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RESUMO 

 
 
NAHES, A. L. M. Projeto ótimo de equipamentos da indústria de óleo e gás a partir 
de técnicas de enumeração. 2022. 123 f. Dissertação (Mestrado em Engenharia 
Química). – Instituto de Química, Universidade do Estado do Rio de Janeiro, 2022. 
 

Uma parte significativa dos custos associados à indústria de óleo e gás 
correspondem aos equipamentos de processo. Portanto, muitos pesquisadores vêm 
se empenhando para desenvolver novas abordagens para resolver o problema de 
projeto ótimo, com objetivo de reduzir os custos. Dois importantes métodos são 
extensivamente investigados pela literatura para a solução do problema de projeto: 
método metaheurístico e programação matemática. Porém, apesar do sucesso para 
resolver vários problemas de projeto, eles apresentam algumas limitações 
relevantes (algoritmos de programação matemática, por exemplo, podem não 
convergir e o desempenho da otimização metaheurística depende de uma 
sintonização adequada dos seus parâmetros de controle). Com o objetivo de propor 
um procedimento de projeto ótimo sem as limitações das abordagens anteriores, 
esta dissertação explora a utilização de duas técnicas de enumeração: Set Trimming 
parcial seguido da Smart Enumeration e SuperSmart Enumeration. Set Trimming 
parcial emprega as restrições de desigualdade para reduzir o número de candidatos 
à solução. A Smart Enumeration envolve a enumeração do conjunto de candidatos 
de acordo com uma ordem crescente de um limite inferior da função objetivo, 
associada a um critério de parada adequado baseado no valor da função objetivo do 
incumbente. A SuperSmart Enumeration é um procedimento inovador, proposto 
nesta dissertação, que acelera a solução de problemas de projeto usando regras de 
eliminação de candidatos (Eliminação por Similaridade e Eliminação por Função 
Objetivo). Essas regras são agregadas em uma busca recursiva de cima para baixo 
de um conjunto de candidatos organizados em ordem crescente de dimensão. 
Ambos os procedimentos de enumeração não apresentam problemas de 
convergência e sempre encontram o ótimo global. Seus desempenhos são testados 
para o projeto de trocadores de calor de placas e reatores de leito fixo. Uma 
comparação com métodos metaheurísticos mostra que os procedimentos de 
enumeração estão associados a tempos computacionais menores e a SuperSmart 
Enumeration proporciona uma grande redução do tempo computacional quando 
comparada com a Smart Enumeration. 

 

 

Palavras-chave: projeto; otimização; smart enumeration; supersmart enumeration; 

set trimming. 

 

 

 

 

 

 



 
 

 

ABSTRACT 

 

NAHES, A. L. M. Optimal Design of Oil and Gas Industry Equipment through 
Enumeration Techniques. 2022. 123 f. Dissertação (Mestrado em Engenharia 
Química) – Instituto de Química, Universidade do Estado do Rio de Janeiro, 2022. 
 

A significant portion of the costs associated with the oil and gas industry 
corresponds to the process equipment. Therefore, many researchers have been 
devoting effort to develop new approaches to solve the optimal design problem in 
order to reduce costs. Two important classes of methods are extensively investigated 
in the literature for the solution of design problems: metaheuristic methods and 
mathematical programming. However, despite their success to solve several design 
problems, both approaches present some relevant limitations (e.g. mathematical 
programming algorithms may not converge, the performance of metaheuristic 
optimization depends on an adequate tuning of the control parameters, etc.). Aiming 
at proposing an optimal design procedure without the limitations of previous 
approaches, this dissertation explores the utilization of two enumeration techniques: 
Partial Set Trimming followed by Smart Enumeration and SuperSmart Enumeration. 
Partial Set Trimming employs the inequality constraints to reduce the number of 
solution candidates. Smart Enumeration involves the enumeration of the set of 
solution candidates according to a crescent order of a lower bound of the objective 
function, associated with a proper stopping criterion based on the value of the 
incumbent objective function. The SuperSmart Enumeration is a novel procedure, 
proposed in this dissertation, which accelerates the solution of design problems using 
candidate elimination rules (Similarity Elimination and Elimination by Objective 
Function). These rules are aggregated in a recursive search from top to bottom of a 
set of solution candidates organized in a crescent order of their dimension. Both 
enumeration procedures do not present convergence problems and always attain the 
global optimum. Their performances were tested here for the design of gasketed-
plate heat exchangers and fixed-bed reactors. A comparison with metaheuristic 
methods showed that the enumeration procedures lead to lower computational times 
and the SuperSmart Enumeration provides a large reduction of the computational 
time when compared with the Smart Enumeration. 
 

Keywords: design; optimization. smart enumeration; supersmart enumeration; set 

trimming. 
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INTRODUCTION 

 

 

The oil and gas (O&G) industry is one of the most important sectors of the 

global economy and occupies the third place in the ranking of main economic 

activities in Brazil (IBP, 2019). Petroleum and natural gas are responsible for a large 

portion of current world energy needs. Additionally, they are raw materials for many 

products, such as ethylene, propylene, butadiene, aromatics, methanol and ammonia 

(PETROBRAS, 2014).  

The O&G industry is classified in three different segments: upstream, 

midstream and downstream. The first one encompasses exploration, drilling and 

production activities, which are responsible to find and extracting the crude oil and 

natural gas. The midstream deals with the transportation and storage, while the 

downstream corresponds to the crude oil refining and natural gas processing 

operations (PETRO-ONLINE, 2014).  

The O&G industry activities involve huge amounts of financial resources. The 

O&G worldwide revenues are expected to reach more than US$ 7 trillion in 2025 

(GLOBENEWSWIRE, 2021). The annual global investments associated with only the 

upstream segment were around US$ 500 billions in the last years (IEA, 2020). In 

Brazil, Petrobras intends to invest US$ 68 billions in the period 2022-2026 (S&P 

GLOBAL, 2021). 

The O&G industrial activities Involve many different process equipment, 

responsible for different tasks, such as heat transfer (e.g heat exchangers and 

furnaces), mass transfer (e.g distillation and absorbers) and chemical reactions (e.g 

catalytic reactors). A significant portion of the costs associated with new upstream 

and downstream projects corresponds to capital costs of process equipment design. 

Additionally, the equipment operation involves operational costs, which penalize the 

project profitability.  

Traditionally, the practice of process equipment design employs heuristics-

based procedures build in trial-and-error methods. The focus is the identification of a 

solution able to fulfill the design duty. However, due to its limitations, this approach 

usually yields a non-optimal equipment design. Trying to avoid this limitation and 

exploring the growth of computational power and the development of new 
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optimization algorithms, many papers have been devoting to the development of new 

approaches to reduce the costs associated with process equipment design. 

Nowadays, the optimal design problem of process equipment are addressed in 

the literature through two main optimization approaches: mathematical programming 

and stochastic methods. Mathematical programming uses algorithms that seek the 

optimum based on rigorous optimality conditions. The stochastic optimization, such 

as, Genetic Algorithms (GA), Particle Swarm Optimization (PSO) and Simulated 

Anneling (SA), involves the utilization of randomized algorithms, usually mimicking a 

natural phenomenon. Despite their success to solve several design problems, both 

approaches present some relevant limitations. The application of mathematical 

programming algorithms for nonlinear problems may not converge. Additionally, if a 

local solver is employed, the algorithm may be trapped in a local optimum. Stochastic 

optimization methods are more robust and can migrate among different local optima 

towards the global optimum, but global optimality cannot be rigorously guaranteed. 

Another problem of the stochastic methods is the need of an adequate tuning of the 

control parameters, which can significantly affect its performance. 

Recently, a new optimization approach, called Set Trimming, was presented 

as an alternative to those methodologies (Costa; Bagajewicz, 2019). The method 

uses the set of inequality constraints to eliminate infeasible candidates, thus 

sequentially reducing the number of solution candidates. After the application of all 

constraints, the current set of candidates corresponds to the feasible region and the 

optimum can be identified through a simple sorting procedure.  Due to the fact that 

the procedure evaluates each constraint only for the surviving candidates of the 

previous constraints, Set Trimming is computationally efficient. Therefore, Set 

Trimming can be used as a complete and autonomous procedure for design 

problems where the mathematical models does not require an iterative numerical 

method. Set Trimming does not present convergence problems and always identify 

the global optimum. 

One important limitation observed in the approaches discussed above is the 

usual utilization of simplified models for the representation of the equipment behavior 

in the formulation of the optimization problem. However, the use of simplified models, 

based on analytical solutions, can compromise the accuracy of the optimal results. 

Aiming to circumvent this limitation for the solution of the optimal design problem of 

process equipment in the petroleum industries, this dissertation explores the 
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utilization of two enumeration techniques: Smart Enumeration and SuperSmart 

Enumeration. 

Smart Enumeration was outlined by Costa and Bagajewicz (2019) and applied 

for the design of air coolers by Carvalho et al. (2019). SuperSmart Enumeration is a 

novel procedure, proposed in this dissertation, which accelerates the solution of 

design problems. Both methods are applied for the design of gasketed-plate heat 

exchangers and catalytic reactors. 

The performance of both enumeration procedures is enhanced through its 

association with Set Trimming (Partial Set Trimming + Enumeration). The resultant 

computational approach always attain the global optimum, demanding only the 

evaluation of a small fraction of the number of solution candidates of the search 

space, and can be employed to any equipment model (the unique need is the 

availability of a fast and reliable simulation algorithm of the equipment mathematical 

model). 

