselt number, the same ranges and correlations used for the tube-side 

are applied, replacing the inner tube diameter by the hydraulic diameter:  

 

 
(2.70) 

 

(2.71) 

 

(2.72) 

 

(2.73) 

 

Binary variables are then included to describe each interval of ,  and , 

as depicted in Figure 19. 
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Figure 19: Possible ranges for , ,  and its corresponding binary variables. 

 

Source: The autor. 

 

The same approach used for the tube-side flow for the evaluation of the Nusselt 

number is implemented here: 

 

 
(2.74) 

 
(2.75) 

 
(2.76) 

 
(2.77) 

 
(2.78) 

 
(2.79) 

 

(2.80) 

 
(2.81) 

 
(2.82) 

 
(2.83) 

 

(2.84) 
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2.3.1.6 Heat transfer coefficients 

 

The convective heat transfer coefficient for the tube-side and annulus-side flows are 

given by: 

 

 

(2.85) 

 

(2.86) 

 

The overall heat transfer coefficient is then determined by: 

 

 

(2.87) 

 

where  is the thermal conductivity of the inner tube. 

 

2.3.1.7 Heat transfer rate equation 

 

According to the LMTD method, the heat transfer rate is given by: 

 

 
(2.88) 

 

where  is the required heat transfer area,  is the logarithmic mean temperature, and 

 is the correction factor.  

The logarithmic mean temperature is defined as: 

 

 

(2.89) 
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The correction factor depends on the structure of the arrangement of the double pipe 

heat exchanger units. If the structure is based on an arrangement where both streams are 

aligned in series, as shown in Figure 8, the correction factor is equal to unity. If the structure 

has one of the streams in parallel, as shown in Figure 9 and Figure 10, its value depends on 

which stream is in parallel and on the number of existing units per branch (Serth, 2007). 

Those correction factor options are calculated as parameters prior to the optimization. For 

stream sST (cold, sSt = c, or hot, sSt = h) aligned in series and the other stream in parallel, the 

correction factor is given by (Serth, 2007): 

 

 

(2.90) 

 

where the factors  and  are specified as: 

 

 

(2.91) 

 

(2.92) 

 

Based on these expressions, the constraint that represents the correction factor ( ) 

evaluation becomes:  
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(2.93) 

 

Aiming at guaranteeing a design margin, a minimum area excess ( ) is imposed: 

 

 

(2.94) 

 

where the equipment heat transfer area is given by: 

 

 
(2.95) 

 

Therefore, the heat transfer rate shown in Eq. (2.88) can be reorganized as: 

 

 

(2.96) 

 

2.3.1.8 Pressure drops and velocity bounds 

 

The lower and upper bounds on the velocities of the tube-side flow and annulus-side 

flow are given by: 

 

 
(2.97) 

 
(2.98) 

 
(2.99) 

 
(2.100) 

 

While the pressure drop bounds are represented by: 
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(2.101) 

 
(2.102) 

 

2.3.2 Objective function 

 

The objective function is given by the minimization of the heat transfer area: 

 

 
(2.103) 

 

The above model may present difficulties for certain MINLP algorithms as it contains 

products of binary variables and products of continuous and binary variables. Trying to make 

the model more amenable to be solved, we present a reformulation to obtain an MINLP model 

that is linear in binaries.  

 

2.4 Problem Reformulation – MINLP 2 

 

This section presents the reformulation of some constraints to eliminate the 

nonlinearities involving binary variables. The linear constraints or the constraints with 

continuous-only nonlinearities remain the same.   

 

 

2.4.1 Reformulation Techniques 

 

In the original optimization problem, there are two types of nonlinear terms involving 

binaries: the product of two or more binary variables and the product of a binary variable and 

a function of continuous variables (Williams, 2013). 

The product of binary variables can be substituted by a continuous variable and a set 

of linear inequalities, as follows. 

Let , , … ,  and   be a set of binary variables. The product of these variables 

can be substituted by a continuous nonnegative variable : 
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(2.104) 

 
(2.105) 

 

where the equality shown in Eq. (2.104) is guaranteed by the inclusion of these constraints: 

 

 
(2.106) 

 
(2.107) 

….  

 
(2.108) 

 
(2.109) 

 

where m is the number of binary variables in the product. 

The reformulation of the product between a binary variable and a function of 

continuous variables also involves the introduction of an additional continuous variable and a 

set of inequality constraints. 

Let  be a function of continuous variables such that  in the 

problem domain and  be a binary variable. The product of this function and the binary 

variable can be substituted by a continuous nonnegative variable  together with the inclusion 

of these constraints: 

 

 
(2.110) 

 
(2.111) 

 
(2.112) 
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2.4.2 Thermal and hydraulic modeling – Tube-side flow 

 

The reformulation of the tube-side flow friction factor constraint (Eq. (2.60)) involves 

the substitutions depicted in Table 1. 

 

Table 1. Reformulation of Eq. (2.60) 

Original term Variable 

  

  

  

  

Source: The autor. 

 

The reformulated expression of the friction factor constraint and the corresponding 

additional linear inequality constraints are:  

 

 
(2.113) 

 
(2.114) 

 
(2.115) 

 
(2.116) 

 
(2.117) 

 
(2.118) 

 
(2.119) 

 
(2.120) 

 
(2.121) 

 
(2.122) 

 
(2.123) 
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(2.124) 

 
(2.125) 

 

The modifications of the Nusselt number constraint (Eq. (2.61)) are illustrated in Table 

2. 

Table 2. Reformulation of Equation (2.61). 

Original term Variable 

  

  

  

  

  

  

  

Source: The autor. 

 

The reformulated tube-side Nusselt number constraints and the additional inequality 

constraints are: 

 

 

(2.126) 

 
(2.127) 

 
(2.128) 

 
(2.129) 

 
(2.130) 

 
(2.131) 
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(2.132) 

 
(2.133) 

 
(2.134) 

 
(2.135) 

 
(2.136) 

 
(2.137) 

 
(2.138) 

 
(2.139) 

 
(2.140) 

 
(2.141) 

 
(2.142) 

 
(2.143) 

 
(2.144) 

 
(2.145) 

 
(2.146) 

 
(2.147) 

 
(2.148) 

 
(2.149) 

 
(2.150) 

 
(2.151) 
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2.4.3 Thermal and hydraulic modeling – Annulus-side flow 

 

Analogously to the tube-side flow, the constraints related to the friction factor (Eq. 

(2.83)) and Nusselt number (Eq.  (2.84)) in the annulus are modified according to Table 3 and 

Table 4: 

 

Table 3. Reformulation of Eq. (2.83) 

Original term Variable 

  

  

  

  

Source: The autor. 

 

Table 4. Reformulation of Eq. (2.84) 

Original term Variable 

  

  

  

  

  

  

  

Source: The autor. 

 

The constraints of the friction factor of the annulus-side flow are: 

 

 
(2.152) 

 
(2.153) 
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(2.154) 

 
(2.155) 

 
(2.156) 

 
(2.157) 

 
(2.158) 

 
(2.159) 

 
(2.160) 

 
(2.161) 

 
(2.162) 

 
(2.163) 

 
(2.164) 

 

The Nusselt number constraints for the annular flow become: 

 

 

(2.165) 

 
(2.166) 

 
(2.167) 

 
(2.168) 

 
(2.169) 

 
(2.170) 

 
(2.171) 

 
(2.172) 
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(2.173) 

 
(2.174) 

 
(2.175) 

 
(2.176) 

 
(2.177) 

 
(2.178) 

 
(2.179) 

 
(2.180) 

 
(2.181) 

 
(2.182) 

 
(2.183) 

 
(2.184) 

 
(2.185) 

 
(2.186) 

 
(2.187) 

 
(2.188) 

 
(2.189) 

 
(2.190) 
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2.4.4 Heat transfer rate equation 

 

The correction factor constraint (Eq. (2.93)) is modified according to Table 5.  

 

Table 5. Reformulation of Eq. (2.93) 

Original term Reformulated term 

  

  

Source: The autor. 

 

The reformulated constraints of the correction factor are: 

 

 

(2.191) 

 
(2.192) 

 
(2.193) 

 
(2.194) 

 
(2.195) 

 
(2.196) 

 
(2.197) 
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3 MIXED-INTEGER LINEAR PROGRAMMING 

 

This chapter present the generation of a MILP formulation. Mathematical 

transformations are applied in the original MINLP model, which does not imply any 

simplification of the original model (i.e. the feasible regions of the original MINLP problem 

and the new MILP problem are identical). 

 

3.1 Reformulation Techniques 

 

The first step towards the linear model is to substitute all the continuous variables in 

the MINLP problem by the corresponding binary representations of the design variables using 

the procedure described below (recursive substitutions may be necessary to represent all the 

variables in relation to the fundamental design variables). 

Let p, q, …, z be variables that are related to available discrete values, , , …, 

. Because of their discrete nature, these variables can be represented by sets of binaries. 

The corresponding mathematical relation is presented here, for instance, for the variable p: 

 

 

(3.1) 

 

where ypi is the binary variable for the selection among the available discrete options. 

Additionally, since only one option must be selected, then: 

 

 

(3.2) 

 

The heat exchanger model constraints correspond to mathematical relations involving 

products of powers. Let f(p,q,…,z) be a typical constraint composed of a function of the 

design variables:  

 

 
(3.3) 
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where  is a model parameter. The substitution of these variables by their corresponding 

binary expressions yields: 

 

 

(3.4) 

 

Since all binary variables are equal to one only once in each corresponding set (Eq. 

(3.2)), the constraint becomes equivalent to: 

 

 

(3.5) 

 

After this rearrangement, there are only binary variables and the existing nonlinearity 

corresponds to product of binaries. The elimination of this nonlinear term can be conducted 

using the same technique already explained in subsection 2.4.1 for binary products.  

