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𝑘 𝜌 𝑐𝑝 𝑢(𝑦)𝑦



𝑇∞ℎ𝑐





𝑘2 𝜕𝑇2𝜕𝑧 = 𝑞,          𝑝𝑎𝑟𝑎   𝑧 = 𝐿𝑧1 + 𝐿𝑧2
𝜕𝑇1𝜕𝑥 = 𝜕𝑇2𝜕𝑥 = 𝜕𝑇1𝜕𝑦 = 𝜕𝑇2𝜕𝑦 = 0,          𝑝𝑎𝑟𝑎   𝑥 = 0|𝐿𝑥 𝑒 𝑦 = 0|𝐿𝑦

𝑇1 = 𝑇2 = 𝑇0,          𝑝𝑎𝑟𝑎   𝑡 = 0
𝐿𝑧 𝐿𝑥 𝑥 𝐿𝑦𝑦 𝐵𝑖 = ℎ∞𝐿𝑐/𝑘𝐿𝑐

𝑇𝑚1(𝑥, 𝑦, 𝑡) = 1𝐿𝑧1 ∫ 𝑇1(𝑥, 𝑦, 𝑧, 𝑡) 𝑑𝑧𝐿𝑧10
𝑇𝑚2(𝑥, 𝑦, 𝑡) = 1𝐿𝑧2 ∫ 𝑇2(𝑥, 𝑦, 𝑧, 𝑡) 𝑑𝑧𝐿𝑧1+𝐿𝑧2𝐿𝑧2

𝜕𝑇𝑚1𝜕𝑡 = 𝛼1𝑘1𝐿𝑧1 [ℎ𝑐(𝑥, 𝑦, 𝑡)(𝑇𝑚2 − 𝑇𝑚1) − ℎ∞(𝑇𝑚1 − 𝑇∞) + 𝜕²𝑇𝑚1𝜕𝑥² + 𝜕²𝑇𝑚1𝜕𝑦² ]
𝜕𝑇𝑚2𝜕𝑡 = 𝛼2𝑘2𝐿𝑧2 [𝑞 − ℎ𝑐(𝑥, 𝑦, 𝑡)(𝑇𝑚2 − 𝑇𝑚1) + 𝜕²𝑇𝑚2𝜕𝑥² + 𝜕²𝑇𝑚2𝜕𝑦² ]

𝜕𝑇𝑚1𝜕𝑥 = 𝜕𝑇𝑚2𝜕𝑥 = 0,          𝑝𝑎𝑟𝑎   𝑥 = 0 𝑒 𝑥 = 𝐿𝑥



𝜕𝑇𝑚1𝜕𝑦 = 𝜕𝑇𝑚2𝜕𝑦 = 0,          𝑝𝑎𝑟𝑎   𝑦 = 0 𝑒 𝑦 = 𝐿𝑥



–

𝜔
𝑞𝑚



𝜌(𝑥)𝑐𝑝(𝑥) 𝜕𝑇𝜕𝑡 = 𝜕𝜕𝑥 [𝑘(𝑥) 𝜕𝑇𝜕𝑥] + 𝜔(𝑥, 𝑇)𝜌𝑏𝑐𝑏(𝑇𝑎 − 𝑇) + 𝑞𝑚
𝑇(𝑥, 𝑡) = 𝑇𝐸(𝑥),          𝑝𝑎𝑟𝑎   𝑡 = 0

−𝑘(𝑥) 𝜕𝑇𝜕𝑥 = ℎ(𝑇∞ − 𝑇),          𝑝𝑎𝑟𝑎   𝑥 = 0
𝜕𝑇𝜕𝑥 = 0,          𝑝𝑎𝑟𝑎   𝑥 = 𝐿

𝜌(𝑥) 𝑐𝑝(𝑥) 𝑘(𝑥)𝜌𝑏 𝑐𝑏𝑇𝑎 𝑇𝐸(𝑥)
𝑇∞

𝑥𝜔(𝑥, 𝑇)



𝛩(𝑥) = ∑ 𝛩𝑛−1 + (𝛩𝑛−1 − 𝛩𝑛−1)𝛿𝑛(𝑥)𝑁𝑠
𝑛=1

𝛿𝑛(𝑥) = 11 + 𝑒−200(𝑥−𝑥𝑚)/𝐿
𝑁𝑠 𝑁𝑠 = 3 𝑥𝑚𝜖[0, 𝐿]𝑛𝐿

𝜔(𝑥, 𝑇) = 𝑎𝑇(𝑥)𝑇2 + 𝑏𝑇(𝑥)𝑇 + 𝑐𝑇(𝑥)        𝑝𝑎𝑟𝑎      0 < 𝑥 < 𝐿
𝜔(𝑥, 𝑇) = 𝑎𝑆𝑇 + 𝑏𝑆        𝑝𝑎𝑟𝑎      0 < 𝑥 < 𝐿