 This dissertation is divided in six chapters, organized as follows: 

 The first one presents examples of equipment of the oil and gas industry, 

which demand the solution of a design problem and a literature review of equipment 

design optimization, focused on two examples: plate heat exchangers and fixed-bed 

reactors. 

 The second and third chapters present, respectively, the algorithms of Set 

Trimming and Enumeration (Smart and Supersmart).  

 The fourth and fifth chapters present, respectively, the design optimization 

problem of plate heat exchangers and fixed bed reactors. The Smart and Supersmart 

enumeration are used for the solution of both design problems, and compared with 

two important stochastic methods, Genetic Algorithms and Particle Swarm 

Optimization. 

 Finally, chapter six presents the conclusions and suggestions for future works. 

 A description of the papers published, submitted and in development during 

the master course related to this dissertation is presented in Appendix A. 
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1. LITERATURE REVIEW 

 

 

Initially, this chapter presents examples of process equipment present in the 

O&G industry installations, which demand the solution of a design problem.  Then, an 

analysis of the literature of design optimization methods of process equipment is 

presented, focusing on two examples: plate heat exchangers and fixed-bed reactors. 

Finally, an analysis is presented about how the current dissertation contributes to the 

state-of-the-art of the literature. 

 

 

1.1. O&G industry equipment 

 

 

The O&G industry is responsible for finding, drilling, and extracting crude oil 

and natural gas from the reservoirs. The petroleum production is usually associated 

with a three-phase mixture containing crude oil, water and hydrocarbon gases. This 

mixture is separated in the production installations. The crude oil is then sent to a 

refinery, where it is fractionated into the petroleum derivatives, such as gasoline, 

diesel, kerosene and liquefied petroleum gas. In addition, the gas is treated, and it is 

sent to the gas processing where it is purified into a natural gas stream rich in 

methane, and liquid fractions. Natural gas is then commercialized as fuel and as an 

important raw material for several important chemicals, especially as a reactant for 

producing synthesis gas, which is used for methanol and ammonia synthesis, for 

example. The next paragraphs show typical process equipment employed in the 

O&G industry facilities. Two examples are illustrated involving petroleum production 

and oil refining. 
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1.1.1  Petroleum production   

 

 

Figure 1 presents a simplified flowsheet diagram of the topside of an offshore 

platform. Basically, it is a process installation to separate the mixture of oil, water and 

gas extracted from the reservoir. Additionally, it is necessary to treat the natural gas 

stream, eliminating water, sulfur and carbon dioxide. As it is illustrated in this 

flowsheet, a new petroleum production project demands the design of several pieces 

of equipment: separation vessels, electrostatic separator, shell-and-tube heat 

exchangers, plate heat exchangers, pumps, compressors and separation columns.  

 

Figure 1–- Simplified flowsheet diagram of the topside of an offshore platform. 

 

Source: The author, 2022.  
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1.1.2 Oil refining 

 

 

The crude oil is basically a mixture of hydrocarbons of great molecular 

heterogeneity with levels of contaminants. The oil refining is responsible for the 

fractionation of molecules of interest, and the conversion of low commercial values 

molecules into other ones more profitable (Indio do Brasil et al., 2011).  

The refinery is composed of three main processes:  

- Separation processes: the goal is the crude oil fractionation through 

physical process of separation, such as distillation, deasphalting and 

aromatic extraction.  

-  Conversion processes: the goal is to obtain hydrocarbon mixtures with 

higher economic value through chemical processes such as thermal 

cracking, fluidized bed catalytic cracking and catalytic hydrocracking. 

- Treatment process: the goal is to improve the petroleum derivatives 

quality, usually using chemical process, such as amine treatment, caustic 

treatment and hydrotreatment.  

Each process unit present in oil refining demands a large amount set of 

different equipment. For example, Figure 2 illustrates a simplified flowsheet diagram 

for a hydrotreatment unit, which is responsible for olefinic hydrocarbons and aromatic 

saturation, and for contaminant removal. As illustrated in the flowsheet below, the 

hydrotreatment unit requires the design of several pieces of equipment: separation 

vessels, pumps, furnace, filter, compressors, heat exchangers, and separation 

columns. 
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Figure 2 – Basic flowsheet of a HDT unit 

 
Source: Adapted from Indio do Brasil et al., 2011  

 

 

1.2.  Process equipment design optimization 

 

 

The traditional process design strategy decomposes the procedure in 

individual tasks. A precedent one consists of elaborating the process flowsheet, 

which establishes the sequence of chemical and physical operations and the 

operation conditions through the material and energy balance.  

 Once those specifications are done, the process equipment duties are 

specified, and each piece of equipment needs to be designed to attend the design 

duties established before.  

 Traditionally, heuristics-based procedures have dominated the process 

equipment design literature and are still recommended in textbooks (Towler; Sinnot, 

2012; Couper et al., 2012). The main concept of this trial-and-error methodology is to 

find a viable solution that achieves the specified design task. Therefore, optimality is 

not a goal for the traditional design procedure. 

In order to achieve better design solutions, there is a technological effort of the 

development of optimal design methodologies. It consists of minimizing an objective 

function, such as cost or an equipment dimension, or maximizing an objective 

function, such as profit. The optimization is subject to constraints, which encompass 
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the design specifications and the mathematical model that describes the thermofluid-

dynamic behavior of the equipment. 

There are two important optimization techniques that are extensively used for 

process equipment design: stochastic methods and mathematical programming. 

Stochastic optimization involves the utilization of randomized algorithms, usually 

mimicking a natural phenomenon. Several stochastic optimization techniques were 

already tested for the solution of the process equipment design problem: Particle 

Swarm Optimization (Patel; Rao, 2010), Differential Evolution (Babu; Munawar, 

2007), Genetic Algorithms (Iyier et al., 2019), Falcon Optimization (Vasconcelos 

Segundo et al., 2019), Firefly Algorithm (Petinirin, 2018), Gravitational Search 

Algorithm (Mohanty, 2016) and others. Despite the capacity of these methods to 

overcome local optima, no guarantee of global optimality is associated with the 

solution (i.e. the user will never know if there is not a better solution than that 

provided by the algorithm). Additionally, stochastic methods are considerably 

dependent on the tuning of the algorithm control parameters. Therefore, its utilization 

may involve a considerable previous effort for identification of the adequate values of 

these parameters. 

In turn, mathematical programming uses algorithms that seek the identification 

of the optimum based on rigorous optimality conditions. The mathematical 

programming for process equipment design can render to different models, such as 

nonlinear programming (NLP) (Wang; Súnden, 2003), mixed integer linear 

programming (MILP) (Martins et al., 2019) and mixed integer nonlinear programming 

(MINLP) (Ravagnani; Caballero, 2007). Despite the extensive use of mathematical 

programming for chemical process equipment design, it is subject to relevant 

limitations, particularly for nonlinear models. For those cases, the solvers are prone 

to have convergence problems and end up sometimes trapped in local minima. 

Other techniques are also employed for the equipment design optimization, 

such as, enumeration (Costa; Queiroz, 2008) and graphic-assisted methods (Poddar; 

Polley, 1996). 

Recently, a new technique called Set Trimming (Costa; Bagajewicz, 2019) 

was proposed for the design of process equipment, eliminating some limitations from 

the previous approaches: it does not involve parameter tuning, it always attain the 

global optimum and it does not present convergence problems. However, it is limited 

to simpler mathematical models of process equipment. The utilization of simpler 
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mathematical models is also usually observed in the solution of optimal design 

problems using mathematical programming or stochastic methods. 

More detailed discussions of the application of these optimization techniques 

for the design of process equipment are illustrated below considering two examples 

of process equipment widely employed in the O&G industries: plate heat exchangers 

and fixed-bed reactors. Additionally, other techniques are also presented (e.g. 

enumeration). 

 

 

1.2.1 Plate heat exchanger design optimization 

 

 

Traditionally, gasketed-plate heat exchangers have been employed in several 

industrial sectors such as, dairy products, beverages, etc. (Saunders, 1988). The 

ease of cleaning is a fundamental aspect that justifies the importance of gasketed-

plate heat exchangers for the food industry (Cao, 2010). However, gasketed-plate 

heat exchangers are sometimes a better option than shell-and-tube exchangers in 

conventional process plants too (Kakaç; Liu, 2002). They present several 

advantages, such as low cost (Saunders, 1988), higher film coefficients (Saunders, 

1988; Kakaç; Liu, 2022), less propensity to fouling (Sauders, 1988), low heat losses 

to the surroundings (no insulation required) (Kakaç; Liu, 2002), and compact size 

(Cao, 2010), which is a desirable aspect for offshore platform installations. Their main 

limitations are associated with operational restrictions related to the gaskets and 

more elevated pressure drops, e.g., plate heat exchangers are only usually employed 

in temperatures below 160−250 °C and pressures up to 25−30 bar, and are not 

suitable for gas-to-gas applications or highly viscous fluids (Kakaç; Liu, 2002). 

In the O&G industry, plate heat exchangers are found in upstream operations 

(e.g. crude oil and water heat exchange) and downstream operations (e.g. heat 

exchange between rich and lean amine stream in CO2 separation units of hydrogen 

production). 