 

3.2 Reformulation example 

 

The application of the reformulation techniques presented in the previous section will 

be detailed for one of the model constraints from start to finish. The selected constraint is the 

tube-side Reynolds number calculation, which in the original MINLP model is given by: 

 

 

(3.6) 

 

We have a function of continuous variables (Re(dti,vt,ρt,µt)) and the first step is to 

substitute them for their binary representations. However, the tube-side velocity (vt) is itself a 

function of continuous variables (vt(mt,ρt,At)), as well as the tube-side flow area 

(At(dti,NB,NPt)), as shown by the following original constraints: 

 

 

(3.7) 
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(3.8) 

 

For the remaining variables (dti, mt, ρt, µt, NB, NPt), we can apply the following 

binary representations: 

 

 

(3.9) 

 

(3.10) 

 

(3.11) 

 

(3.12) 

 

(3.13) 

 

(3.14) 

 

Applying all the proposed substitutions, the tube-side flow area becomes: 

 

 

(3.15) 

 

which render, for the tube-side velocity constraint, the following equation: 
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(3.16) 

 

Finally, for the tube-side Reynolds number, we have: 

 

 

(3.17) 

 

In Eq. (3.17)Erro! Fonte de referência não encontrada., after all the proper 

substitutions, the second step, shown in subsection 2.4.1, can be applied. Thus, the existing 

binary product (ydsd yBsB yPtsE yTsST ) is replaced by a continuous variable (wvtsd,sB,sE,sST) and 

the linear inequalities are added, yielding the following constraints: 

 

 

(3.18) 

 
(3.19) 

 
(3.20) 

 
(3.21) 

 
(3.22) 

 
(3.23) 

 

Therefore, the constraint from the original MINLP model (Eq. (3.6)) is replaced in the 

new MILP model by Eqs. (3.18) to (3.23). 

The next section shows the result of the application of the proposed procedure for the 

entire optimization problem. 
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3.3 MILP formulation 

 

3.3.1 Constraints 

 

The problem constraints are composed of the selection of geometric variables, stream 

allocation equations, structural constraints, thermal and hydraulic modelling, and pressure 

drop and velocity bounds. 

 

3.3.1.1 Selection of the geometric variables 

 

According to the discrete nature of the original geometric variables, the selection of 

their corresponding values for the description of each solution candidate employs the 

following set of binaries:  for the inner tube diameter (discrete values of the outer and 

inner values: and ),  for the outer tube diameter (discrete values of the 

outer and inner values: and ),  for the tube length (discrete values: ), 

yBsB for the number of parallel branches present in the heat exchanger design (discrete values: 

), yPtsE and yPasE for the number of parallel units per branch in the tube-side and 

annulus-side, respectively (discrete values: ), and yStsE and ySasE for the number of 

units in series per branch for the tube-side and annulus-side, respectively (discrete values: 

). 

This set of binary variables must be associated to constraints to ensure that only one of 

the available options will be selected: 

 

 

(3.24) 

 

(3.25)  
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(3.26) 

 

(3.27) 

 

(3.28) 

 

(3.29) 

 

(3.30) 

 

(3.31) 

 

3.3.1.2 Stream allocations  

 

The stream allocation is controlled by the binary variables yTc and yTh. If yTc = 1, 

then the cold stream flows inside the inner tube and the hot stream flows in the annulus; if yTh 

= 1, then the hot stream flows inside the inner tube and the cold stream flows in the annulus, 

which is guaranteed by the following constraint: 

 

 
(3.32) 

 

3.3.1.3 Structural constraints 

 

The following constraint ensures that if one flow-side has already more than one 

parallel unit per branch then the only possibility for the other side is to be aligned in series. It 
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also guarantees that for the same side if there are multiple parallel passages there can only be 

one unit in series, respecting the structural options presented in Figure 8: 

 

 
(3.33) 

 
(3.34) 

 
(3.35) 

The last structural constraint guarantees that alternatives without physical meaning 

related to the arrangement of the flow distribution among the set of units of the tube-side and 

annulus-side streams are discarded: 

 

 

(3.36) 

 
(3.37) 

 
(3.38) 

 
(3.39) 

 
(3.40) 

 
(3.41) 

 
(3.42) 

 

3.3.1.4 Thermal and hydraulic modeling – Tube-side flow 

 

The flow velocity inside the inner tube, its corresponding Reynolds number and 

additional linear inequalities are: 

 

 

(3.43) 
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(3.44) 

 
(3.45) 

 
(3.46) 

 
(3.47) 

 
(3.48) 

 
(3.49) 

 

The Prandtl number of the inner tube stream becomes: 

 

 

(3.50) 

  

The evaluation of the Nusselt number by the Seider & Tate correlation and its 

additional linear inequalities are: 

 

 

(3.51) 

 
(3.52) 

 
(3.53) 

 
(3.54) 

 
(3.55) 

 
(3.56) 

 

where the parameter , is given by: 
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(3.57) 

 

The scheme to describe the activation of different flow regime calculations was 

explained in Chapter 1.42 and will not be repeated here. The constraints that relates the binary 

variables to its corresponding ranges remain the same:  

 

 

(3.58) 

 

(3.59) 

 

(3.60) 

 

(3.61) 

 

(3.62) 

 

(3.63) 

 

(3.64) 

 

(3.65) 

 

(3.66) 

 

The pressure drop evaluation of the flow in the inner tube is based on the Darcy-

Weisbach equation (omitting the viscosity correction factor) (Saunders, 1988), which after the 

reformulation proposed becomes:  

 

 

(3.67) 

 
(3.68) 
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(3.69) 

 
(3.70) 

 
(3.71) 

 
(3.72) 

 

The additional parameters inserted for simplification purposes in Eq. (3.67) are given 

by: 

 

 

(3.73) 

 

(3.74) 

 

(3.75) 

 

3.3.1.5 Thermal and hydraulic modeling – Annulus-side flow 

 

The annulus-side stream velocity, its corresponding Reynolds number and additional 

linear inequalities are given by: 

 

 

(3.76) 

 

(3.77) 

 
(3.78) 

 
(3.79) 
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(3.80) 

 
(3.81) 

 
 

 
(3.82) 

 

where if sST = h, then sST* = c and vice-versa. 

The Prandtl number of the annulus-side stream becomes: 

 

 

  (3.83) 

 

The Nusselt number given by Seider & Tate correlation and its additional linear 

inequalities are: 

 

 

(3.84) 

 
(3.85) 

 
(3.86) 

 
(3.87) 

 

where the parameter  is given by: 

 

 

(3.88) 

 

where if sST = h, then sST* = c and vice-versa. 

The constraints that relate the binary variables to its corresponding ranges, as for the 

tube-side, remain the same:  



74 

 

 

 

 

(3.89) 

 

(3.90) 

 

(3.91) 

 

(3.92) 

 

(3.93) 

 

(3.94) 

 

(3.95) 

 

(3.96) 

 

(3.97) 

 

The pressure drop of the flow in the annulus is given by the Darcy-Weisbach equation 

using the hydraulic diameter (also omitting the viscosity correction factor) (Saunders, 1988), 

which after the reformulation proposed becomes:  

 

 

(3.98) 

 
(3.99) 

 
(3.100) 

 
(3.101) 

 
(3.102) 
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The additional parameters inserted for simplification purposes in Eq. (3.98) are given 

by: 

 

(3.103) 

 

(3.104) 

 

(3.105) 

 

where if sST = h, then sST* = c and vice-versa. 

 

3.3.1.6 Heat transfer rate equation 

 

The heat exchanger area evaluation and its additional inequalities are given by: 

 

 

(3.106) 

 
(3.107) 

 
(3.108) 

 
(3.109) 

 
(3.110) 

 
(3.111) 

where the parameter  is given by: 

 
(3.112) 
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The heat transfer rate, based on the LMTD method, after reformulation becomes: 

   

 

(3.113) 
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(3.114) 

 
(3.115) 

 
(3.116) 

 

(3.117) 

 

(3.118) 

 

(3.119) 

 

(3.120) 

 

(3.121) 

 

(3.122) 

 

(3.123) 

 

(3.124) 

 

(3.125) 

 

(3.126) 

 

(3.127) 

 

(3.128) 

 

(3.129) 

 
(3.130) 

 
(3.131) 

 
(3.132) 

 
(3.133) 

 
(3.134) 
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(3.135) 

 

(3.136) 

 

(3.137) 

 

(3.138) 

 

(3.139) 

 

(3.140) 

 

(3.141) 

 

(3.142) 

 

(3.143) 

 

(3.144) 

 

(3.145) 

 

(3.146) 

 

(3.147) 

 

(3.148) 

 

(3.149) 

 

(3.150) 

 

(3.151) 

 

(3.152) 

 

(3.153) 
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(3.154) 

 

(3.155) 

 

(3.156) 

 

(3.157) 

 

(3.158) 

 

(3.159) 

 

(3.160) 

 

(3.161) 

 

(3.162) 

 

(3.163) 

 

(3.164) 

 

(3.165) 

 

(3.166) 

 

(3.167) 

 

(3.168) 

 

(3.169) 
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(3.170) 

 
(3.171) 

 
(3.172) 

 
(3.173) 

 
(3.174) 

 
(3.175) 

 
(3.176) 

 

The logarithmic mean temperature is defined as: 

 

 

(3.177) 

 

The parameters related to the correction factor of the LMTD are given by (Serth, 

2007):  

 

 

(3.178) 

 

(stream  aligned in series and the other stream in parallel), where the factors  and 

 are specified as: 

 

 

(3.179) 
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(3.180) 

 

(3.181) 

 

(3.182) 

 

In addition, the other parameters inserted for simplification purposes in Eq. (3.113) are 

shown below: 

 

 

(3.183) 

 

(3.184) 

 

(3.185) 

 

(3.186) 

 

(3.187) 
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(3.188) 

 

where if sST = h, then sST* = c and vice-versa. 