𝜔(𝑥, 𝑇) = 𝜔 𝜔(𝑥, 𝑇) = 𝑎𝑇 + 𝑏



ℳ

𝜋(𝑷|𝒀, ℳ)
𝜋(𝑷|𝒀, ℳ) = 𝜋(𝑷|ℳ) 𝜋(𝒀|𝑷, ℳ)𝜋(𝒀|ℳ)

𝜋(𝑷|ℳ) ℳ 𝑷 𝒀
𝜋(𝒀|𝑷, ℳ) 𝑷𝒀𝑷 𝜋(𝒀|ℳ)



𝑞

𝑡 = 1 𝑷𝑡=1𝑷∗ 𝑞(𝑷∗|𝑷𝑡)𝛼(𝑷∗|𝑷𝑡)𝑈𝑈 ≤ 𝛼(𝑷∗|𝑷𝑡) 𝑷𝑡+1 = 𝑷∗ 𝑷𝑡+1 = 𝑷𝑡𝑡 = 𝑡 + 1 {𝑷1, 𝑷2, . . . , 𝑷𝑛}
𝑷𝑡



𝛼(𝑷∗|𝑷𝑡) = 𝑚í𝑛 [1, 𝜋(𝑷∗|𝒀, ℳ) 𝑞(𝑷𝑡|𝑷∗)𝜋(𝑷𝑡|𝒀, ℳ) 𝑞(𝑷∗|𝑷𝑡)]
𝑞

𝛼(𝑷∗|𝑷𝑡) = 𝑚í𝑛 [1, 𝜋(𝒀|𝑷∗, ℳ)𝜋(𝒀|𝑷𝑡 , ℳ)]

ℳ
𝜋(𝑷|𝒀, ℳ) = 𝜋(𝑷|ℳ) 𝜋(𝒀|𝑷, ℳ)𝜋(𝒀|ℳ) = 𝜋(𝑷|ℳ) 𝜋(𝒀|𝑷, ℳ)∫ 𝜋(𝑷|ℳ) 𝜋(𝒀|𝑷, ℳ) 𝑑𝑷
𝑷 𝒀 ℳ𝜋(𝒀|ℳ)



𝜋(ℳ𝑖|𝒀) = 𝜋(ℳ𝑖) 𝜋(𝒀|ℳ𝑖)∑ 𝜋(ℳ𝑖) 𝜋(𝒀|ℳ𝑖)𝑁𝑚𝑜𝑑𝑒𝑙𝑖=1
𝑁𝑚𝑜𝑑𝑒𝑙 𝑖𝑁𝑚𝑜𝑑𝑒𝑙

𝜋𝑗(𝑷|𝒀, ℳ) ∝ 𝜋(𝑷|ℳ) 𝜋(𝒀|𝑷, ℳ)𝑝𝑗
𝑗 = 0, 1, ⋯ , 𝑚 𝑝𝑗 ∈ [0,1]𝑝0 = 0 < 𝑝1 < ⋯ < 𝑝𝑚 = 1 𝜋0(𝑷|𝒀, ℳ)𝜋(𝑷|ℳ) 𝜋𝑚(𝑷|𝒀, ℳ) 𝜋(𝑷|𝒀, ℳ)



𝑁 {𝑷0,1, 𝑷0,2, ⋯ , 𝑷0,𝑁} 𝑝0 = 0𝑗 = 0, 1, 2, ⋯ , 𝑚 {𝜋(𝒀|𝑷𝑗,1, ℳ), ⋯ , 𝜋(𝒀|𝑷𝑗,𝑁 , ℳ)}𝑤𝑗,𝑘 = 𝜋(𝒀|𝑷𝑗,𝑘, ℳ)𝑝𝑗+1−𝑝𝑗 𝑘 = 1, 2, ⋯ , 𝑁𝑝𝑗+1{𝑤𝑗,1, ⋯ , 𝑤𝑗,𝑁}{𝑤𝑗,1, ⋯ , 𝑤𝑗,𝑁}
𝑤𝑗,𝑘 = 𝑤𝑗,𝑘∑ 𝑤𝑗,𝑙𝑁𝑙=1

{𝑤𝑗,1, ⋯ , 𝑤𝑗,𝑁}{𝑷𝑗,1, 𝑷𝑗,2, ⋯ , 𝑷𝑗,𝑁}𝑁(𝑷𝑗,𝑘, 𝛴𝑗) {𝑷𝑗+1,1, 𝑷𝑗+1,2, ⋯ , 𝑷𝑗+1,𝑁}𝛴𝑗
𝛴𝑗 = 𝛽2 ∑ 𝑤𝑗,𝑘 (𝑷𝑗,𝑘 − ∑ 𝑤𝑗,𝑙 𝑷𝑗,𝑙𝑁