The optimization of the design of gasketed-plate heat exchangers was 

addressed in the literature by several authors, the main employed approach is based 

on the minimization of the heat transfer surface subjected to pressure drop bounds 

(Picón-Núñez et al., 2010). Another option of a single objective function 
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encompasses capital and operating costs (Hajabdollahi et al., 2016). The 

optimization of the design of plate heat exchangers was also addressed in the 

literature using multiobjective formulations, where different objective functions were 

investigated simultaneously: overall heat transfer coefficient and pressure drop 

(Najafi; Najafi., 2010), total cost and effectiveness (Hajabdollahi et al., 2013), heat 

transfer coefficient and pressure gradient (Saleh et al., 2013), heat load and pressure 

drop (Imran et al., 2017), and effectiveness and pressure drop (Shokouhmand; 

Hasanpour, 2020). 

The optimization techniques mentioned above usually applies, for process 

equipment design, metaheuristic methods and mathematical programming, where 

were also employed for the design of gasketed-plate heat exchangers.  

The main stochastic optimization technique tested for the design optimization 

of plate heat exchangers was genetic algorithms, applied for single objective (Lee; 

Lee, 2015; Hajabdollahi et al., 2016) and multiobjective optimization problems 

(Najafi; Najafi, 2010; Hajabdollahi et al., 2013; Saleh et al., 2013; Imran et al., 2017; 

Shokouhmand; Hasanpour, 2020). Another stochastic method, called heat transfer 

search (HTS), was tested by Raja et al. (2018). 

Despite the extensive use of mathematical programming for chemical process 

equipment design, few attempts were applied for the design of gasketed-plate heat 

exchangers. Wang and Súnden (2003) employed nonlinear programming, and 

Martins et al. (2019) employed mixed-integer linear programming, based on a 

rigorous transformation of the original problem. 

In addition to stochastic methods and mathematical programming, 

enumeration techniques were also explored for the design problem solution. 

Enumeration techniques involve exploring the search space through the generation 

of a sequence of solution alternatives until an optimal solution is attained. Zhu and 

Zhang (2004) solved the design problem using a simple enumeration technique, 

based on the testing of heat exchangers of crescent size. Saleh et al. (2013) 

compared exhaustive enumeration to a genetic algorithms in a multiobjective design 

problem. Screening procedures employing the constraints to reduce the number of 

candidates were explored by Gut and Pinto (2004) and Mota et al. (2014). Other 

alternative enumeration techniques were addressed by Arsenyeva et al. (2011) and 

Javid et al. (2015). A hybrid technique involving enumeration and mathematical 

programming for the design problem solution was proposed by Xu et al. (2022). 
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Another alternatives of design algorithms were based on a graphical 

delimitation of the search space that allows the designer to identify the best solution 

(Picón-Núñez et al., 2010) and polynomial based Response Surface Method (RSM) 

(Kanaris et al., 2009). 

Nahes et al. (2021) explored the use of Set Trimming for plate heat exchanger 

design, which guarantees global optimality regardless of the nonlinearity of the 

model, including the objective function, and it is claimed to have excellent 

computational performance. They compared the proposed approach with three 

important stochastic approaches (GA, PSO and SA) and with mathematical 

programming using different model formulations. The corresponding comparison 

results illustrated the limitations of those methods presented before, where the 

stochastic method could not find the global optimal for all run times, as well as for the 

nonlinear mathematical programming model which could not find the global optimum 

for all examples. The mathematical programming model could be transformed into a 

linear model, which guarantee global optimality, but renders to a very slow 

convergence compared to the other methods. Therefore, besides the Set Trimming 

technique always attain the global optimal, it also has an excellent computational 

time.  

A large portion of the articles cited above uses simple models, based on 

analytical solutions, to describe the thermofluid-dynamic behavior of plate heat 

exchangers. Although its popularity, analytical models may be inadequate for fluids 

that have large physical properties variations, such as the viscosity dependence with 

temperature. In order to incorporate this behavior into the model, discretized models 

need to be solved numerically, which requires a higher computational effort. The 

utilization of more accurate methods for the solution of optimal design problems is a 

less common approach (Shokouhmand and Hasanpour, 2020). Aiming at circumvent 

the limitations of analytical models, surrogate models were also tested for the design 

optimization of gasketed-plates (Salleh et al., 2013). 
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1.2.2. Fixed bed reactor design optimization 

 

 

Fixed bed catalytic reactors abound in the chemical process industry. They are 

essential in the production of several chemical commodities such as methanol, 

ammonia, ethylene oxide, styrene, cyclohexane, etc. (Hagen, 2015). They are also 

widely employed in the O&G industry (e.g. isomerization reactors to enhance the 

octane number of gasoline and hydrotreating of diesel streams) or in processes that 

employs petroleum derivatives or natural gas as raw materials (e.g. ammonia and 

methanol production).  

Given the importance of fixed-bed reactors, their simulation as well as their 

optimal design have been the object of several studies. The simulation of fixed bed 

reactors involves the solution of mass, energy, and momentum balances, associated 

with a given kinetic rate expression of each reaction. There are several alternative 

models in the literature for the simulation of fixed-bed reactors, as reviewed by 

Froment and Bischoff (1990), encompassing one-dimensional and two-dimensional 

models, pseudo-homogeneous and heterogeneous models, as well as plug flow and 

nonideal flow models. The mass transfer effects in heterogeneous models can 

include interparticle and, optionally, intraparticle gradients. 

While the aforementioned reactor simulation work was useful for the 

assessment of their performance, the problem of obtaining the best design, that is, 

the best geometry and operational variables for a given cost or profit objective, 

abiding by design constraints (minimum conversion, pressure drop limitations, 

limitations on side products, maximum temperature, slenderness, etc.) have emerged 

as an important need.  

Different objective functions, such as minimization of annualized capital and 

operational costs (Zhou; Manousiouthakis, 2008), maximization of the profit 

considering the feed cost and the product revenue (Vakili et al., 2013; Chen et al., 

2010), and minimization of the catalyst volume (Levenspiel, 1999) have been used. 

The mathematical models employed are based on the set of differential equations of 

mass, energy, and eventually, momentum balances, when pressure drop is of 

importance, to which some inequalities related to slenderness, maximum 

temperatures, maximum pressure drop, etc., are added. Mathematical programming 

and stochastic algorithms were employed for the solution of the design problem. 
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In order to present an overview of the previous efforts in the development of 

design optimization, this analysis is focused on the design of synthesis reactors of 

two important natural gas derived products: methanol and ammonia. 

Several authors investigated the design optimization of ammonia synthesis 

reactors for profit maximization, using the original formulation presented by Murase et 

al. (1970). Edgar and Himmelblau (1989) solved this problem using the Generalized 

Reduced Gradient method, employing the solver GRG2. The evaluation of the 

constraints was conducted using the solver LSODE for the numerical solution of the 

set of differential equations. Yanci-Caballero et al. (2015) addressed this problem 

using a mathematical programming approach through the discretization of the 

differential equations of the mathematical model. The resultant nonlinear 

programming (NLP) problem was solved using the IPOPT solver. Carvalho et al. 

(2014) and Matos et al. (2021) solved this design problem based on unconstrained 

formulations, using the barrier method (by inserting the constraints into the objective 

function with a penalty). Departing from the mathematical programming approaches, 

some authors addressed the optimal design problem of an ammonia reactor using 

stochastic methods. This approach was explored using Genetic Algorithms (GA) 

(Upreti; Deb, 1997; Babu; Angira, 2005) and Differential Evolution (DE) (Angira et al., 

2011). 

In turn, the optimization of methanol synthesis reactors was investigated using 

different objective functions. The minimization of the catalyst volume in the design of 

spherical methanol reactors was investigated by Hartig and Keil (1993) employing 

Iterative Dynamic Programming (IDP), Sequential Quadratic Programming (SQP) and 

the Complex method. The differential equations of the mathematical model were 

solved using a Runge-Kutta method. Grue and Bendtsen (2003), in a design problem 

that addressed the entire synthesis loop, employed a reactor mathematical model 

discretized using orthogonal collocation points on finite elements. The resultant 

problem with constraints represented by algebraic equations was solved using an 

NLP solver through the GAMS interface. Similar to the literature review of ammonia 

synthesis reactors, Genetic Algorithms were also employed for the investigation of 

the design of methanol synthesis reactors by Torcida et al. (2022), aiming at profit 

maximization. 

 

, 
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1.3 Contribution of this dissertation to the state-of-the art of the literature 

 

 

 This dissertation presents new design optimization approaches based on 

enumeration techniques associated with Set Trimming. 

Two enumeration alternatives were explored, called Smart Enumeration and 

SuperSmart Enumeration. The former was outlined by Costa and Bagajewicz (2019) 

and Carvalho et al. (2019), but the latter is a totally novel approach resultant from this 

dissertation with potential to decrease significantly the computational time. 

The resultant computational procedures avoid the limitations of the two main 

classes of methods employed in the literature: mathematical programming and 

stochastic methods.  