 

3.3.1.7 Pressure drop and velocity bounds 

 

The lower and upper velocity bounds for tube-side and annulus-side flows are given 

by: 

 

 
(3.189) 

 
(3.190) 

 
(3.191) 

 
(3.192) 

 

while the pressure drop bounds are represented by: 

 

 
(3.193) 

 
(3.194) 

 

3.3.2 Objective function 

 

The objective function is given by the minimization of the structure heat transfer area: 

 

 
(3.195) 
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4 RESULTS 

 

4.1 MINLP Results 

 

In this section, we present the results of the application of the design optimization 

using both MINLP approaches. Four main aspects are here explored: (i) Numerical aspects 

such as initial estimates and variable bounds required for convergence achievement; (ii) 

Comparison of the mathematical programming solution in a broader search space with a result 

from the literature obtained using a traditional trial and error procedure; (iii) Analysis of the 

flexibility of the optimization formulation to describe different flow regimes; and (iv) 

Comparison between the proposed MINLP approaches. The numerical results were obtained 

using the GAMS software version 23.7.3. Because the DICOPT solver (an outer 

approximation algorithm) has presented severe convergence obstacles in the investigated 

problems, all of the solutions presented here were obtained using the SBB solver (a branch-

and-bound algorithm). 

 

4.1.1 Numerical aspects 

 

Before starting the results discussion per say, two numerical aspects of the proposed 

formulations will be explored, the variables initial estimates and bounds.  

 

4.1.1.1 Initial estimates 

 

The convergence of the root node relaxation of the SBB solver was highly sensitive of 

the initial estimate; therefore, it was necessary to identify a suitable initial set of values for 

some of the problem variables.  

The GAMS software has a default initial estimate for all variables (zero), but for all 

examples illustrated in this work that was not enough to attain convergence.  As a beginning 

strategy, a feasible point was given as initial estimate; however, this procedure demanded a 

previous analysis of the problem with direct intervention of the user for each problem to be 

solved. 

Therefore, aiming to simplify the process, a trial and error procedure was explored to 

identify which variables were more critical in relation to the initial estimate selection to 



84 

 

 

guarantee the optimization convergence, i.e. which variables demanded a nonzero initial 

estimate. 

This way, we reached a set of sensitive variables, which must have nonzero estimates. 

In the sequence, we looked for an automatic estimate procedure for this set of variables, 

which could substitute the identification of a feasible point in an ad hoc basis. 

The few binary variables belonging to the sensitive set showed a flexibility toward its 

initial estimate, needing only that one of the corresponding binaries of the set had the value 

equal to 1 (thus obeying the constraint where only one diameter or one Reynolds range is 

selected for example), no matter which one. In order to create a pattern and apply it to all 

examples approached in this work (and that could be useful for future problems), an arbitrary 

initial estimate for these variables was selected, according to Table 6. 

 

Table 6. Initial estimates for key binary variables. 

Variable Initial Estimate 

Inner tube dimeter selection 
 

Stream allocation 
 

Range of Reynolds identification 
 

Range of Nusselt identification 
 

Source: The autor. 

 

For the continuous key variables, there was also a flexibility in relation to the specific 

value of the nonzero initial estimate that should be attributed to promote the convergence. 

Trying to generalize an automatic procedure, presented in Table 7, it is suggested the mean 

between the lower and upper bounds, with the exception of the Hausen Nusselt number, for 

which the theoretical Nusselt value worked. 
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Table 7. Initial estimates for key continuous variables. 

Variable Initial Estimate 

Length of one unit 

 

Reynolds number* 

 

Nusselt number* 

 

Seider &Tate Nusselt number* 

 

Hausen Nusselt number  

 
*  being  (tube side) or  (annulus side). 

Source: The autor. 

 

The subscripts lo and up represent, respectively, the lower and upper bounds of each 

variable, which will be further explored in the next subsection. 

 

4.1.1.2 Variable bounds 

 

In the optimization process all variables have their own search space. In GAMS one 

may define a variable as a free or a positive variable. A free variable is not bounded (meaning 

that it ranges from - infinite to + infinite). A positive variable has its lower bound at zero and 

it is unbounded from the upper side. In exception of the objective function (which needs to be 

unbounded for the search) and  (due to the subtraction term in its defining equation) 

all variables were defined as positive variables, since attributing negative values would not 

only hold no physical meaning but also be impossible to the formulation in hand.  

In addition, it is possible to further restrict the variable bound in order to ameliorate 

convergence, since it would reduce the search domain. However, one must be careful in doing 
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so, not to discard any viable solution. So, the methodology applied to determine the variables 

bounds for the proposed formulation is here explained.  

The starting point is that since all discrete options are known parameters, the minimum 

and maximum possible measurements for a single unit are also known, as well as the 

maximum number units that a given flow may be divided into. Therefore, it is possible to 

calculate, for example, the minimum flow area for the tube side:    

 

 

(4.1) 

 

The same logic can be applied sequentially to several variables.  

For allocation dependent variables it is also quite simple, the upper bound for mass 

flow on the tube side for example, would be the maximum value between the cold and hot 

stream mass flows. 

For regimen dependent variables, for which the bounds are chosen among its 

possibilities: 

 

 
(4.2) 

 

Furthermore, some variables, like velocities and pressure drop have imposed bounds 

in the formulation (e.g. ). Finally, a few variables had their bounds manually inputted: 

 

Table 8. Manually inputted bounds. 

Variable Lower bound / Upper bound 

 
10 / 1∙105 

 
10 / 1∙105 

 
-1∙105 / 1∙105 

 
-1∙105 / 1∙105 

Source: The autor. 
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4.1.2 Comparison with the literature 

 

Example 1 is a design problem given by Serth (2007) that consists in determining the 

number of required hairpins and its arrangement for the service shown in Table 9. The 

dimensions of the hairpin employed are shown in Table 10. 

 

Table 9. Example 1 - Stream data 

Parameter Unit 
Cold stream 

(benzene) 

Hot stream 

(aniline) 

Mass flow,  
kg/s 1.26 1.22 

Inlet temperature,  
°C 15.55 65.55 

Outlet temperature,  
°C 48.85 37.75 

Density,  
kg/m³ 879 1022 

Viscosity,  
Pas 5.5·10-4  2·10-3 

Heat capacity,  
J/(kg°C) 1758.46 2177.14 

Thermal conductivity  
W/(m°C) 0.159 0.173 

Fouling resistance,  
m²°C/W 1.7·10-4 1.76·10-4 

Available pressure drop,  
kPa 138 138 

Source: The autor. 

 

Table 10. Example 1 - Hairpin data (pipe schedule 40) 

Parameter Unit Value 

Total hairpin tube length,  
m 9.75 

Inner tube NPS in 1 ¼ 

Outer tube NPS in 2 

Tube thermal conductivity,  
W/(mk) 16.27 

  NPS = Nominal pipe size 

Source: The autor. 
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The design methodology employed in Serth (2007) consists in a trial and error 

procedure, starting by assuming an arbitrary fluid allocation and arrangement (e.g. benzene 

flowing on the inner tube and both streams connected in series). Then, the number of required 

hairpins and the streams pressure drops are calculated and checked against the available 

limits. If the resultant heat exchanger is not fitting, a new configuration/fluid allocation may 

be proposed and the calculations are remade. When a heat exchanger attains the process 

requirements with an acceptable over-design, the procedure stops. 

The solution obtained by Serth (2007) using the procedure previously presented is 

illustrated in Figure 20 and consists in 10 hairpins, with inner pipe stream connected in series 

and annulus-side stream organized in two parallel branches of five hairpins each. 

 

Figure 20: Example 1 - Heat exchanger structure proposed by Serth (2007). 

 

Source: The autor. 

 

The goal of the current analysis is to verify if the utilization of the proposed 

mathematical programming approach using a broader search space can identify a better 

solution than the solution previously found by the trial and error procedure. 

The thermo-fluid dynamic relations used by Serth (2007) are different from the model 

employed in this work, particularly the friction factor and the Nusselt number correlations. 

Therefore, before the optimization, the predictions between both sets of correlations were 

compared along a range of values of Reynolds number. The comparison indicated that the 

results from the correlations employed by Serth (2007) are associated to higher values of the 

friction factor and lower values of the Nusselt number. 

However, aiming at providing a fair comparison through a conservative analysis, 

correction factors were calculated based on the maximum ratio of friction factor and the 

minimum ratio of the Nusselt number associated to the predictions from Serth (2007) and the 

current work, along the entire Reynolds number range. 
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These correction factors were then applied to the current work model in the 

optimization analysis, i.e. the optimization employs adjusted correlations in Example 1 that 

are associated to higher values of the friction factor and lower values of the Nusselt number 

than those alternatives employed by the literature source. A complete description of the 

calculation of the correction factors is available in APPENDIX A. 

Another aspect that must be contemplated in the comparison is the inclusion of the 

results presented by Serth (2007) in the search space. Although it may seem that the structure 

present in Figure 20 cannot be described by the proposed formulation (Figure 8 to Figure 11), 

if we, for the sake of comparison, consider the five units as one hypothetic longer unit, the 

resultant structure is shown in Figure 21, which also belongs to our superstructure. 

Additionally, it is also important to mention that the heat exchanger modelling employed in 

the optimization does not consider the pressure drops in the nozzles and return bends, 

therefore these elements are excluded in the analysis. The results of pressure drop reported 

here from Serth (2007) excluded the head loss in these elements. An analysis of the trial and 

error procedure adopted by Serth (2007) indicate that the exclusion of these minor losses 

during the sequence of design steps would not modify the result obtained, which enables a 

direct comparison with our results. 

 

Figure 21: Example 1 - Adaptation of the heat exchanger structure proposed by Serth (2007). 

 

 

Source: The autor. 

 

The optimization search space employed in the proposed analysis is depicted in Table 

11, including the original design proposed by Serth (2007). The velocity bounds applied in the 

optimization runs were 0.9 m/s to 3 m/s and a minimum excess area of 10%. 
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Table 11. Structural discrete options (pipe schedule 40). 

Parameter Unit Discrete options 

 
-- 1 to 20 

 
-- 1 to 20 

 
ft 5 10 15 20 25 160    

 
m 1.524 3.048 4.572 6.096 7.620 48.768    

Inner 

tube NPS  
in ½ ¾ 1 1 ¼ 1 ½ 2 2 ½ 3 3 ½ 

Inner 

tube OD 
m 0.021 0.027 0.033 0.042 0.048 0.060 0.073 0.089 0.102 

Outer 

tube NPS 
in 1 ¼ 1 ½ 2 2 ½ 3 3 ½ 4 4 ½ 5 

Outer 

tube OD 
m 0.042 0.048 0.060 0.073 0.089 0.102 0.114 0.127 0.168 

NPS = Nominal pipe size, OD = Outer diameter 

Source: The autor. 