𝑙=1 ) × (𝑷𝑗,𝑘 − ∑ 𝑤𝑗,𝑙 𝑷𝑗,𝑙𝑁
𝑙=1 )𝑇𝑁

𝑘=1
𝑁

𝑤𝑗,𝑘 = 𝜋(𝒀|𝑷𝑗,𝑘, ℳ)𝑝𝑗+1−𝑝𝑗 𝑝𝑗+1
𝑗

𝜋𝑗(𝑷|𝒀, ℳ) 𝜋𝑗+1(𝑷|𝒀, ℳ)𝑝𝑗+1 𝑆𝑗 = ∑ 𝑤𝑗,𝑘𝑁𝑘=1 /𝑁𝑆



𝑆 = ∏ 𝑆𝑗𝑚−1
𝑗=0

𝛽 𝛽 = 0,2



𝑇(𝑷) 𝜓
𝒀 𝜺𝑁(0, 𝜎)

𝒀 = 𝑻(𝑷) + 𝜺

𝑷 𝑇(𝑷)
𝑅𝑀𝑆𝑃 = √1𝑁 ∑[𝑃𝑖,𝑒𝑥𝑎𝑡𝑜 − 𝑃𝑖,𝑒𝑠𝑡𝑖𝑚𝑎𝑑𝑜]2𝑁

𝑖=1

𝑅𝑀𝑆𝑇 = √ 1𝑁𝑚𝑒𝑑 ∑ [𝑌𝑖 − 𝑇(𝑷)𝑖]2𝑁𝑚𝑒𝑑
𝑖=1



–

𝑐𝑝 𝑏𝑘𝜌 ℎ𝑇𝑖 𝑇𝑤𝑡𝑓 𝑢𝑚

𝑢(𝑦) = 1,5 𝑢𝑚 𝑦ℎ [1 − (𝑦ℎ)2]

𝑒𝑥𝑝 [−𝜆 ∑|𝑃𝑖+1 − 𝑃𝑖|𝑁−1
𝑖=1 ]



𝜆 = 0,6 𝑃𝑖

𝑓(𝑡)
𝑓1(𝑡) = {150[3 + 𝑠𝑒𝑛(𝜋𝑡/12)] 𝐾        𝑝𝑎𝑟𝑎      0𝑠 ≤ 𝑡 < 24𝑠450 𝐾                                          𝑝𝑎𝑟𝑎    24𝑠 ≤ 𝑡 ≤ 30𝑠

𝑓2(𝑡) = {600 𝐾        𝑝𝑎𝑟𝑎      0𝑠 ≤ 𝑡 < 13,5𝑠300 𝐾        𝑝𝑎𝑟𝑎    13,5𝑠 ≤ 𝑡 ≤ 30𝑠
𝑓3(𝑡) = {300 + 20𝑡  𝐾        𝑝𝑎𝑟𝑎      0𝑠 ≤ 𝑡 < 15𝑠900 − 20𝑡  𝐾        𝑝𝑎𝑟𝑎    15𝑠 ≤ 𝑡 ≤ 30𝑠

– 𝑓1(𝑡)



– 𝑓2(𝑡)

– 𝑓3(𝑡)

𝑥 = 𝑏/5 𝑦 = ℎ/2
𝜎 = 0,5°𝐶 𝒀



–

–

–



𝛽 = 0,7 𝑓1(𝑡)

–



–

–

𝑅𝑀𝑆𝑓1[°𝐶]𝑅𝑀𝑆𝑇1 [°𝐶]

–



–

–

𝑅𝑀𝑆𝑓2[°𝐶]𝑅𝑀𝑆𝑇2 [°𝐶]

–



–

–

𝑅𝑀𝑆𝑓3[°𝐶]𝑅𝑀𝑆𝑇3 [°𝐶]

– 𝑓1(𝑡)

𝑓14 𝑓17



– 𝑓2(𝑡)

𝑓24 𝑓27
– 𝑓3(𝑡)

𝑓34 𝑓37



𝛼 = 1,474 ∙ 10−5 𝑚²/𝑠 𝑘 = 54,0 𝑊/𝑚𝐾𝐿𝑧 = 1,00 𝑚𝑚 𝑇∞ = 23,0 °𝐶ℎ∞ = 15,0 𝑊/𝑚²𝐾 𝑞 = 10.000 𝑊/𝑚²𝑡𝑓 = 600𝑠