 The resultant structures, Partial Set Trimming + Smart Enumeration or Partial 

Set Trimming + SuperSmart Enumeration present the following features: 

- They always converge to the global optimum; 

- There is no control parameters to be tuned in the Smart Enumeration and a 

single one in the SuperSmart Enumeration (a default value tends to work 

fine, without the need of tedious adjustments of this parameter); 

- There are no problems of convergence; 

- They need to analyze only a fraction of the candidates of the search space 

to attain the global solution; 

- They are prone to be associated with smaller computational times when 

compared with other optimization methods; 

- They do not need to use simplified models, any mathematical model can 

be employed (it is only necessary the availability of a fast and reliable 

simulation algorithm). 
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2.  SET TRIMMING 

 

 

The performance of the proposed enumeration procedures of this dissertation 

is enhanced through the utilization of the Set Trimming method (Costa; Bagajewicz, 

2019) as a preprocessing step. This approach involves two new variants of the Set 

Trimming method, called Partial Set Trimming and Proxy Set Trimming. These 

elements of the proposed design optimization procedure are discussed in this 

chapter. 

 

 

2.1. Set Trimming algorithm 

 

 

Set Trimming is an extension and generalization of the screening step in the 

optimization procedure developed by Gut and Pinto (2004) for the design of gasketed 

plate heat exchangers, which is related to a procedure employed by Daichendt and 

Grossmann (1994) for heat exchanger network synthesis. The proposition of Set 

Trimming as a complete and autonomous optimization technique for equipment 

design was presented by Costa and Bagajewicz (2019). 

Set Trimming is suitable for problems with independent variables of discrete 

nature. Therefore, for a given set of values of the independent discrete variables, all 

of the continuous variables can be determined using the set of equality constraints. 

The search space of the optimization problem corresponds to a combination of all 

possible values of the discrete variables. 

This discrete nature of the search space is a common feature of many design 

problems, because the design variables are frequently physically discrete (e.g. 

number of tubes) or based on standard commercial alternatives (e.g. tube diameter). 

However, if the search space is also composed of independent variables originally 

continuous, it needs to be discretized in order to build the set of candidates for the 

Set Trimming application. 

Set Trimming procedure relies upon a systematic application of the problem 

inequality constraints to eliminate solution candidates from the combinatorial space. 

This reduces the cardinality of the set of candidates applying the constraints 
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sequentially one after the other. If all of the constraints are used, then the resultant 

list of candidates contains all feasible solutions and the global optimal solution can be 

identified through a simple sorting procedure. In other cases, not all of the constraints 

can be efficiently used and at the end the set left, even though much smaller in size, 

contains feasible as well as infeasible candidates. Such cases require an extra step, 

which will be discussed later. 

It is important to emphasize that Set Trimming is not equivalent to 

enumeration, nor any enumeration is involved. Enumeration requires the evaluation 

of the objective function and constraints of candidate solutions one by one. Set 

Trimming does not operate analyzing individual candidates, but it eliminates sets of 

candidates using the problem constraints. Computationally, Set Trimming involves 

set manipulations (dynamic sets in GAMS and NumPy arrays in Python, for 

example), instead of enumeration loops associated with the analysis of individual 

candidates. In addition, Set Trimming exhibits simplicity and requires no 

mathematical programming-based solvers. Figure 3 presents the structure of the Set 

Trimming procedure, where it is illustrated the reduction of the number of candidates 

along the different trimmings, which allows a reduction of the computational effort. 

Figure 4 shows the corresponding search algorithm. 
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Figure 3–- General structure of the Set Trimming procedure 

  

               Source: The author, 2022.  
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Figure 4–- Set Trimming algorithm 

 

Source: The author, 2022.  

 

An additional issue in the application of Set Trimming is the order in which the 

constraints are applied. Clearly, the performance of the use of one constraint to trim 

is associated with its ability to cut large quantities of infeasible candidates. The time 

consumed is another indication of its computational efficiency. Thus, the overall 

computational effort can be reduced through the adequate ordering of the 
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constraints. Numerical tests indicated that it is faster to initially test the simpler 

constraints and test more complex constraints later. In doing so, the more complex 

constraints, associated with larger computing times, are tested to a smaller number 

of candidates. 

Set Trimming is presented as a global optimization procedure and was 

successfully applied for different heat transfer equipment, such as shell-and-tube 

heat exchangers without phase change (Lemos et al., 2020), kettle vaporizers (Sales 

et al., 2021), gasketed-plate heat exchangers (Nahes et al., 2021) and intensified 

heat exchangers (Chang et al., 2022). 

 

 

2.2. Partial Set Trimming 

 

 

The utilization of an inequality constraint in the trimming process needs that 

this constraint is composed of a set of algebraic relations that can be 

straightforwardly evaluated for a given set of candidates. Therefore, Set Trimming 

cannot be applied to all constraints of some design problems. There are design 

problems where the candidate evaluation is not simple and requires a numerical 

iterative procedure. The consequence is that Set Trimming procedure may be only 

applied to a subset of the constraints (i.e. for those that can be easily evaluated), 

thus yielding a “Partial Set Trimming”. The resultant set of candidates from the 

application of Partial Set Trimming is smaller than the original one, however it 

contains all the feasible candidates and also an unknown number of infeasible ones. 

In these cases, Set Trimming is not an autonomous optimization procedure, but it 

can be employed as a preprocessing step. Optimization schemes of this type, 

composed of Set Trimming followed by enumeration, will be shown later. 
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2.3. Proxy Set Trimming 

 

 

As discussed above, there are constraints that cannot be directly employed in 

the Set Trimming procedure. However, these constraints can be substituted in the 

Set Trimming by an approximation that, although it is not equivalent to the original 

constraint, it can still eliminate a certain number of candidates. Then, at the end of 

the trimmings, this constraint must be employed in the following procedure, but the 

number of candidates was already previously reduced, which allows a reduction of 

the computational effort. This technique is called “Proxy Set Trimming”. 

Let an optimization problem which formulation is given by: 

 

which is a common formulation for process equipment design problems. For 

example,  may be a maximum pressure drop, or a maximum outlet temperature, 

and  may be a minimum heat load or production. As mentioned before,  and 

 evaluation can require a large computational cost, thus a simpler relaxation can 

be used: 

                                               (1) 

                                                (2) 

where the superscripts  and  mean, respectively, Lower Bound and Upper 

Bound (i.e.  and ). Therefore, if  of a 

candidate is higher than , then  will certainly be higher too. Therefore, this 

candidate can be eliminated from the search space in the corresponding trimming. 

Analogously, if  of a candidate is smaller than , then  will certainly be 

smaller too. Therefore, this candidate can be eliminated from the search space in a 

trimming.  

Particular examples of constraint relaxation generation for the use of Proxy 

Set Trimming will be discussed later on the analysis of plate heat exchanger and 
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fixed bed reactor design (Chapters 4 and 5). However, it is important to point out that 

although the relaxation needs to generate limiting values for the constraints, it needs 

to be as tight as possible. If the relaxation is too optimistic, the limit generated may 

be too far from the rigorous value, and the consequence is that few candidates may 

be eliminated. 
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3.   ENUMERATION METHODS  

 

 

This chapter presents the two options of enumeration procedures discussed in 

this dissertation: Smart Enumeration and SuperSmart Enumeration. 

 

 

3.1. Smart Enumeration 

 

 

When Set Trimming is applied to all constraints, all infeasible candidates are 

eliminated and a simple sorting procedure after evaluation of the surviving feasible 

candidates identifies the global optimum. However, if not all constraints from the 

original problem are used, or if some proxy procedure is used, then not all surviving 

candidates are feasible. Indeed, Proxy Set Trimming steps do not conclude that a 

candidate is feasible; they only identify some, but not all, infeasible candidates. Thus, 

it is necessary to identify the feasible options and then the lowest objective function. 

However, instead of solving the mathematical model of all remaining candidates (i.e. 

an exhaustive enumeration), the proposed procedure involves the evaluation of only 

a fraction of the current solution candidates. This procedure is called “Smart 

Enumeration” and was outlined by Costa and Bagajewicz (2019). 

The Smart Enumeration procedure starts by ordering the remaining 

candidates according to an increasing value of a lower bound of the objective 

function. This lower bound must be built and its computational cost has to be the 

lowest possible, without compromising the gap between its value and the rigorous 

solution too much. Then, the candidates are evaluated one by one, that is, the full 

rigorous model is solved for each candidate following the increasing lower bound 

order. When a candidate is feasible, the corresponding objective function is 

evaluated and, if this value is lower than the current incumbent objective function, the 

incumbent is updated (i.e. it is an upper bound on the optimal solution). The 

procedure continues until the current candidat’'s lower bound becomes larger than 

the objective function of the incumbent. This guarantees that the global optimum was 

found. 
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For optimization problems whose objective function can be promptly evaluated 

(i.e, problems related to equipment dimension minimization), it can be directly used 

to order the set of candidates at the start of the search, instead of a lower bound 

value. It means that the evaluation of the mathematical model of the solution 

candidates following the increasing order of the objective function can be stopped 

when the first feasible candidate is found. 

The complete algorithm of the Smart Enumeration is described below: 

Initialization: 

- Identify the initial set of candidates 

- Perform the Set Trimming to generate a reduced set of candidates 

- Evaluate the objective function lower bound of the candidates  

- Initialize the objective function ( ) of the incumbent,  

- Arrange the set of candidates ( ) in an ascending lower bound order: 

 

- Set  

Step 1: 

- If , 

then stop, the solution corresponds to the current incumbent; if no 

incumbent was updated, then the problem has no feasible candidates. 

Step 2: 

- Pick the next candidate, , in the set , associated with a lower bound 

. 