 

 

Table 12 contains the reported values by Serth (2007) of the performance of his 

solution for the design problem, the validation solution of the proposed model, and the 

optimal solution using the original MINLP formulation. 

 The validation solution presented in  

Table 12 corresponds to the adoption of the heat exchanger reported by Serth (2007) to 

both mathematical models. The results indicate a description of Serth (2007) solution 

associated to higher pressure drops and lower convective heat transfer coefficients, as it was 

expected according to the conservative approach employed to consider the differences in the 

thermo-fluid dynamic correlations. The exception was the small decrease of the tube-side 

pressure drop due to the presence of a viscosity correction factor that is not contemplated in 

the proposed modelling. 

The original optimization approach obtained the optimal result reported in  

Table 12, where it is possible to observe a reduction of 11% in relation to the 

literature. The comparison of the optimal solution and the literature solution indicates that, 
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despite the similarity of the overall heat transfer coefficients, the area reduction is attained due 

to a higher logarithmic mean temperature difference (LMTD) resultant from the counter-

current arrangement of the set of units of the proposed heat exchanger. 

 

Table 12. Example 1 – Design results. 

Variable Unit Serth (2007) 
Validation 

solution 

Optimal 

solution 

Tube side stream – Aniline Aniline Aniline 

Total heat exchanger area,  
m² 12.91 12.92 11.49 

Required heat exchanger area m² 11.68 11.70 9.79 

Inner tube NPS – OD in – m 1 ¼ – 0.042 1 ¼ – 0.042 ¾ – 0.027 

Outer tube NPS – OD in – m 2 – 0.060 2 – 0.060 1 ¼ – 0.042 

Unit length,  
ft (m) 160 (48.77) 160 (48.77) 25 (7.62) 

Number of branches,  
– 1 1 3 

Tube side units in parallel / in series – 1 / 2 1 / 2 1 / 6 

Annular side units in parallel / in series – 2 / 1 2 / 1 1 / 6 

Tube side velocity,  
m/s 1.24 1.24 1.157 

Annulus side velocity,  
m/s 0.93 0.93 1.176 

Tube side film coefficient,   
W/(m²°C) 999 961 935 

Annulus side film coefficient,   
W/(m²°C) 1448 1330 1675 

Overall heat transfer coefficient, U W/(m²°C) 391.8 380.2 390.8 

Corrected LMTD °C 16.14 16.59 19.31 

Tube side pressure drop,  
kPa 82.0 79.0 62.2 

Annulus side pressure drop,  
kPa 70.3 72.5 132.8 

NPS = Nominal pipe size, OD = Outer diameter 

Source: The autor. 

 

4.1.3 Analysis of the modeling of different flow regimes 

 

This analysis illustrates the modeling of different flow regimes by the proposed formulations. 

The discussions are based on two new examples where a hot stream must be cooled from 
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323.15 K to 313.15 K. Example 2 involves the utilization of a cooling water stream to fulfill 

this task and Example 3 employs an ethylene glycol stream. The data of the streams of these 

examples are shown in  

Table 13, where must be noted that the viscosity of the ethylene glycol is about 25 

times higher than that of the cooling water and its thermal conductivity is about 40% of the 

cooling water value. 

 

Table 13. Examples 2 and 3 – Stream data. 

Parameter Unit 
Hot stream 

(solvent) 

Cold stream 

(cooling water) 

Cold stream 

(ethylene glycol) 

Mass flow,  
kg/s 8 3.68 4.38 

Inlet temperature,  
°C 50 20 5 

Outlet temperature,  
°C 40 30 20 

Density,  
kg/m³ 90 997 1 010 

Viscosity,  
Pa·s 9.5·10-4 9.0·10-4 0.024 

Heat capacity,  
J/(kg. °C) 1922 4182 2340 

Thermal conductivity  
W/(m. °C) 0.187 0.610 0.264 

Fouling resistance,  
m²°C /W 3·10-4 3·10-4 3·10-4 

Available pressure drop,  
kPa 100 100 100 

Source: The autor. 

 

The discrete options employed in the optimization are the ones presented in Table 11, 

with exception of the elimination of the unit length of 160 ft, as it had only comparison 

purposes with the literature in the previous example. The correction factors applied in the 

model in Example 1 were also eliminated by the same reason. The velocity bounds applied in 

the optimization runs were 1 m/s to 3 m/s and a minimum excess area of 20% was applied. 

The application of the original optimization approach yielded the results presented in 

Table 11. The higher viscosity of the ethylene glycol stream and its lower thermal 

conductivity contributed to reduce the overall heat transfer coefficient to 160 W/(m²°C) in 

Example 3 when compared to 820 W/(m²°C) in Example 2. Consequently, the heat transfer 

area increased to 35.75 m2 from 11.49 m2. The fluid dynamic aspects also modified the 
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design, since the need to accommodate the higher pressure drops associated to the ethylene 

glycol stream elevated the number of parallel branches in Example 3 to 10 branches (of 14 

units each) from 6 branches (of 15 units each) in Example 2. 

 

Table 14. Examples 2 and 3 – Design results. 

Variable Unit Cooling water Ethylene Glycol 

Tube side stream – Cooling water Ethylene Glycol 

Total heat exchanger area,  
m² 11.49 35.75 

Required heat exchanger area m² 9.37 29.67 

Inner tube NPS – OD in – m ¾ – 0.027 ¾ – 0.027 

Outer tube NPS – OD in – m 1 ½ – 0.048 1 ½ – 0.048 

Unit length,  
ft (m) 5 (1.52) 10 (3.048) 

Number of branches,  
– 6 10 

Tube side units in parallel / in series – 1 - 15 1 - 14 

Annular side units in parallel / in series – 1 - 15 1 - 14 

Tube side velocity,  
m/s 1.786 1.260 

Annulus side velocity,  
m/s 2.236 1.342 

Tube side film coefficient,  
W/(m²°C) 8 744 256 

Annulus side film coefficient,  
W/(m²°C) 3 010 1 868 

Overall heat transfer coefficient, U W/(m²°C) 820 160 

Corrected LMTD °C 20 32.44 

Tube side pressure drop,  
kPa 45.4 94.3 

Annulus side pressure drop,  
kPa 84.6 62.5 

        NPS = Nominal pipe size, OD = Outer diameter 

Source: The autor. 

 

The behavior observed is directly linked to the flow regime in the optimal solution of 

each example. The solution of Example 2 was associated to a Reynolds number of 41 412, i.e. 

turbulent flow, that is associated to a convective heat transfer coefficient of 8 744 W/(m²°C). 

The equivalent Reynolds number in Example 3 was reduced to only 1 110, where the resultant 

laminar flow was associated to a low convective heat transfer coefficient of 256 W/(m²°C). It 
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is interesting to observe that an increase of the heat transfer coefficient in Example 3 is 

limited by the fluid dynamic constraints, since the pressure drop of the solution, 94.3 kPa, is 

near to the maximum value, 100 kPa (it does not match the upper limit exactly due to the 

discrete feature of the problem) . 

These results illustrate that the proposed optimization formulations can model the 

behavior of the optimal heat exchangers considering different flow regimes.  

 

4.1.4 Comparison of the MINLP approaches 

 

The comparison of the MINLP approaches were based on a sample of 5 different 

problems, composed of Examples 1 to 3, already described, and additionally, Example 4 

(Kakaç and Liu, 2002) and Example 5, described in Table 15 and Table 16. 

 

Table 15. Example 4 – Stream data 

Parameter Unit 
Cold stream 

(water) 

Hot stream 

(water) 

Mass flow,  
kg/s 1.39 1.36 

Inlet temperature,  
°C 20 140 

Outlet temperature,  
°C 35 125 

Density,  
kg/m³ 996.4 932.5 

Viscosity,  
Pa.s 8.41·10-4 2.07·10-4 

Heat capacity,  
J/(kg. °C) 4 179 4268 

Thermal conductivity  
W/(m. °C) 0609 0.687 

Fouling resistance,  
m²°C /W 3.52·10-4 1.76·10-4 

Available pressure drop,  
kPa 10 10 

Source: The autor. 
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Table 16. Example 5 – Stream data 

Parameter Unit Cold stream Hot stream 

Mass flow,  
kg/s 11.44 5.5 

Inlet temperature,  
°C 30.1 90 

Outlet temperature,  
°C 40 50 

Density,  
kg/m³ 995 786 

Viscosity,  
Pa·s 7.2·10-4 1.89·10-3 

Heat capacity,  
J/(kg·°C) 4187 2177 

Thermal conductivity  
W/(m·°C) 0.59 0.12 

Fouling resistance,  
m²°C /W 4·10-4 2·10-4 

Available press. Drop,  
kPa 100 100 

Source: The autor. 

 

These design tasks were solved using both proposed MINLP approaches, considering 

velocity bounds of 1 m/s to 3 m/s and a minimum excess area of 20%. The thermo-fluid 

dynamic model was employed without any correction factor, therefore the solution obtained 

for Example 1 will differ from the results reported in the comparison with the literature.  

The complete solutions for all 5 examples are depicted from Table 17 to Table 21 and 

its respective heat exchangers structures are illustrated from Figure 22 to Figure 26. 

 

 

 

 

 

 

 

 



96 

 

 

 

Example 1 

Table 17. Example 1 – Optimization results. 

Variable Unit 
Original 

formulation 

Modified 

formulation 

Tube side stream – Hot stream Hot stream  

Total heat exchanger area,  
m² 9.19 9.19 

Required heat exchanger area m² 7.52 7.52 

Inner tube NPS – OD in – m ¾ – 0.027 ¾ – 0.027 

Outer tube NPS – OD in – m 1 ¼ – 0.042 1 ¼ – 0.042 

Unit length,  
ft (m) 15 (4.57)  10 (3.05) 

Number of branches,  
– 3 3 

Tube side units in parallel / in series – 1 / 8 1 / 12 

Annular side units in parallel / in series – 1 / 8 1 / 12 

Tube side velocity,  
m/s 1.157 1.157 

Annulus side velocity,  
m/s 1.176 1.176 

Tube side film coefficient,  
W/(m²°C) 1 384 1 384 

Annulus side film coefficient,  
W/(m²°C) 2 235 2 235 

Overall heat transfer coefficient, U W/(m²°C) 508 508 

Corrected LMTD °C 19.31 19.31 

Tube side pressure drop,  
kPa 40.8 40.8 

Annulus side pressure drop,  
kPa 77.8 77.8 

Source: The autor. 

