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ABSTRACT

ANDRADE, G.C. An introduction to dynamical camera analysis with
analytical mechanics and surface path motion. 2024. 73 f. Dissertação (Mestrado
em Modelagem Computacional) – Instituto Politéctico, Universidade do Estado do Rio
de Janeiro, Nova Friburgo, 2024.

Structure from motion (SfM) is a computer vision problem that aims to obtain
three-dimensional scenes from a set of images captured from different viewpoints without
prior knowledge of the camera configuration. SfM involves two primary steps: camera
pose estimation and geometric recovery. In the initial phase, algorithms are employed to
determine the position of a camera based on a single image and 3D scene, or using two or
three images where the objective is to utilize one image to determine the positions of the
other two cameras relative to it. The current investigation commenced by implementing a
three-view-based reconstruction within a widely-used structure from motion system and
examining the regions deemed problematic in the dynamical system of the model arising
from fast polynomial homotopy continuation. Due to the high complexity of the model,
locating these regions was deemed impractical at the time. The model itself was cons-
tructed using generic formulations adapted to the problem, necessitating an alternative
approach. The work of Fabbri and Kimia provides foundational concepts of differential
geometry for multiview reconstruction and basic notions on continuous time approaches
for cameras, focusing on the velocity and acceleration of curves. Analyzing the camera
structure, similarities with Lagrangian and Hamiltonian mechanics were identified. This
work extends the concepts of Fabbri and Kimia by incorporating Lagrangian and Ha-
miltonian mechanics and introducing a model of camera path constrained by a surface.
This constraint is utilized not only because it replicates practical applications but also
simplifies both camera estimation and phase space analysis, which is employed to study
the problematic regions and their implications for the formed image. Ultimately, a stre-
amlined procedure for camera pose estimation for one or more cameras is proposed, along
with conclusions and directions for future research.

Keywords: 3D reconstruction; computer vision; dynamical systems theory; analytical
mechanics.



RESUMO

ANDRADE, G.C. Uma introdução à análise de câmera dinâmica com mecânica
analítica e movimento sobre superfícies de caminho. 2024. 73 f. Dissertação
(Mestrado em Modelagem Computacional) – Instituto Politéctico, Universidade do
Estado do Rio de Janeiro, Nova Friburgo, 2024.

Estrutura a partir de movimento (do inglês Structure from motion ou SfM) cons-
titui um problema de visão computacional cujo objetivo é obter cenas tridimensionais a
partir de um conjunto de imagens capturadas de diferentes pontos de vista, sem conheci-
mento prévio da configuração da câmera. O SfM compreende duas etapas fundamentais:
a estimação da pose da câmera e a recuperação geométrica. Na primeira etapa, algo-
ritmos buscam determinar a posição da câmera com base em uma única imagem e cena
3D, ou com duas ou três imagens, onde o objetivo é utilizar uma delas como referência
para encontrar as outras. A pesquisa apresentada iniciou-se com a implementação de um
método de reconstrução baseado em três câmeras, em um sistema de estrutura a partir
de movimento amplamente utilizado, investigando as regiões consideradas problemáticas
no sistema dinâmico do modelo proveniente da homotopia contínua polinomial rápida.
Devido à alta complexidade do modelo, a identificação dessas regiões tornou-se imprati-
cável e, à época, o modelo foi construído utilizando-se um modelo genérico adaptado ao
problema, o que motivou a adoção de uma abordagem diferente. O trabalho de Fabbri e
Kimia oferece noções de geometria diferencial para a reconstrução de múltiplas vistas e
noções básicas em abordagem com câmera contínua, com foco na velocidade e aceleração
de curvas. Ao analisar a estrutura da câmera, observa-se que ela se assemelha àquela uti-
lizada em mecânica Lagrangiana e Hamiltoniana. Este trabalho expande os conceitos de
Fabbri e Kimia, introduzindo mecânica Lagrangiana e Hamiltoniana, além de um modelo
de caminho de câmera sob vínculo de superfície. Este vínculo é utilizado não apenas por
reproduzir um modelo prático, mas também por simplificar tanto a estimação da câmera
quanto a análise do espaço de fase, que é utilizado para estudar as regiões consideradas
problemáticas e o que elas representam em relação à imagem formada. Ao final, propõe-se
um procedimento para estimação de câmera para uma ou mais câmeras, além de serem
apresentadas conclusões e sugestões para trabalhos futuros decorrentes desta pesquisa.

Palavras-chave: reconstrução 3D; visão vomputacional; teoria de sistemas dinâmicos;
mecânica analítica.
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INTRODUCTION

Structure from motion (SfM) is a computer vision problem that aims to obtain
three-dimensional scenes from a set of images captured from different viewpoints without
prior knowledge of the camera configuration. SfM involves two essential steps: camera
pose estimation and geometric recovery.

Geometric recovery aims to ascertain 3D points, curves, and surface properties,
such as tangency, curvature, and torsion. Prominent works, including those by Cipolla
e Giblin (1999) and Fabbri e Kimia (2016), develop concepts of differential geometry
for curves and surfaces. Fabbri and Kimia demonstrate how these principles can be
applied as an alternative to standard key-point applications, enabling the extraction of a
complete curve sketch of the object Fabbri e Kimia (2010). This approach contrasts with
traditional point-cloud geometric recovery methods by providing a more comprehensive
representation of the object’s geometry.