Step 3: 

- If  

  then stop, the solution is the current incumbent. 

Step 4: 

- Solve the mathematical model of Candidate  for evaluation of the problem 

constraints of this candidate. 

Step 5: 

- If the Candidate  is infeasible 

 then go to Step 7. 

     else 

 evaluate the objective function of this candidate,  
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Step 6: 

- If the candidate is feasible and  

 then update the incumbent,  

Step 7: 

- Eliminate the tested candidate from the active set of candidates:  

 

Step 8: 

- Set  and go to Step 1. 

 

 A reduced version of the algorithm, suitable when the objective function of all 

candidates can be quickly evaluated at the beginning of the search and employed to 

order the initial set of candidates are presented below. 

Initialization: 

- Identify the initial set of candidates 

- Perform the Set Trimming to generate a reduced set of candidates 

- Evaluate the candidates objective function  

- Arrange the set of candidates ( ) in an ascending objective function order: 

 

- Set  

Step 1: 

- If , 

then stop, the problem has no feasible candidates. 

Step 2: 

- Pick the next candidate, , in the set , associated with an objective 

function . 

Step 3: 

- Solve the mathematical model of candidate  for evaluation of the problem 

constraints of this candidate. 

Step 4: 

- If the candidate is feasible 

 then stop, the solution is the current evaluated candidate   

     else 

  eliminate the tested candidate from the active set of candidates:  
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Step 5: 

- Set  and go to Step 1. 

 

 

3.2. SuperSmart enumeration 

 

 

Set trimming followed by Smart Enumeration is a technique that first reduces 

the set of candidates, and then determine the global optimum through the evaluation 

of just a fraction of the surviving candidates.  

However, its computational time needed to attain the optimum depends on the 

location of the optimal solution in the ordered list of candidates. If the search space 

was not properly fitted and the optimal solution is near to the highest value of the 

objective function lower bound, the algorithm will have to visit almost of all 

candidates.  

Additionally, the search is also dependent on the lower bound generation. If 

the gap between the lower bound and the rigorous objective function is tight enough, 

the procedure may converge quickly. On the other hand, if there is a large gap 

between the lower bound and the objective function of each candidate, a large 

number of simulations may be required. Therefore, a new enumeration procedure is 

proposed, which is called the SuperSmart Enumeration. 

 

 

3.2.1. Algorithm rationale 

 

 

The special feature of the new method is to use the problem physics to obtain 

important information about different candidates through the evaluation of a previous 

evaluated one. During the Smart Enumeration procedure, each evaluation of a 

candidate only allows its own elimination in a one dimensional search space. 

Therefore, the procedure may consume a higher computational effort depending on 

the position of the optimal candidate. This limitation is overcome in the SuperSmart 
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Enumeration, where the evaluation of a single candidate can eliminate a large 

number of additional candidates simultaneously. 

This concept can be related to the skill of a human designer during a design 

procedure. For each design alternative evaluated, the next candidate is proposed 

based on the analysis of the results of the previous one, then using the designer’s 

physical knowledge of the problem to direct the search towards a feasible solution. 

For example, imagine a shell and tube heat exchanger design optimization with a 

current candidate that violates the maximum tube side pressure drop constraint. 

Based on this result, the designer knows that it is useless to increase the number of 

passes or reduce the number of tubes, maintaining all other variables unchanged, 

because these modifications will increase the pressure drop even more. Thus, all 

similar candidates with fewer tubes or more passes do not need to be tested. The 

SuperSmart enumeration uses this physical interpretation to avoid unnecessary 

simulations.  

Two elimination procedures are employed in the SuperSmart Enumeration:  

- Similarity Elimination 

- Elimination by Objective Function 

Considering the nature of the elimination procedures and aiming at enhancing 

the computational efficiency of the SuperSmart Enumeration, it is also proposed to 

invert the orientation of the search: the SuperSmart Enumeration is based on a 

downward search applied to a list of candidates ordered by their sizes. This approach 

increases the number of candidates eliminated by the proposed procedures, which 

reduces the computational time to get the global optimum solution. 

 

 

3.2.2. Similarity Elimination 

 

 

The physical knowledge of the problem for candidate elimination is 

represented by a “Similarity Table”, which expresses the relations between the 

variables and the design constraints. The Similarity Table is composed of a set of 

rows associated with a given set of optimization constraints. The corresponding set 

of columns of the Similarity Table is associated with the set of independent design 

variables. Each row of the Similarity Table indicates the set of candidates that can be 
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eliminated, according to the corresponding constraint, since a given previous 

evaluated candidate is infeasible. 

Table 1 illustrates a Similarity Table of a hypothetical design problem involving 

4 constraints for a problem with 4 design variables. 

 

Table 1–- Generic similarity Table of a design problem 

Constraint 
Design variable 

1 2 3 4 

1     

2     

3     

4     

Source: The author, 2022.  

 

For example, let a given evaluated candidate that it is infeasible according to 

Constraint 1. Thus, the table interpretation is: all candidates with smaller values of 

variables 1 and 3, with the same value of variable 2, for any value of variable 4 are 

also infeasible. It means that all candidates with this set of values of the design 

variables can be eliminated from the active set of candidates. Therefore, whenever 

an infeasible candidate is evaluated, this technique can be employed to eliminate 

candidates through only one evaluation. This is the Similarity Elimination technique. 

A further illustration of the concept is shown below, considering two examples: 

the design of a pipeline for transportation of a liquid stream and the design of a shell-

and-tube heat exchanger. 

The design optimization variables of the design of a pipeline are: tube 

diameter (dt), effective length (Le), and pump head (w). Therefore, Table 2 shows the 

Similarity Table related to the minimum transported flow rate constraint.  
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Table 2 - Similarity Table of the minimum transported flow rate 

constraint in the design of a pipeline 

Constraint 
Design variable 

dt Le w 

    

Source: The author, 2022.  

 

The resultant set after the candidate elimination expressed in Table 2 is given 

by: 

                                  (3) 

where  is the index of the infeasible candidate identified after the solution of its 

mathematical model,  is the logical operator exclusion and  the logical operator 

and. 

A more complex Similarity Table is presented in Table 3, associated with the 

maximum pressure drop of the tube-side stream in the design of a shell-and-tube 

heat exchanger. The design optimization variables are: tube length (L), tube diameter 

(dt), shell diameter (Ds), number of tube passes (Npt), tube pitch ratio (rp), tube 

layout (lay, 1 = 30 and 2 = 90), number of baffles (Nb), and baffle cut (Bc). 

 

Table 3 - Similarity Table of the maximum pressure drop of the tube-side stream in a 

shell-and-tube heat exchanger 

Constraint 
Design variable 

L dt Ds Npt rp lay Nb Bc 

         

Source: The author, 2022.  

 

The resultant set after the candidate elimination expressed in Table 3 is given 

by: 

 

        (4) 

It is important to observe that the Similarity Table depends on to ensure that 

there is a monotonic behavior of the constraint with the design variable. If the 
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monotonicity is not guaranteed, or not previously comprehended, the specific design 

variable needs to be maintained as equal. 

 

 

3.2.3. Elimination by Objective Function 

 

 

Besides the Similarity Elimination, a second tool that can be employed to 

eliminate candidates is the Elimination by Objective Function. The SuperSmart 

Enumeration also depends on the generation of objective function lower bounds and 

the update of the incumbent during the procedure. However, differently from the 

Smart Enumeration, where the Lower Bound is static, the SuperSmart Enumeration 

employs a Lower Bound that can be updated using the results of the evaluation of 

previous candidates with a related structure, as reported by the Similarity Table. After 

the Lower Bound update, those candidates with Lower Bounds equal or greater than 

the incumbent objective function can then be eliminated. 

For example, imagine a heat exchanger design optimization where the goal is 

to minimize the TAC (total annualized cost), based on a rigorous modeling 

demanding the numerical solution of the conservation equations. The lower bound of 

the TAC is initially built considering the capital cost, which can be easily evaluated at 

the start of the optimization using the equipment dimensions, and a lower bound 

approximation of the operational costs, which can be evaluated using pressure drops 

from Proxy Set Trimming (the exact value of the pumping energy can only be 

determined after the evaluation of a given candidate for the determination of the 

streams pressure drops). According to this proposal, the value of the pressure drop 

of a evaluated candidate can be used to update the operational cost of other related 

candidates following the Similarity Table shown in Table 3, i.e. candidates that 

belongs to the set delimited by the Similarity Table have pressure drop equal or 

greater of the evaluated candidate, therefore the pressure drop of the evaluated 

candidate can  be used to update a new lower bound of the operational costs of 

these candidates and eliminate those with new lower bounds equal or greater than 

the incumbent objective function. This procedure is illustrated below. 

Let a given SuperSmart Enumeration procedure that has 8 active candidates, 

with Lower Bounds illustrated in Table 4.   
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Table 4 -  Illustrative example of the Lower Bounds of a set of active 

candidates in a SuperSmart Enumeration run 

Active candidate 1 2 3 4 5 6 7 8 

Lower Bound (K$) 6 2 8 4 4 5 6 7 

Source: The author, 2022.  

 

At this moment, the objective function of the incumbent is 9 K$ and Candidate 

4 is evaluated, with an objective function equal to 11 K$. Because this value is higher 

than the incumbent, the evaluated candidate is eliminated without the incumbent 

update. However, further eliminations can be applied using the Elimination by 

Objective Function. 