 

Figure 22: Example 1 – Optimal structures – Original MINLP (a) and Modified MINLP (b). 
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(a) 

 

(b) 

Source: The autor. 

 

In this first example two solutions with the same total heat exchanger areas were 

found. They differ only in the number of units per branch and its respective lengths, while the 

total branch length remains the same (120 ft). 
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Example 2 

Table 18. Example 2 – Optimization results. 

Variable Unit 
Original 

formulation 

Modified 

formulation 

Tube side stream – Cold stream Cold stream 

Total heat exchanger area,  
m² 11.49 11.44 

Required heat exchanger area m² 9.37 9.49 

Inner tube NPS – OD in – m ¾ – 0.027 ½– 0.021 

Outer tube NPS – OD in – m 1 ½ – 0.048 1 ¼ – 0.042 

Unit length,  
ft (m) 5 (1.52)  5 (1.52)  

Number of branches,  
– 6 8 

Tube side units in parallel / in series – 1 / 15 1 / 14 

Annular side units in parallel / in series – 1 / 15 1 / 14 

Tube side velocity,  
m/s 1.786 2.351 

Annulus side velocity,  
m/s 2.236 2.084 

Tube side film coefficient,  
W/(m²°C) 8 744 11 517 

Annulus side film coefficient,  
W/(m²°C) 3 010 2 828 

Overall heat transfer coefficient, U W/(m²°C) 820 810 

Corrected LMTD °C 20.00 20 

Tube side pressure drop,  
kPa 45.4 97.4 

Annulus side pressure drop,  
kPa 84.6 72.5 

Source: The autor. 
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Figure 23: Example 2 – Optimal structures – Original MINLP (a) and Modified MINLP (b). 

 

(a) 

 

(b) 

Source: The autor. 

 

Despite the proximity of the heat exchanger areas found, the modified model was able 

to find a better solution for the Example 2 (0.5% of area reduction), showing the existence of 

multiple local optima.   
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Example 3 

Table 19. Example 3 – Optimization results. 

Variable Unit 
Original 

formulation 

Modified 

formulation 

Tube side stream – Cold stream Cold stream 

Total heat exchanger area,  
m² 35.75 23.77 

Required heat exchanger area m² 29.67 19.23 

Inner tube NPS – OD in – m ¾ – 0.027 2 ½ – 0.073 

Outer tube NPS – OD in – m 1 ½ – 0.048 4 ½ – 0.127 

Unit length,  
ft (m) 10 (3.05)  20 (6.10)  

Number of branches,  
– 10 1 

Tube side units in parallel / in series – 1 / 14 1 / 17 

Annular side units in parallel / in series – 1 / 14 1 / 17 

Tube side velocity,  
m/s 1.260 1.404 

Annulus side velocity,  
m/s 1.342 1.660 

Tube side film coefficient,  
W/(m²°C) 256 412 

Annulus side film coefficient,  
W/(m²°C) 1 868 2 080 

Overall heat transfer coefficient, U W/(m²°C) 160 246.5 

Corrected LMTD °C 32.44 32.44 

Tube side pressure drop,  
kPa 94.3 78.1 

Annulus side pressure drop,  
kPa 62.5 62.8 

Source: The autor. 
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Figure 24: Example 3 – Optimal structures – Original MINLP (a) and Modified MINLP (b). 

 

(a) 

 

(b) 

Source: The autor. 

 

Example 3 showed a more significant difference between both approaches. The 

modified model was able to find a solution with a reduction of 33% in the heat exchanger area 

through very distinct structures, once again showing the appearance of local optima. 
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Example 4 

Table 20. Example 4 – Optimization results. 

Variable Unit 
Original 

formulation 

Modified 

formulation 

Tube side stream – Hot stream Hot stream 

Total heat exchanger area,  
m² 0.92 0.92 

Required heat exchanger area m² 0.77 0.77 

Inner tube NPS – OD in – m 1 ½ – 0.048 1 ½ – 0.048 

Outer tube NPS – OD in – m 2 ½ – 0.073 2 ½ – 0.073 

Unit length,  
ft (m) 10 (3.05) 20 (6.10) 

Number of branches,  
– 1 1 

Tube side units in parallel / in series – 1 / 2 1 / 1 

Annular side units in parallel / in series – 1 / 2 1 / 1 

Tube side velocity,  
m/s 1.110 1.110 

Annulus side velocity,  
m/s 1.107 1.107 

Tube side film coefficient,  
W/(m²°C) 9 950 9 950 

Annulus side film coefficient,  
W/(m²°C) 5 780 5 780 

Overall heat transfer coefficient, U W/(m²°C) 1 081 1 081 

Corrected LMTD °C 105.00 105.00 

Tube side pressure drop,  
kPa 1.7 1.7 

Annulus side pressure drop,  
kPa 7.3 7.3 

Source: The autor. 
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Figure 25: Example 4 – Optimal structures – Original MINLP (a) and Modified MINLP (b). 

 

(a) 

 

 

(b) 

Source: The autor. 

 

Similarly to Example 1, both approaches achieved the same heat exchanger areas, 

through structures with different number of units per branch, however maintaining the same 

total branch length (20 ft in this case). 
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Example 5 

Table 21. Example 5 – Optimization results. 

Variable Unit 
Original 

formulation 

Modified 

formulation 

Tube side stream – Hot stream Hot stream 

Total heat exchanger area,  
m² 30.64 30.64 

Required heat exchanger area m² 24.47 24.47 

Inner tube NPS – OD in – m ¾ – 0.027 ¾ – 0.027 

Outer tube NPS – OD in – m 1 ½ – 0.048 1 ½ – 0.048 

Unit length,  
ft (m) 20 (6.10) 10 (3.05) 

Number of branches,  
– 10 10 

Tube side units in parallel / in series – 1 / 6 1 / 12 

Annular side units in parallel / in series – 1 / 6 1 / 12 

Tube side velocity,  
m/s 2.034 2.034 

Annulus side velocity,  
m/s 1.523 1.523 

Tube side film coefficient,  
W/(m²°C) 1 497 1 497 

Annulus side film coefficient,  
W/(m²°C) 8 233 8 233 

Overall heat transfer coefficient, U W/(m²°C) 593 593 

Corrected LMTD °C 32.67 32.67 

Tube side pressure drop,  
kPa 89.1 89.1 

Annulus side pressure drop,  
kPa 77.3 77.3 

Source: The autor. 
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Figure 26: Example 5 – Optimal structures – Original MINLP (a) and Modified MINLP (b). 

 

(a) 

 

(b) 

Source: The autor. 

 

Similarly to Example 1 and Example 4, both approaches achieved the same heat 

exchanger areas, through structures with different number of units per branch, however 

maintaining the same total branch length (120 ft in this case). 
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To ease the comparisons the final heat exchangers areas and the elapsed time for each 

optimization run using a computer with CPU Intel Core i7-6700 (16GB RAM) are shown in 

Table 22. 

 

Table 22. Examples 1 to 5 – Performance comparison of the different MINLP approaches 

Example 
Original MINLP  Modified MINLP  

Area (m2) Time (s)  Area (m2) Time (s) 

1 9.19 12.28 9.19 22.68 

2 11.49 76.79 11.44 92.12 

3 35.75 13.46 23.78 31.91 

4 0.92 11.05 0.92 21.26 

5 30.64 41.40 30.64 106.97 

Source: The autor. 

 

The analysis of the results in Table 22 indicates that the modified formulation 

demanded more computational time to solve all of the design problems. The analysis of the 

area of the solutions obtained by the two approaches indicated that the original and modified 

approaches obtained solutions with the same area in the Examples 1, 4, and 5 (the structures 

of the solutions are different, but they have the same area, as can be observed in Figure 22, 

Figure 25 Figure 26, respectively). In Examples 2 and 3, the modified approach identified a 

solution with a smaller area. The area reduction in the Example 2 is only 0.4%, but in 

Example 3, the area reduction is 33%. The considerable area reduction in the Example 3 was 

achieved using the modified formulation because the optimization could identify a solution 

without the presence of laminar flow for the ethylene glycol stream, thus increasing the 

overall heat transfer coefficient. The considerable difference between the objective functions 

of the local optimal solutions in Example 3 illustrates the importance of the utilization of a 

global optimization scheme to address the design problem, aspect explored in the third 

approach proposed by this work. 

 

4.2 MILP Results 

 

In this section, we present the results of the application of the design optimization 

using the MILP approach, exploring three main aspects of the problem: (i) numerical aspects; 
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(ii) the analysis of the global optimum of a given design task; and (iii) analysis of the 

structural flexibility of the design arrangement. 

 

4.2.1 Numerical aspects 

 

In subsection 4.1.1, numerical aspects of the MINLP approaches were discussed. It 

presented a strong sensibility to initial estimates. The MILP approach has the advantage of 

not being dependent on that factor. No matter the initial values, as long as there is at least one 

viable solution in the search domain, not only convergence is guaranteed but the global 

optima as well. 

However, these advantages come at a cost. The size of the problem increases 

exponentially. For example, for a given problem with a finite number of discrete options 

(shown in Table 23) the number of restrictions, variables and computational effort for each 

approach are presented in Table 24. 

 

Table 23. Number of discrete options for a given task. 

Parameter Number of discrete options 

 

6 

 

8 

 

2 

 

4 

 

4 

Source: The autor. 

 

Table 24. Comparison between the three approaches. 