ℎ𝑐(𝑡) ℎ𝑐(𝑡)
– ℎ𝑐(𝑡)



– ℎ𝑐(𝑡)

– ℎ𝑐(𝑡)

ℎ𝑐(𝑡)



–

–

–



𝑷 𝑡𝑖ℎ𝑖𝑡1 𝑡2ℎ
–

𝑷 = {𝑡1, 𝑡2, ℎ}𝑇𝑷 = {𝑡1, 𝑡2, ℎ1, 𝑡3, 𝑡4, ℎ2}𝑇𝑷 = {ℎ1, ℎ2, . . . , ℎ31}𝑇

𝛽 = 0,2



–

ℎ𝑐(𝑡)
–

ℎ𝑐(𝑡)



–

ℎ𝑐(𝑡)



–

ℎ𝑐(𝑡)
–

ℎ𝑐(𝑡)



–

ℎ𝑐(𝑡)

ℎ𝑐(𝑡)



–

ℎ𝑐(𝑡)
–

ℎ𝑐(𝑡)
–

ℎ𝑐(𝑡)



–

𝑅𝑀𝑆𝑇 𝑅𝑀𝑆𝑇 𝑅𝑀𝑆𝑇



–

(𝑐𝑏) 3770 𝐽/𝑘𝑔 𝐾(𝜌𝑏) 1060 𝑘𝑔/𝑚³(𝑇𝑎) 37 °𝐶(ℎ) 10 𝑊/𝑚² 𝐾(𝑇∞) 20 °𝐶(𝑡𝑓,𝑐) 30 𝑠(𝑡𝑓) 600 𝑠(𝑞𝑚,ℎ) 420 𝑊/𝑚³(𝑞𝑚,𝑡) 3680 𝑊/𝑚³



𝜌 (𝑘𝑔/𝑚³) 𝑐𝑝 (𝐽/𝑘𝑔 𝐾) 𝑘 (𝑊/𝑚𝐾) 𝐿 (𝑚)

𝜔(𝑥, 𝑇) = 𝑎𝑇(𝑥)𝑇2 + 𝑏𝑇(𝑥)𝑇 + 𝑐𝑇(𝑥)        𝑝𝑎𝑟𝑎      0 < 𝑥 < 𝐿
𝜔(𝑥, 𝑇) = 𝑎𝑆𝑇 + 𝑏𝑆        𝑝𝑎𝑟𝑎      0 < 𝑥 < 𝐿

–

(𝑎𝑆) 3,6 × 10−5(𝑏𝑆) 9,6 × 10−5



–

𝑎𝑇 0,27 × 10−5 0,86888 × 10−7 0,2346 × 10−5𝑏𝑇 0,29 × 10−4 −0,79453 × 10−6 −0,21452 × 10−4𝑐𝑇 0,15 × 10−2 0,11294 × 10−4 0,30495 × 10−3

–



0,2°𝐶

–



𝜔(𝑥, 𝑇) = 𝜔        𝑝𝑎𝑟𝑎      0 < 𝑥 < 𝐿
𝜔(𝑥, 𝑇) = 𝑎𝑇 + 𝑏        𝑝𝑎𝑟𝑎      0 < 𝑥 < 𝐿

𝛽 = 0,2 0 ≤ 𝜔 ≤ 0,5 0 ≤𝑞𝑚 ≤ 5000

–

𝜔 [𝑠−1]𝑞𝑚 [𝑊/𝑚³]



–

𝜔 𝑞𝑚
–

𝜔 𝑞𝑚

𝑞𝑚

𝑅𝑀𝑆𝑇



–

–



𝛽 = 0,20 ≤ 𝑎 ≤ 0,5 × 10−2 0 ≤ 𝑏 ≤ 0,5 × 10−2 0 ≤𝑞𝑚 ≤ 5000

–

𝑎 [°𝐶−1 ∙ 𝑠−1]𝑏 [𝑠−1]𝑞𝑚 [𝑊/𝑚³]
𝑞𝑚

– 𝑞𝑚



– 𝜔(𝑥, 𝑇)

𝑞𝑚

𝑅𝑀𝑆𝑇



–

–
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Fourth edition. | Boca Raton, FL : CRC Press, 2020. | Series: Computational and physical 

–

–

–

–

–



–

–

–

–

–

COTTA, R. M.; MIKHAĬLOV, M. D. 
. Chichester ; New York: Wiley, 1997. 

Fox and McDonald’s introduction 
. 8th ed ed. Hoboken, NJ : Chichester: John Wiley & Sons, Inc. ; John 

–

– –

–



Lectures on Cauchy’s problem in linear partial differential 

–

–

–

–

– –

–

–



–

–

–

—

–

–

–

–

–



–



–

–

–



–

–



–

–