Consider that the Similarity Table informs that Candidates 2, 3, 5 and 7 have a 

pressure drop equal or greater than the Candidate 4. Therefore, if the TAC is 

calculated for this set of candidates using the rigorous pressure drop obtained by the 

mathematical model solution of Candidate 4, a new lower bound is generated, as 

shown in Table 5. 

 

Table 5 - Illustrative example of the updated Lower Bounds of a set of active 

candidates in a SuperSmart Enumeration run 

Active candidate 1 2 3 4 5 6 7 8 

Lower bound ($K) 6 2 8 4 4 5 6 7 

New lower bound ($K)  3 8  6  10  

 Source: The author, 2022.  

 

Observe that the new updated Lower Bound of Candidates 2, 5 and 7 is higher 

than the older one and a better approximation of the objective function is obtained. 

However, the utilization of the pressure drop of Candidate 4 to update the Lower 

Bound of Candidate 3 did not attain a better approximation of the objective function, 

therefore the current Lower Bound value is kept. 

Finally, those values of Lower Bounds are compared with the objective 

function of the incumbent. Because the new Lower Bound of Candidate 7 became 

higher than the objective function of the incumbent, then a new elimination is 

possible and the number of active candidates was reduced to 6, as shown in Table 6. 
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Table 6 - Illustrative example of the set of active candidates in a 

SuperSmart Enumeration after the Elimination by Objective Function 

Active candidate 1 2 3 5 6 8 

Lower bound (K$) 6 3 8 6 5 7 

 Source: The author, 2022.  

 

Summarizing it, the user first needs to create the Similarity Table from the 

physical knowledge of the problem. Then, during the search space exploration, the 

reduction of the number of active candidates is performed using the Similarity 

Elimination and the Elimination by the Objective Function.  

These techniques, associated with a top-down exploration of the search 

space, as presented below, are responsible for a considerable increase of the 

computational efficiency of the resultant algorithm as shown later in the results. 

 

 

3.2.4. Search space exploration 

 

 

The SuperSmart Enumeration starts from the ordering of the set of active 

candidates according to the equipment size. The selection of the size criterion for 

ordering the set of candidates is very important to the effectiveness of the elimination 

techniques discussed above. Differently from the Smart Enumeration, the 

SuperSmart Enumeration goes from the top of list of active candidates to the bottom. 

Therefore, the identification of larger equipment that are unfit to the required duty 

allows the elimination of a considerable portion of the smaller equipment that present 

similarities with the eliminated ones. This orientation of the search is important to 

increase the number of eliminated candidates, which allows a large reduction of the 

computational effort.  

Another feature of the SuperSmart Enumeration that increases its 

computational efficiency is the sequence that the candidates are evaluated from top 

to bottom. After the evaluation of a candidate, if it is infeasible, the search goes to the 

immediately next candidate below, otherwise, a larger movement is applied towards 

the bottom of the list. The application of a larger movement when a feasible 
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candidate is found aims to avoid a search pattern where a sequence of feasible 

candidates with only slight differences is evaluated, but without any relevant 

reduction of the objective function. This larger movement displaces the search to a 

region with a lower size equipment, where good incumbents may be identified. 

The size of the downwards movement when a feasible candidate is found is 

determined by a threshold given by: 

                         (5) 

where  is the lower bound of the last feasible candidate tested,  is the 

lower bound of the set of active candidates, and  is a parameter that controls the 

size of the movement (a suggested value that presented good performance in the 

numerical tests is ). If the objective function can be easily evaluated for all 

candidates, instead to use the lower bound, the evaluation of threshold is made by 

the objective function itself. Then, after the evaluation of , the search goes to the 

next candidate towards the bottom of the list with a lower bound equal or less than . 

If the search reaches the bottom and there are still candidates above that were 

not evaluated (because of the “jumps” associated with the movements after a 

feasible candidate is identified), then the search is reinitialized at the top of the list of 

the active candidates. 

Finally, the end of the search is attained when the set of active candidates 

becomes empty. It is important to observe that the search only eliminates infeasible 

or nonoptimal candidates, therefore, the global optimum is always identified. 

Aiming at illustrating how the procedure works, Figure 5 shows the set of the 

steps of the SuperSmart enumeration for a hypothetical problem. The yellow rows 

indicate that the candidate was evaluated, the red ones that the candidate was 

eliminated (notice that tested candidates are also an elimination) by one of those 

tools already explained or after its evaluation. 

The search starts at the top of the size-based ordered list. Initially, Candidate 

1 is evaluated, it is found that it is infeasible, and a Similarity Elimination is applied to 

Candidate 4. The next one evaluated is Candidate 2, which it is feasible and 

becomes the incumbent. The update of the Lower Bound of the objective function of 

some candidates from the evaluation of Candidate 2 implies in the elimination of 

Candidate 8. Then, a larger downwards movement is applied towards Candidate 5.  

Then, the evaluation of Candidate 5 indicates that it is feasible, but their objective 
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function is higher than the incumbent and no incumbent update can be applied. After 

that, the next candidate tested is the Candidate 7, which is feasible and its objective 

function is smaller than the incumbent, so it is updated. Thus, since there is no more 

active candidate below, it is the end of the first iteration. The second iteration starts of 

the top of the remaining active candidate. Candidate 3 is evaluated, which shows that 

it is infeasible. Additionally, similarity elimination is applied to Candidate 6. Finally, 

since there is no more active candidates, the search is over. The global optimum 

corresponds to Candidate 7. 

 A second illustration presented in Figure 6 shows a different SuperSmart 

Enumeration procedure for a new example, where further details of the values of the 

objective function and the corresponding lower bound are added. In this case, values 

associated with the equipment size, lower bound and objective function are displayed 

for the first three movements of the procedure. 

Initially, Candidate 1 is evaluated, and it is determined that it is feasible, thus 

the first incumbent is updated, but no additional candidates are eliminated, despite 

the update of the lower bound of the objective functions of Candidates 3,4,8 and 9. In 

turn, the threshold is evaluated, which gives a value equal to 207.5. It means that the 

next exploration is the subsequent candidate with lower bound smaller than 207.5, 

which is the Candidate 4. This one is infeasible, which also eliminates Candidates 6 

and 7 by Similarity, and candidates 8 and 10 had their lower bound improved.  

Because of it is infeasibility, the next one tested is Candidate 5, which is a feasible 

one. Because it is objective function is smaller than the incumbent, the incumbent is 

updated and Candidates 2 and 3 are eliminated because their lower bound are 

higher than the incumbent. In addition, the threshold is evaluated and the next one to 

be tested is Candidate 9. 
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Figure 5 - Illustrative SuperSmart movement procedure for a hypothetical problem. Yellow color indicates that the candidate is evaluated, 

and the red one that it was eliminated 

 

Source: The author, 2022.  
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Figure 6 - Illustrative SuperSmart enumeration procedure for a hypothetical problem. 

   

 

Source: The author, 2022.  
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Despite the similarities for the candidate elimination are particular for each 

type of process equipment, the SuperSmart Enumeration can be easily generalized 

as described by the algorithm below, where once the problem physics is analyzed 

and the Similarity Table is constructed, the procedure is ready to start.  

Initialization: 

- Identify the initial set of candidates 

- Perform the Set Trimming to generate a reduced set of candidates 

- Evaluate the candidates lower bound  

- Evaluate the candidates size  

- Initialize the objective function ( ) of the incumbent,  

- Initialize the threshold,  

- Arrange the set of candidates ( ) in a downward order of equipment size: 

 

- Set , 

Step 1: 

- If , 

then stop, the solution corresponds to the current incumbent; if no 

incumbent was updated, then the problem has no feasible candidates. 

Step 2: 

- If there are no more active candidates below Candidate , 

Set  corresponding to the active candidate with the highest size in . 

      else 

Set  corresponding to the next candidate in the set  associated with 

a lower bound . 

Step 3: 

- Pick the candidate, , in the set , associated with an objective function 

. 

Step 4: 

- Solve the mathematical model of Candidate  for evaluation of the problem 

constraints of this candidate. 

Step 5: 

- If Candidate  is infeasible 
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 then perform the Similarity Elimination and set  

      else 

 calculate  and update the 

incumbent if  

Step 6: 

- Update the lower bound of the objective function of the candidates in the 

set  based on the evaluation results of Candidate  and perform the 

Elimination by Objective Function. 

Step 7: 

- Eliminate the tested candidate from the active set of candidates:  

 

Step 8: 

- Go to Step 1. 
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4. PLATE HEAT EXCHANGER DESIGN OPTIMIZATION 

 

 

This chapter presents the application of the enumeration techniques for the 

design of gasketed-plate heat exchangers. 

 

 

4.1. Gasketed-plate heat exchangers structure 

 

 

The structure of a gasketed-plate heat exchanger is illustrated in Figure 7. 

This kind of heat exchanger is composed of a packed set of corrugated plates. A 

channel is formed between each pair of plates, such that, the hot and cold streams 

flow through these channels, and heat is transferred across the plates. The plates 

have gaskets that prevent the leak of the streams from the heat exchangers. The 

gaskets are also responsible to define which stream (hot or cold) flows in each 

channel. 