Approach N° of restrictions N° of variables Processing time (s) 

MINLP 1 106 135 12.5 

MINLP 2 282 191 15.2 

MILP 869 337 205 926 604.3 

Source: The autor. 
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The same variable bounds applied to the MINLP were used here. Although it doesn’t 

impact the final solution, it accelerates the process and diminish the problem dimension.        

 

4.2.2 Trial and Error Procedure 

 

Aiming to compare the performance of the proposed MILP approach with a trial and 

error design technique, a given design task was solved through a trial and error procedure, 

which will be detailed in this section. In the next section the same design task will be solved 

for with the MILP formulation to obtain the global optimum.  

The data for this sixth example is presented in Table 25. 

 

Table 25. Example 6 - Stream data 

Parameter Unit Cold stream  Hot stream  

Mass flow,  
kg/s 2.52 2.11 

Inlet temperature,  
°C 20 60 

Outlet temperature,  
°C 30 50 

Density,  
kg/m³ 850 1000 

Viscosity,  
Pas 5.5∙10-4 2∙10-4 

Heat capacity,  
J/(kg°C) 1 760 2 100 

Thermal conductivity  
W/(m°C) 0.160 0.175 

Fouling resistance,  
m²°C/W 2∙10-4 2∙10-4 

Source: The autor. 

 

The discrete options applied to this design problem are shown in Table 26, where the 

heat exchanger will be build using pipes with thermal conductivity of 55 W/(mºC). The 

additional design specifications include flow velocity in both sides between 1 m/s and 3 m/s, 

available pressure drop for the hot and cold streams equal to 50 kPa, and the final design must 

have a minimum excess area of 20%. In the numerical tests for the MILP approach, the set up 

of the search space was associated to some problems in relation to memory requirements, 

which can limit the extent of the number of mechanical alternatives explored in the analysis. 
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To level the comparison the same search space was applied to this trial and error procedure, 

which is shown in Table 26. 

 

Table 26. Structural discrete options (pipe schedule 40). 

Parameter Unit Discrete options 

 
-- 1 to 6 

 
-- 1 to 8 

 
ft 5 10   

 
m 1.524 3.048   

Inner 

tube NPS  
in ¾  1 1 ¼  1 ½   

Inner 

tube OD 
m 0.027 0.033 0.042 0.048 

Outer 

tube NPS 
in 1 ¼ 1 ½ 2 2 ½ 

Outer 

tube OD 
m 0.042 0.048 0.060 0.073 

NPS = Nominal pipe size, OD = Outer diameter 

Source: The autor. 

 

This trial an error procedure is similar to the one presented by Serth (2007). For the 

given design task we first assume a starting structure and calculate the respective heat transfer 

coefficient, required area and pressure drops. If the results meet the design requirements with 

a reasonable excess area the procedure stops. Otherwise, a structure change is made and the 

calculations are repeated. In the example here presented 4 trials were necessary. Each selected 

structure is presented in Table 27, their respective results in Table 28 and the heat exchanger 

illustrations in Figure 27. 
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Table 27. Fixed design variables for each Trial. 

Parameter Unit Trial 1 Trial 2 Trial 3 Trial 4 

Tube side stream – 
Cold 

stream 
Hot stream 

Hot 

stream 

Hot 

stream 

Inner tube NPS – OD in – m 1 – 0.033 1 – 0.033 1 – 0.033 1 – 0.033 

Outer tube NPS – OD in – m 2 – 0.060 2 – 0.060 2 – 0.060 2 – 0.060 

Unit length,  
ft (m) 10 (3.05)  10 (3.05)  10 (3.05)  5 (1.52)  

Hairpin area m² 0.32 0.32 0.32 0.16 

Number of branches,  
– 1 1 2 2 

Tube side units in parallel,  
– 1 1 1 1 

Annular side units in parallel,   
– 1 1 1 1 

Source: The autor. 

 

Table 28. Trials results. 

Parameter Unit Trial 1 Trial 2 Trial 3 Trial 4 

Total heat exchanger area,  
m² 1.60 1.60 2.56 2.24 

Required heat exchanger area m² 1.27 1.32 1.79 1.79 

Tube side velocity,  
m/s 5.32 3.79 1.90 1.89 

Annulus side velocity,  
m/s 1.64 2.30 1.15 1.15 

Tube side pressure drop,  
kPa 137.7 74.9 16.2 14.1 

Annulus side pressure drop,  
kPa 20.5 40.1 9.1 8.0 

Source: The autor. 
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Trial 1 

We start by assuming the simplest structure: both streams aligned in series in only one 

branch. We also select arbitrary hairpin dimensions between our discrete options, as well as 

an arbitrary fluid allocation. 

The required area for the first trial is of 1.27 m², which, for a minimum 20% excess 

area, would require a total of 5 units in the given branch. However, both velocity and pressure 

drop for the tube side are too elevated for the design bounds. Therefore, since the annular 

cross-section is larger than the tube-side’s we attempt switching the allocation fluid for Trial 

2. 

 

Trial 2 

The required area in this case is of 1.32 m² which also requires 5 units per branch. 

Although there is a significant reduction, the tube-side velocity and pressure drop are still 

above allowed limits. Thus, the third trial involves the addition of one branch, dividing the 

flow in two parallel branches. 

 

Trial 3 

There is an augmentation of the required area to 1.79 m² (0.895 m² per branch), which, 

for the same minimum excess area, requires 4 units per branch. The heat exchanger found in 

the third trial meets all the requirements. However, the excess area is of 43%, which is a little 

high. In an attempt to ameliorate the obtained result, we switch from four 10ft units to seven 

5ft unit, keeping all heat transfer coefficients the same (since none of the velocities or hairpin 

diameters were changed) and reducing the total branch length from 40ft to 35ft.  

 

Trial 4 

The heat exchanger from the last trial meets all the requirements and has only 25% of 

excess area. The procedure stops. The selected structure is illustrated in Figure 27(d), and a 

more detailed result is presented in the next section, alongside the global optimum, in Table 

29. 
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Figure 27: Representation of the heat exchangers structures: Trial 1 (a), Trial 2 (b), Trial 3 (c) 

and Trial 4 (d). 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Source: The autor. 

 

4.2.3 Global optimum analysis 

 

The same design problem presented in the previous section is solved through the 

MILP proposed formulation, to obtain the global optimum. In doing so, we are able to find an 

area reduction of 17.4%, with the structure illustrated in Figure 28. The elapsed time of the 

optimization run using a computer with CPU Intel Core i7-6700 (16GB RAM) was of 239.5 

seconds. 
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Figure 28: Example 6 – Globally optimal solution. 

 

Source: The autor. 

This area reduction was possible through the identification of an alternative solution 

associated to higher flow velocities and heat transfer coefficients, as can be seen in Table 2.  

 

Table 29. Example 6 – Design results. 

Variable Unit 
Trial and error 

solution 

Globally optimal 

solution 

Tube side stream – Hot stream Cold stream 

Total heat exchanger area,  
m² 2.24 1.85 

Required heat exchanger area m² 1.79 1.49 

Inner tube NPS – OD in – m 1 – 0.033 1 ½ – 0.048 

Outer tube NPS – OD in – m 2 – 0.060 2 – 0.060 

Unit length,  
ft (m) 5 (1.52)  10 (3.05) 

Number of branches,  
– 2 1 

Tube side units in parallel / in series – 1 / 7 1 / 4 

Annular side units in parallel / in series – 1 / 7 4 / 1 

Tube side velocity,  
m/s 1.89 2.26 

Annulus side velocity,  
m/s 1.15 1.57 

Tube side film coefficient,  
W/(m²°C) 6 502 3 533 

Annulus side film coefficient,  
W/(m²°C) 1 995 6 516 

Overall heat transfer coefficient, U W/(m²°C) 824 1 004 

Corrected LMTD °C 30.0 29.6 

Tube side pressure drop,  
kPa 14.1 13.7 

Annulus side pressure drop,  
kPa 8.0 22.7 

Source: The autor. 



114 

 

 

4.2.4 Structural flexibility 

 

In this section, we approach design problems where the specifications of the modular 

unit available are fixed (pipe diameters and length), but the stream allocation and heat 

exchanger arrangement are completely free; i.e. the problem is the determination of the least 

cost arrangement of the modular units for a given design task. Two aspects are explored: the 

modification of the heat exchanger arrangement according to the different hydraulic bounds 

and the flexibility of the modular design to accommodate modifications in the process 

throughput. The dimensions of the modular units employed in the examples analyzed are 

depicted in Table 30. The hairpins will be built with a material with a thermal conductivity of 

55 W/(mºC). 

 

Table 30. Hairpin data (pipe schedule 40) for the structural flexibility analysis. 

Parameter Unit Value 

Total hairpin tube length,  
m 3.05 

Inner tube NPS in 1 

Outer tube NPS in 2 

Hairpin area  m2 0.32 

Source: The autor. 

 

4.2.4.1 Variation of the hydraulic bounds 

 

The data of the streams of the examples explored in the hydraulic analysis are depicted 

in Table 31. These examples are associated to different sets of available pressured drops for 

the hot and cold streams, Example 7: 50.0 kPa/50 kPa; Example 8: 20.0 kPa/50 kPa; and 

Example 9: 20.0 kPa/20 kPa. 
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Table 31. Examples 7 to 9 – Stream data. 

Parameter Unit 
Cold stream 

(cooling water) 

Hot stream 

(solvent) 

Mass flow,  
kg/s 2.21 4.80 

Inlet temperature,  
°C 20 60 

Outlet temperature,  
°C 25 55 

Density,  
kg/m³ 997 790 

Viscosity,  
Pas 9·10-4  9.5·10-4 

Heat capacity,  
J/(kg°C) 4 182 1 922 

Thermal conductivity  
W/(m°C) 0.610 0.187 

Fouling resistance,  
m²°C/W 3·10-4 3·10-4 

Source: The autor. 

 

The results of the application of the MILP optimization for each example are shown in 

Table 32. 
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Table 32. Examples 7 to 9 – Design results. 