Camera estimation, which precedes geometric recovery, endeavors to determine
either the global position (referred to as absolute pose estimation) of a single or multi-
ple cameras within a scene, or the relative positioning of a set of images with respect
to a selected view (referred to as relative pose estimation). These processes are inte-
gral components of widely-utilized software, such as OpenMVG Moulon et al. (2016) and
Colmap Schönberger e Frahm (2016), Schönberger et al. (2016). In these applications,
an incremental (or sequential) pipeline structure is employed. Within this framework,
relative pose estimation is used to establish an initial set of 3D points, and absolute pose
estimation is subsequently applied to compute the positions of the remaining cameras
sequentially, a process also known as resection.

Drawbacks of absolute single view camera estimation

Single camera estimation holds significant relevance for computing the camera
position by correlating a 3D scene with a single image. Various algorithms have been de-
veloped for this purpose. The classic Direct Linear Transformation (DLT) algorithm,
as discussed by Hartley e Zisserman (2004), is one such method. The most widely utilized
algorithm in standard multiview reconstruction software is the three-point algorithm
(P3P)Persson e Nordberg (2018). More recently, the two-point algorithm with tan-
gent (P2Pt) Fabbri, Giblin e Kimia (2020), which incorporates an additional geometric
tangent constraint, has demonstrated notable improvements. However, this algorithm
has only been validated experimentally and has yet to be extensively tested within these
software applications.
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Figure 1 – An general approach of single view methods.

Legend: Schematic representation of single view methods.
Source: Hartley e Zisserman (2004)

The general issues associated with these algorithms are as follows:

• Lack of image depth introduces an additional problem that can generate an ambi-
guity in scale, leading to issues in translation estimation Helou, Shahpaski e Süs-
strunk (2019). Many recent works, such as P3P, attempt to address this issue by
determining the depth before computing the position of the camera.

• Many algorithms express their final equations with rotation representation unk-
nowns that are not statistically optimal. For instance, using quaternions or Cayley
parameters rather than axis-angle representation with a Gaussian error distribution.

Drawbacks of two-view camera estimation

Two-view camera estimation, also referred to as bifocal estimation, constitutes the
principal method for relative pose estimation. While single-view estimation is theoreti-
cally optimal due to its direct approach, practical application is infrequent because of
the insufficient availability of 3D geometric information, thereby necessitating exclusive
reliance on image data.

The fundamental principle involves computing the relative pose of one image with
respect to another. This is typically achieved by solving the equation γ2ρ2 = Rγ1ρ1 + T ,
where R denotes rotation, T represents translation, and γ and ρ correspond to the image
point and depth factor, respectively. An epipolar constraint γ2ρ2Eγ1ρ1 = 0 is imposed,
where E is the essential matrix, defined as E = T×R.
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Figure 2 – An general approach of bifocal method.

Legend: Schematic representation of bifocal methods goal.
Source: The author, 2024.

The basic algorithm is the eight-point algorithm Hartley (1997), but the most
used one is five-point algorithm Nistér (2004) both with similar structure, but the
first one computes the fundamental matrix, which is more general considering unknown
camera matrices and the second considers that they are known.

Approaches to reconstruction utilizing two-view estimation to generate the initial
seed for reconstruction also exist. These methods often employ neural networks Xiao et
al. (2023). However, they necessitate a significant quantity of input images to achieve
precise reconstruction.

The general issues associated with these algorithms are as follows:

• Dependence on the geometric structure of each image: Images with ambiguous struc-
tures, such as rounded curves, can cause the algorithm to fail in reliably determining
the camera position using RANSAC.

• Texture dependency: The number of detectable features by standard feature de-
tection algorithms is reduced for objects with plain textures, leading to unreliable
camera position estimation.

• Reflectivity and transparency: Reflective and transparent surfaces can introduce
ambiguities in feature detection, causing failures in both detection algorithms and
the estimator. These challenges are thoroughly described in ARkit (2018).

• Distant camera images: Two-view camera estimation often fails for images repre-
senting distant viewa due to a reduced number of common features across them.
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Drawbacks of three-view camera estimation

The three-view camera estimation, also referred to as trifocal estimation, is tho-
roughly detailed in chapters 15 and 16 of Hartley e Zisserman (2004). A more practi-
cal implementation of this method is realized through the MInimal problem NUmerical
continuation Solver (MiNuS) which is available at https://github.com/rfabbri/minus.git.

The primary objective of the trifocal method is to augment the previously men-
tioned software by offering an alternative solution in cases where bifocal estimation is
inadequate. Additionally, three views are necessary for curve-based structure from mo-
tion. Although it may seem to simply involve an additional image in the system, the
trifocal method employs a distinct computational approach compared to the previous
relative pose estimators. For instance, MiNuS utilizes different classes of problems to
compute the trifocal tensor in a unique manner.

Figure 3 – An trifocal method example.
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Legend: An ilustration showing what is the final goal of
trifocal implementations.

Source: Fabbri e Kimia (2016)

During the initial year of our research, we conducted experiments with MiNuS’s
standard differential equations and addressed formulation issues. Using the Capitol High
Building test, we presented findings at the XXVI Encontro Nacional de Modelagem Com-
putacional e XIV Encontro de Ciência e Tecnologia dos Materiais Andrade et al. (2023),
indicating that out of 199 correspondences, the least favorable scenario yielded 68.84%
inliers, while the most favorable achieved 79.65% inliers from the triplet of images 4.

Furthermore, the stability of trifocal estimation was demonstrated by establishing
the minimal number of points necessary to compute camera positions using rotation-free

https://github.com/rfabbri/minus.git
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