The plates are corrugated, which promotes flow turbulence and enhance the 

heat transfer coefficient, as well as contribute to better mechanical strength. The 

main dimensions of the plate are shown in Figure 8, where  is the plate width 

inside gaskets,  is the projected plate length,  is the vertical port distance,  is 

the port diameter, and  is the Chevron angle (Kakaç; Liu, 2002). 

In addition, several flow pass arrangements can be employed (1-1, 2-1, 1-2, 

2-2, 3-1, 3-2,…,n-n) as illustrated in Figure 9. These possibilities provide more 

flexibility to the plate heat exchanger design.  
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Figure 7 - Gasketed plate exchanger. 

 

 

Source: Alfa Laval, 2018.  

 

Figure 8 – Plate dimensions 

  

Source: The author, 2022.  
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Figure 9 – Different flow pass arrangement in plate heat exchangers. 

 
Counter current arrangement 

 
Parallel arrangement 

 
2-1 arrangement 

 
1-2 arrangement 

 
2-2 arrangement 

Source: The author, 2022.  

 

 

4.2. Gasketed plate heat exchanger model 

 

 

The heat exchanger model corresponds to a set of differential equations 

related to energy and mechanical energy balances. The energy balance in a channel 

n is given by (axial diffusion and viscous dissipation are dismissed): 

 

              (6) 

 

where Tn is the stream temperature in the channel n, Cpn is the stream heat capacity 

in the channel n, y is the spatial coordinate along with the plate height (upwards),  
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is the surface enlargement factor, mcn is the mass flow rate in the channel n,  is 

the thermal flux between the channels n and n - 1 and qn,n+1 is the thermal flux 

between the channels n and n + 1, and the parameter pnn gives the orientation of the 

stream that flows in a channel  (upwards or downwards). 

 The thermal flux between the channels in Eq. (10) are given by: 

    (7) 

     (8) 

where Un,n-1 and Un,n+1 are the overall heat transfer coefficients between the channels  

n and n-1, and n and n+1, respectively. In addition, since the first and last plates are 

adiabatic walls, the thermal flux is equal to zero for both, that is: 

 

             (9) 

                            (10) 

 The expression for evaluation of the overall heat transfer coefficient between 

adjacent channels n and n-1 is (an equivalent expression for Un,n+1  is 

straightforward): 

                           (11) 

where h is the convective heat transfer coefficient, Rf is the fouling factor, t is the 

plate thickness, and kw is the thermal conductivity of the plate material. 

Any proper correlation for the evaluation of heat transfer coefficient can be 

used, and Saunders (1988) is selected. The expressions of the dimensionless groups 

are:  

                                             (12) 

     (13) 

     (14) 
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where  is the thermal conductivity,  is the mass flux and  is the hydraulic 

diameter calculated as follows:  

                                             (15) 

where  is the flow channel gap and  is the enlargement factor. 

The convective heat transfer coefficients are evaluated by:  

                            (16) 

where  and   in Equation (20) are the fluid viscosity evaluated at bulk temperature 

and wall temperature, respectively. The parameters Cp and ap depend on the 

Reynolds number and Chevron angle, as shown in Table 7. 

 

Table 7 - Model parameters for the convective heat transfer coefficient 

Chevron angle, 

β (deg) 
Re C a 

  0.718 0.349 

 0.348 0.663 

45 < 10 0.718 0.349 

10-100 0.400 0.598 

> 100 0.300 0.663 

50 < 20 0.630 0.333 

20-300 0.291 0.591 

> 300 0.130 0.732 

60 < 20 0.562 0.326 

20 – 400 0.306 0.529 

> 400 0.108 0.703 

 < 20 0.562 0.326 

20 – 500 0.331 0.503 

> 500 0.087 0.718 

Source: The author, 2022.  
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Because the heat transfer coefficient correlation contains the correction term 

based on the ratio between the viscosities at the bulk temperature and at the surface 

temperature, the model is complemented by the equation for the evaluation of the 

surface temperature. Thus, the surface temperature between channel  and , 

represented by Tsn,n-1 (an equivalent expression for Tsn,n+1 is straightforward) is the 

following: 

                                      (17) 

Equation (10) was discretized using the midpoint method and the resultant 

algebraic equation is: 

(18) 

where j in the grid index and y is the distance between adjacent grid elements 

( ). According to the midpoint method employed in the derivative 

discretization (Chapra and Canale, 2008), , ,  are 

evaluated considering the average of the temperatures at the points j and j – 1: 

. 

The hydraulic model addresses the pressure drop associated with friction 

losses. The pressure drop in a channel n can be evaluated using the Darcy-

Weisbach equation, represented below in a differential form: 

                                               (19) 

where  is the friction factor,  is the stream pressure in the channel n and  is the 

stream density in the channel n. The friction factor is given by:  

       (20) 

where  and  depend on the Chevron angle and the Reynolds number, as shown in 

Table 8 
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Table 8 – Model parameters for the friction factor 

Chevron angle, 

β (deg) 
Re K z 

  50.000 1.000 

  19.400 0.589 

 > 100 2.990 0.183 

45 < 15 47.000 1.000 

 15 – 300 18.290 0.652 

 > 300 1.441 0.206 

50 < 20 34.000 1.000 

 20 – 300 11.250 0.631 

 > 300 0.772 0.161 

60 < 40 24.000 1.000 

 40 - 400 3.240 0.457 

 > 400 0.760 0.215 

 < 50 24.000 1.000 

 50 - 500 2.800 0.451 

 > 500  0.639 0.213 

Source: The author, 2022.  

 

Equation (23) was discretized using the midpoint method and the resultant 

algebraic equation is: 

                (21) 

where the friction factor,  and the density  in Equation (25) are 

evaluated using the corresponding physical properties calculated at the average 

temperature .  

The complete model and the simulation algorithm are described in Nahes et 

al. (2022). This paper corresponds to a research activity developed during the Master 

course. Two key issues are particularly addressed in the proposed model, eliminating 

important limitations presented in the literature: (a) The proposed model is composed 

of a set of equations organized in a single generalized structure that can address any 



62 
 

 

combination of the number of passes and (b) the variation of the physical properties 

with temperature is included in the model explicitly. 

 

 

4.3. Design optimization problem formulation 

 

 

The design optimization problem addresses gasketed-plate heat exchangers 

with Chevron-type plates for the heating/cooling of streams without phase change. 

The design variables that represent each solution candidate are: 

 

• Total number of plates ( ), 

• Plate size (defined by the plate length, , plate width, , and port 

diameter, ), 

• Chevron angle ( ) 

• Number of passes of each stream (  and ). 

 

Due to the commercial availability and/or physical nature of the design 

variables, their values must be selected among a set of discrete options. The plate 

thickness ( ), the surface enlargement factor ( ), and the mean channel spacing are 

fixed parameters associated with the plate type and are not included in the 

optimization. 

Two design formulations are explored. The first optimization problem 

corresponds to the minimization of the total area of the plates: 

 

     (22) 

 

The performance constraints encompass the bounds on flow velocities, 

available pressure drops, and the minimum heat load required to fulfill the thermal 

task, as follows: 
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                                            (23) 

                                               (24) 

                                               (25) 

 

where  is the flow velocity in the channels between the plates, and  are the 

upper and lower flow velocity bounds, respectively,  is the total pressure drop, 

is the available pressure drop,  and  are the heat exchanger heat load 

and the specified minimum heat load of the design task, respectively. The constraints 

represented in Equation (27) and Equation (28) must be applied to both streams. 

Alternatively, the heat exchanger design optimization can also be formulated 

as the minimization of the total annualized cost. Because the trade-off between the 

capital and operating cost is explicit in the objective function, the constraint related to 

the pressure drop bounds in Equation (28) is eliminated and the objective function 

displayed in Equation (26) is substituted by: 

 

                                 (26) 

 

where  is the total annualized cost,  is the capital cost,  and  are the 

operating costs on a yearly basis for the hot and cold streams, and  is the 

annualizing factor. The expression of the annualization factor is: 

 

                                              (27) 

 

where  is the interesting rate and  is the project horizon in years. 

The capital cost can be evaluated by: 

 

                                                    (28) 

 

where  and  are model parameters of the cost correlation. The expression for the 

evaluation of the energy consumption for each stream is given by: 
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                                             (29) 

 

where  is the energy price,  is the mass flow rate (hot or cold),  is the pump 

efficiency, and  is the number of operating hours per year, all evaluated at the 

international system unit.  

 

 

4.4. Design optimization procedure 

 

 

The design optimization methods used are the Partial Set Trimming followed 

by Smart Enumeration or SuperSmart Enumeration. The first step of both 

enumeration techniques is the Set Trimming presented in Chapter 2, which obtain a 

reduced set of candidates. 

It is not possible to evaluate any design constraint given by Equations (27-29) 

before solving the temperature and pressure fields. Thus, it is necessary to employ 

bounds associated with the Proxy Set Trimming, detailed in the next subsection.  

 

 

4.4.1. Bounds associated with the Proxy Set Trimming 

 

 

The bounds employed in the Proxy Set Trimming are described below. The 

lower bound on the pressure drop, associated with the constraint in Equation (28) is 

given by:  

 

                                     (30) 

 

where  is a lower bound of the pressure gradient in the channels, evaluated 

by the RHS of Equation (23) considering the following uniform conditions of the 

stream: minimum viscosity and maximum density. If the physical properties 



65 
 

 

dependence with temperature is monotonic, such as liquid viscosity, the limit 

condition is easily obtained using the inlet or outlet condition. Otherwise, it is 

proposed to obtain these conditions creating a temperature mesh between the inlet 

and outlet temperature and evaluating the physical properties at each point of the 

mesh,and selecting the desired one (maximum or minimum value). The second term 

in the RHS of Equation (34) represents the pressure drop in the plate port.  