Variable Unit 
Example 

7 

Example 

8 

Example 

9 

Tube side stream – 
Cold 

stream 

Hot 

stream 

Cold 

stream 

Total heat exchanger area,  
m² 1.92 2.56 2.88 

Required heat exchanger area m² 1.59 2.02 1.86 

Number of branches,  
– 2 1 3 

Tube side units in parallel / in series – 1 / 3 8 / 1 1 / 3 

Annular side units in parallel / in series – 1 / 3 1 / 8 1 / 3 

Tube side velocity,  
m/s 1.986 1.362 1.324 

Annulus side velocity,  
m/s 2.357 1.719 1.572 

Tube side film coefficient,  
W/(m²°C) 9 365 1 896 6 522 

Annulus side film coefficient,  
W/(m²°C) 3 079 8 155 2 125 

Overall heat transfer coefficient, U W/(m²°C) 831 654 710 

Corrected LMTD °C 35.00 34.90 35.00 

Tube side pressure drop,  
kPa 16.5 2.3 7.9 

Annulus side pressure drop,  
kPa 26.2 47.2 12.6 

Cold stream available pressure drop,   
kPa 50.0 50.0 20.0 

Hot stream available pressure drop,  
kPa 50.0 20.0 20.0 

Source: The autor. 

 

An analysis of the results indicates that the sequence of solutions present a crescent 

area (a total increase of 50% from Example 7 to Example 9), illustrating a typical trade-off 

between available pressure drop and heat transfer area. The modification of the heat 

exchanger arrangement in each case according to the reduction of the available pressure drops 

can be observed in Figure 29, where the structure of each solution is displayed. 
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Figure 29: Arrangement of the design solutions (a) Example 7 (  kPa, 

 kPa); (b) Example 8 (  kPa,  kPa); (c) Example 9 

(  kPa,  kPa). 

 

(a) 

 

(b) 

 

(c) 

Source: The autor. 

 

The reduction of the hot stream available pressure drop from Example 7 to Example 8 

modified the alignment of this stream in the heat exchanger. In the solution of Example 7, the 

hot stream was flowing in series along two parallel branches and, in Example 8, the hot 

stream was routed to a parallel flow along eight units. The reduction of the cold stream 

available pressure drop from Example 8 to Example 9 modified the cold stream alignment 

from flowing through a single path along eight units in series to a scheme involving three 

parallel branches. 
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4.2.4.2 Modifications in the process throughput 

 

Process plants may be subject to several modifications during its lifetime. An increase 

of the market demand becomes an opportunity to increase the process throughput, which may 

impose equipment substitutions in debottlenecking projects. The modular nature of the double 

pipe heat exchanger allows increasing the heat exchanger capacity through the purchase of 

more units. Additionally, it is also possible to reorganize the arrangement of the existent units 

to accommodate the process modifications, therefore reducing the need of additional capital 

costs. The application of the proposed MILP optimization in this kind of problem is explored 

here in two examples, considering crescent throughput increases in relation to the original 

conditions of Example 7, as shown in Table 33.  

 

Table 33. Examples 10 and 11 – Mass flow rates. 

Parameter Unit 

Example 10 Example 11 

Cold 

stream 

Hot 

stream 

Cold 

stream 

Hot 

stream 

Mass flow,  
kg/s 2.65 5.76 4.42 9.60 

Source: The autor. 

 

The optimal design of Example 10 and 11 are shown in Table 34 (the results of the 

Example 7 were also included to ease the comparison). 
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Table 34. Examples 10 and 11 (together with Example 7) – Optimization results. 

Variable Unit 
Example 

7 

Example 

10 

Example 

11 

Tube side stream – 
Cold 

stream 

Cold 

stream 

Cold 

stream 

Total heat exchanger area,  
m² 1.92 2.56 2.88 

Required heat exchanger area m² 1.59 1.80 2.39 

Number of branches,  
– 2 2 3 

Tube side units in parallel / in series – 1 / 3 1 / 4 1 / 3 

Annular side units in parallel / in series – 1 / 3 1 / 4 1 / 3 

Tube side velocity,  
m/s 1.986 2.383 1.986 

Annulus side velocity,  
m/s 2.357 2.829 2.357 

Tube side film coefficient,  
W/(m²°C) 9 365 11 024 9 365 

Annulus side film coefficient,  
W/(m²°C) 3 079 3 632 3 079 

Overall heat transfer coefficient, U W/(m²°C) 831 882 831 

Corrected LMTD °C 35.00 35.00 35.00 

Tube side pressure drop,  
kPa 16.5 30.7 16.5 

Annulus side pressure drop,  
kPa 26.2 48.7 26.2 

Source: The autor. 

 

The analysis of Table 34 indicates that the crescent increase of the throughput from 

Example 7 to Examples 10 and 11 brings larger heat transfer areas. The heat transfer area of 

the optimal heat exchangers in Examples 10 and 11 are 33% and 50% higher than the solution 

of the Example 7.  

The arrangement of Example 10 is shown in Figure 30 , where it is possible to observe 

that to answer an increase of 20% of the heat load, one unit was added in each branch (i.e. 

instead of buying an entire new heat exchanger it is only necessary to purchase two hairpin 

units). 
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Figure 30: Example 10 – Arrangement of the design solution. 

 

Source: The autor. 

 

In Example 11, the increase of the mass flow rates was higher, 50%, therefore, simply 

adding more units to the existent branches would entail too elevated flow velocities and 

pressure drops. Thus, the optimization solution encloses three branches instead of two, as 

illustrated in Figure 31, thus indicating that the existent units must be reorganized and three 

more units must be bought. 

 

Figure 31: Example 11 – Arrangement of the design solution. 

 

Source: The autor. 
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CONCLUSIONS AND SUGGESTIONS 

 

This chapter presents conclusions and observations for improvement around the work 

that was presented and discussed in this dissertation.  

 

Conclusions 

 

This work revolves around the solution of the design problem of double pipe heat 

exchangers using mathematical programming. The design variables are selected among 

discrete values, due to their physical nature or available commercial alternatives. Three 

formulations are developed, the first in the form of a MINLP problem, which is based on the 

original nonlinear equations, a second MINLP approach involves mathematical 

transformations that eliminate the nonlinearities in the binary variables and in a third approach 

those transformations are applied to all nonlinearities involved, yielding a MILP problem. 

A comparison with the literature has shown that the proposed formulation was able to 

reduce the heat transfer area of the design solution. The application of the original and 

modified MINLP formulations to a sample of five design problems indicated that the later 

approach demands more computational time. 

The analysis of the heat transfer area of the solutions indicated that the modified 

formulation obtained a better solution in two examples. The difference is lower than 0.5% in 

one of the examples, but it is 33% in the other example. This large difference between the 

objective functions in these pair of local optima, resultant of the nonconvexity of the MINLP, 

illustrates the importance of the investigation of alternatives that can identify rigorously the 

global optimum, as the third formulation proposed, the MILP approach. 

The linear nature of the MILP approach eliminates any convergence problems and 

provide conditions to identify the global optimum with conventional optimization algorithms 

(e.g. branch and bound). A comparison with the results using a traditional trial and error 

procedure indicates that the proposed procedure can bring considerable reduction costs. 

A set of design problems explored the trade-off between available pressure drop and 

heat transfer area and showed the proposed structure flexibility before modifications in the 

process throughput, showing a benefit of double pipe heat exchangers in situations where it 

becomes possible to rearrange the hairpins or purchase a few extra units instead of an entire 

new heat exchanger being bought.  
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Sugestions  

 

The proposed formulations assume constant physical properties (representing average 

values), which is a very usual assumption in heat exchangers design problems without phase 

changing. However, in scenarios where at least one stream has a large fluctuation of its 

properties in the temperature range of the exchanger or when there is phase change, this 

approach may bring significant errors. In those events, formulations that were able to evaluate 

the properties variation in different positions along the equipment through discretization 

techniques would increase the problem complexity, bur should bring much superior results. 

Another modification to the proposed formulation that could be further studied is the 

possibility of adding other types of nonrectangular arrangement superstructures. 

In addition, for the MILP formulation, some computational drawbacks associated to 

the definition of the search space were observed in relation to memory requirements necessary 

to solve the design problem. Future work on this issue may explore alternative representations 

of the discrete variables (Gonçalves et al., 2017) or resort to a supercomputer. 

Another interesting discussion that may be added is the use a stochastic generation of 

initial estimates to run multiple times both MINLP formulation and verify if the second 

approach statistically has a better performance.  
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APPENDIX A – Description of correlations correction factor 

 

This section gives a more detailed description of the calculation of the correction 

factors, which were included for mean of comparison with the example presented by Serth. 

They were applied only on the transitional and turbulent regions, which were the regimes 

explored in the Serth procedure, for both tube (  and ) and annulus-side (  and 

).  

 

Determination of the correction factors: 

For the determination of the correction factors the first step was to analyze the ratios 

between the friction factor calculated by Serth and by this work and check, if for the 

respective Reynolds ranges there was a reasonable variation. Those ratios are shown in Figure 

A1: 

 

Figure A1: Ratio between the friction factors calculated by Serth and by this work. (a) Inner 

tube with transitional flow, (b) Inner tube with turbulent flow, (c) Annulus side with 

transitional flow and (d) Annulus side with turbulent flow. 
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Source: The autor. 

 

Then, the highest ratio value was selected for each range, maintaining a conservative 

approach. The correction factors obtained are presented in Table A1.  

 

Table A1. Friction factor correction factors 

Correction factor Value 

 
1.7393 

 
1.2181 

 
1.5016 

 
1.3646 

Source: The autor. 

 

After applying the correction factors, due to the conservative approach adopted, the 

corrected friction factors calculated in this work becomes equal or higher than the ones 

calculated by Serth in the entire Reynolds range, as shown in Figure A2. 
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Figure A2: Friction factors calculated by Serth and by this work. (a) Inner tube with 

transitional flow, (b) Inner tube with turbulent flow, (c) Annulus side with transitional flow 

and (d) Annulus side with turbulent flow. 

  

  

Source: The autor. 

 

The correlations applied in this work for each Reynolds range remain unchanged, 

however, when calculating the resultant friction factor the correction factors are applied to its 

corresponding terms: 

 

Tube-side friction factor ‘corrected’ calculation 

 
  (A1) 

 
(A2) 

 

(A3) 
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(A4) 

 

Annulus-side friction factor ‘corrected’ correlations 

 

(A5) 

 

(A6) 

 

(A7) 

 
(A8) 

 

In the sequence, the Nusselt number calculation is subjected to the same analysis. The 

ratios for the Nusselt number are presented in Figure A3. 

 

Figure A3: Ratio between the Nusselt numbers calculated by Serth and by this work. (a) Inner 

tube with transitional flow, (b) Inner tube with turbulent flow, (c) Annulus side with 

transitional flow and (d) Annulus side with turbulent flow. 
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Source: The autor. 

 

This time, the conservative approach was to select the smallest ratios as correction factors 

(Table A2), yielding lower heat transfer coefficients, as shown in Figure A4: 

 

Table A2. Friction factor correction factors 

Correction factor Value 

 
1.7393 

 
1.2181 

 
1.5016 

 
1.3646 

Source: The autor. 
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Figure A4: Nusselt numbers calculated by Serth and by this work. (a) Inner tube with 

transitional flow, (b) Inner tube with turbulent flow, (c) Annulus side with transitional flow 

and (d) Annulus side with turbulent flow. 

  

  

Source: The autor. 

 

Once again, the correlations remain unchanged, with the application of the correction 

factors in the Nusselt number final calculation, yielding: 

 

Tube-side Nusselt ‘corrected’ calculation 

 
(A9) 

 

(A10) 

 

(A11) 
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(A12) 

 

(A13) 

 

Annulus-side Nusselt ‘corrected’ calculation 

 
(A14) 

 

(A15) 

 

(A16) 

 

(A17) 

 

(A18) 

 



133 

 

 

APPENDIX B – List of symbols in alphabetic order divided by type 

 

Parameters 

 

Stream sST available pressure drop (Pa) 

 
Logarithmic mean temperature (°C) 

 
Stream sST viscosity (Pas) 

 
Stream sST density (kg/m³) 

 
Nonlinear continuous functions upper limit 

 
Minimum area excess (%) 

 
Stream sST heat capacity (J/(kg °C)) 

 
Stream sST thermal conductivity (W/(m °C)) 

 
Tube material’s thermal conductivity (W/m °C) 

 
Stream sST mass flow (kg/s) 

 

Auxiliary parameter area calculation 

 
Available inside tube external diameters (m) 

 
Available outside tube external diameters (m) 

 
Available inside tube internal diameters (m) 

 
Available outside tube internal diameters (m) 

 
Auxiliary parameter pressure drop calculation 

 

Auxiliary parameter pressure drop calculation 

 

Auxiliary parameter pressure drop calculation 

 
Auxiliary parameter pressure drop calculation 

 

Auxiliary parameter pressure drop calculation 

 

Auxiliary parameter pressure drop calculation 

 
F factor in case sST stream is in series, for  
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Heat exchanger length (m) 

 
Number of available branches 

 
Number of available heat exchangers in series by branch 

 
Auxiliary parameter S&T correlation 

 
Auxiliary parameter S&T correlation 

 
P parameter for the calculation of F factor if sST stream is in 

series 

 
R parameter for the calculation of F factor if sST stream is in 

series 

 
Heat-transfer rate (W) 

 
Stream sST fouling resistance (m² °C /W) 

 
Stream sST inlet temperature (°C) 

 
Stream sST outlet temperature (°C) 

 
Nusselt number upper limit 

 
Prandtl number upper limit 

 
Reynolds number upper limit 

 
Annulus-side maximum velocity (m/s) 

 
Annulus-side minimum velocity (m/s) 

 
Tube-side maximum velocity (m/s) 

 Tube-side minimum velocity (m/s) 

 

Continuous Variables 

 
Annulus-side pressure drop (Pa)  

 
Tube-side pressure drop (Pa)  

 
Annulus-side stream viscosity (Pas) 

 
Tube-side stream viscosity (Pas) 
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Annulus-side stream density (kg/m³) 

 
Tube-side stream density (kg/m³)  

 
Heat transfer area (m²) 

 
Annulus-side flow area (m²) 

 
Tube-side flow area (m²) 

 
Annulus-side stream heat capacity (J/(kg °C)) 

 
Tube-side stream heat capacity (J/(kg °C)) 

 
Hydraulic diameter (m) 

 
Inner tube external diameter (m) 

 
Outside tube external diameter (m) 

 
Inner tube internal diameter (m) 

 
Outside tube internal diameter (m) 

 
Correction factor 

 
Annulus-side friction factor 

 
Annulus-side friction factor for laminar flow 

 
Annulus-side friction factor for transitional flow 

 
Annulus-side friction factor for turbulent flow 

 
Tube-side friction factor 

 
Tube-side friction factor for laminar flow 

 
Tube-side friction factor for transitional flow 

 
Tube-side friction factor for turbulent flow 

 
Annulus-side convective heat transfer coefficient (W/(m² 

°C)) 

 
Tube-side convective heat transfer coefficient (W/(m² 

°C)) 

 
Annulus-side stream thermal conductivity (W/(m °C))  
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Tube-side stream thermal conductivity (W/(m °C)) 

 
Length of a double pipe unit (m) 

 
Annulus-side hydraulic length (m) 

 
Tube-side hydraulic length (m) 

 
Annular region mass flow (kg/s) 

 
Inside tube mass flow (kg/s) 

 
Number of parallel branches  

 
Annulus-side units in parallel per branch 

 
Tube-side units in parallel per branch 

 
Annulus-side units in series per branch 

 
Tube-side units in series per branch 

 
Annulus-side Nusselt number 

 
Annulus-side Gnielinski Nusselt number 

 
Annulus-side Hausen Nusselt number 

 
Annulus-side Seider & Tate Nusselt number 

 
Annulus-side theoretical Nusselt number 

 
Tube-side Nusselt number 

 
Tube-side Gnielinski Nusselt number 

 
Tube-side Hausen Nusselt number 

 
Tube-side Seider & Tate Nusselt number 

 
Tube-side theoretical Nusselt number 

 
Annulus-side stream Prandtl number 

 
Tube-side stream Prandtl number 

 
Annulus-side Reynolds number 
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Inner tube Reynolds number 

 
Annulus-side stream fouling resistance (m² °C /W)  

 
Tube-side stream fouling resistance (m² °C /W) 

 
Overall heat transfer coefficient (W/(m² °C)) 

 
Annulus-side velocity (m/s) 

 
Tube-side velocity (m/s) 

 
Replacement for  

 
Replacement for  

 
Replacement for  

 

Replacement for 

 

 

Replacement for 

 

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 

Replacement for 

 

 

Replacement for 

 

 

Replacement for 
 

 

Replacement for 
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Replacement for  

 

Replacement for 

 

 

Replacement for 

 

 
Replacement for  

 
Replacement for  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for the product  

 
Replacement for  

 
Replacement for  
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Replacement for  

 
Replacement for  

 
Replacement for  

 

Binary Variables 

 
Number of branches selection 

 
Inner tube diameter selection 

 
Outer tube diameter selection 

 
Tube length selection 

 
Range of annular region Seider and Tate Nusselt number selection 

 
Range of inner tube Seider and Tate Nusselt number selection 

 
Annulus -side number of units in parallel per branch selection 

 
Range of annular region Prandtl number selection 

 
Range of inner tube Prandtl number selection 

 
Tube-side number of units in parallel per branch selection 

 
Range of annular region Reynolds number selection 

 
Range of inner tube Reynolds number selection 

 
Annulus-side number of units in series per branch selection 

 
Tube-side number of units in series per branch selection 

 
Stream sST allocation (1 = tube-side; 0 = annulus-side) 

 

Subscripts 

 
Index of number of branches 

 
Index of inner tube diameters 

 
Index of outer tube diameters 
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Index of number of units per branch 

 
Index of tube length 

 
Index of ranges of annular region Seider and Tate Nusselt number  

 
Index of ranges of inner tube Seider and Tate Nusselt number  

 

 
Index of ranges of annular region Prandtl number  

 
Index of ranges of inner tube Prandtl number  

 
Index of ranges of annular region Reynolds number  

 
Index of ranges of inner tube Reynolds number  

 
Index of streams 
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APPENDIX C – Scientific production 

 

In this appendix the scientific production, developed throughout the master, is 

presented. Both associated or not with this work. With the exception of the two scientific 

articles, which are still in finalization stage, the first page of each work is shown here. 

 

C.1   Scientific paper I: Optimal Design of Double Pipe Heat Exchanger Modular Units. 

Part I: Mixed-Integer Nonlinear Programming Approach. 

 

C.2 Scientific paper I: Optimal Design of Double Pipe Heat Exchanger Modular Units. 

Part II: Mixed-Integer Linear Programming Approach. 
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C.3 Conference paper I: Otimização de Paradas e Distribuição de Vazões em Redes de 

Trocadores de Calor. Conference: XXI Congresso Brasileiro de Engenharia Química – 

COBEQ 2016. Autors: Melo, A.; Hemerly, A.; Chacon R. 
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C.4 Conference paper II: Reforma a Vapor de Gás Natural: A que distância estamos da 

cinética ótima em reatores industriais? Conference: XXI Congresso Brasileiro de Engenharia 

Química – COBEQ 2016.Autors: Chacon R.; Melo A.; Alberton, A.L.; Lima, E.; Paredes, M. 
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C.5 Conference paper III: Avaliação de Competitividade do Gás Natural na Cadeia 

Química: Casos de Países como Japão, Coreia do Sul e Alemanha e Sugestão para o Brasil. 

Conference: Rio Oil & Gas 2016. Autors: Gaya, M.A., Hemerly, A., Melo, A.; Belizario, A., 

Bittencourt, E., Santos, R.T., Barbosa, F.S. 
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C.6 Conference paper IV: Assessment of Crude Oil Fouling Behavior Using Empirical and 

Semi-Empirical Models. Conference: Heat Exchanger Fouling and Cleaning XII – 2017. 

Autors: Melo, A.; Souza, A.R.; Andrade W.M., Costa A.L.H., Queiroz, E.M.m Assis, B.C.G.; 

Oliveira, A.G., Liporace, F.S. 

 

 

 