Because the friction factor correlation in Equation (23) involves a correction 

factor expressed by a ratio of the stream viscosity at the bulk temperature and at the 

wall tempereature, it must be disregarded for the hot stream. Instead, the viscosity at 

the wall must be evaluated at the maximum viscosity for the cold stream.  

In turn, the velocity lower and upper bounds, associated with the constraint in 

Equation (27), are given by: 

 

                                                   (31) 

                                                   (32) 

where  is the mean channel spacing.   

Finally, the lower bound on the heat load, associated with the constraint of 

Equation (29), can be evaluated using a Proxy through an analytical model using the 

LMTD method considering countercurrent heat exchanger ( ). Also, the following 

conditions must be used for the evaluation of the heat transfer coefficients: minimum 

viscosity, maximum thermal conductivity, and maximum heat capacity. If the 

correlation involves a viscosity at the wall temperature correction, the same condition 

presented before must be employed. 

However, the driving force given by the LMTD method was developed 

considering uniform physical properties, which renders to a linear function between 

the temperature and enthalpy (T-H), due to the constant value of the heat capacity. 

Since the original problem deals with variable Cp, the T-H diagram may not be linear 

and the mean temperature difference (MTD) between the hot and cold stream 

predicted by the LMTD method may be underestimated. For example, Figure 10 

shows rigorous T-H profiles of the hot and cold streams and the corresponding linear 
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profiles associated with the LMTD method. It is possible to observe that the LMTD 

does not provide a rigorous upper bound of the MTD. 

 

Figure 10 – Temperature and enthalpy diagram 

  

Source: The author, 2022.  

 

Thus, it is necessary to establish a new upper bound of the MTD. The 

highest possible is the difference between the inlet temperatures, but this value is too 

large and reduces the Set Trimming elimination. Thus, a lower one can be obtained 

considering a straight line that is tangent or secant, over the T-H curves.  

Let  and  and let (a+ b H) and (c+ d H), be the bounding 

straight lines desired, where a, b, c, and d, are the unknown coefficients sought after.  

The best LMTD approximation can be obtained solving the following problem 

(see Figure 11): 

   (33)  

 

      (34)  
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                (35) 

                             (36)  

                            (37) 

                            (38) 

       (39) 

 

Figure 11 – LMTD method upper bound 

 

Source: The author, 2022.  

 

 

4.4.2. Sequence of constraints 

 

 

The sequence of the constraints applied in the Set Trimming procedure is 

presented in Figure 12. 
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Figure 12 – Set Trimming constraint sequence applied in PHE optimization 

 
Source: The author, 2022.  

 

 

4.4.3. Objective function lower bound 

 

 

The problem of area minimization does not involve a lower bound on the 

objective function, because the area can be promptly evaluated from the heat 

exchanger dimensions. 

For the TAC minimization, the objective function depends on the streams 

pressure drop, therefore it is not known before the mathematical model solution. In 

this case, Equation (34) can be used to generate a TAC lower bound, which is the 

uniform value evaluated during the Proxy Set Trimming. In addition, the lower bound 

improvement is activated in the SuperSmart Enumeration, because it is value is liable 

to be updated. 
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4.4.4. Similarity Table 

 

 

The Similarity Table for the plate heat exchanger design problem is presented 

in Table 9. 

 

Table 9 - Similarity table application to the plate heat exchanger optimization 

Constraint 
Design variable 

     

      

      

      

Source: The author, 2022.  

 

Since smaller heat exchangers have less available heat transfer area, 

reducing the plate size also reduces the heat duty (it is assumed that the search 

space is composed of a sequence of plates with crescent sizes). Therefore, if a 

candidate does not attain the specified heat duty, the ones with fewer number of 

plates or smaller plates are also infeasible. In addition, higher chevron angles reduce 

the flow turbulence. Thus, larger angles imply smaller convective heat transfer 

coefficients. Because the number of passes effect on heat transfer is not predictable, 

the similarity is done maintaining the current value.  

For the pressure drop constraints, reducing the number of plates causes an 

increase in stream velocity, which increases the pressure drop. In this case, it is 

guaranteed that increasing the number of passes the pressure drop also increases, 

which justifies  and  entries in the Similarity Table for the hot and cold 

streams respectively. It is important to note that the number of passes of the other 

stream needs to be equal. For example, for the hot stream pressure drop, candidates 

with higher number of passes of the hot stream features a similarity, however the 

cold stream number of passes needs to be the same. It happens because increasing 

or reducing  may increase the heat transfer and, therefore, reducing the outlet 

temperature of the hot stream. The consequence is that the stream viscosity would 
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be higher and intensifies the pressure drop. The reduction of the Chevron angle 

increases the pressure drop as it is also illustrated in Table 9. 

Finally, the plate size effect on pressure drop is an interesting dual outcome 

discussion. Bigger sizes lead to higher plate length and width. Higher lengths 

contribute to the increase of the pressure drop, but higher widths also lead to higher 

cross-sectional areas which reduces the flow velocity. Although the plate length 

increase tends to have more effect, it cannot be guaranteed. As discussed before, 

the global optimality is ensured only if the monotonicity is also guaranteed, thus 

nothing can be said about the plate size.  

 

 

4.5 Examples 

 

 

The search space is presented in Tables 10 and 11. The set of plates selected 

correspond to a Chevron type, with dimensions typical of industrial models (Mulanix 

Company, Inc., 2022). This search space corresponds to 79000 different candidates, 

generated through the combination of all possible values of the design variables. 

 

Table 10 - Values of the Discrete Design Variables of plate heat 

exchanger optimization 

Variable Value 

Total number of plates 10, 11, 12, …, 800 

Plate size alternative (Table 9) 1, 2, 3, 4, 5 

Chevron angle (deg) 30, 45, 50, 60, 65 

Hot/cold stream number of passes 1 and 2 

Source: The author, 2022.  
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Table 11 - Dimensions of the Plate Size Alternatives 

Alternative Plate length  (m) Plate width  (m) Port diameter  (m) 

1 0.743 0.845 0.3 

2 0.978 0.812 0.288 

3 1.281 1.200 0.4 

4 1.50 1.22 0.35 

5 1.835 0.945 0.3 

Source: The author, 2022.  

 

The material of the plates has a thickness and thermal conductivity equal to 

0.8 mm and 16.2 W/(mK), respectively. The enlargement factor associated with the 

corrugation is 1.15 and the mean channel spacing is 3 mm. 

Hot and cold streams correspond to engine oil, which presents a considerable 

variation of the viscosity with temperature. The physical properties of the streams are 

calculated in the simulation using mathematical functions fitted to the set of 

experimental data at different temperatures presented by Incropera and DeWitt 

(2007) (see Appendix B). 

The computational codes of the enumeration algorithms were written in 

Python, employing the module NumPy for fast array manipulations and the module 

SciPy for handling sparse matrices. The results presented below are associated with 

a discretization grid of the differential equations containing 25 points. The resultant 

computational time needed for each simulation is small, varying from 0.03 s for small 

units to 1.5 s for large ones, using a personal computer with a processor i7-8565U 

1.8 GHz and 8 GB RAM memory. 

Five design examples were solved, according to the data presented in Table 

12. 
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Table 12 - Design examples specifications of plate heat exchanger optimization. 

  Examples 

Stream Parameter 1 2 3 4 5 

Hot 

 (°C) 150 150 160 160 160 

 (°C) 130 122 120 143.8 120 

 (kg/s) 50 70 25 70 45 

 (bar)* 1 0.7 0.6 2 1 

Cold 

 (°C) 32 50 62 22 40 

 (°C) 58.75 87.2 106.44 40 91.88 

 (kg/s) 45 60 25 80 40 

 (bar)* 1 0.7 0.6 2 1 

Source: The author, 2022. * TAC minimization does not have allowable pressure 

drop. 

 

In addition, the flow velocity must be within 0.2 and 0.9 m/s, and the fouling 

factor of the cold and hot stream are, respectively, 0.0002 m2ºC/W and 0.0004 

m2ºC/W. For the TAC minimization, the values of the parameters employed for the 

evaluation of the objective function were reported by Hajabdollahi et al. (2016). The 

parameters  and  for the evaluation of the capital cost are equal to 635.14 and 

0.778, respectively. The energy price is 0.15 $/kWh, the pump efficiency is 0.6, the 

interest rate is 0.1 for a project horizon of 10 years, and the number of operating 

hours per year is 7500 h/y. 

 

 

4.6. Examples results 

 

 

The Area and TAC of the heat exchangers obtained using the enumeration 

techniques are displayed in Tables 13 and 14.  
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Table 13 – PHE optimization results  

 Optimal result for Area minimization Optimal result for TAC minimization 

Example Area (m²) TAC ($/y) Elapsed time (s) Area (m²) TAC ($/y) Elapsed time (s) 

1 91 21172 85.52 146 10782 385.87 

2 199 19680 305.57 381 17149 1808.12 

3 136 9927 149.76 143.19 8364 265.22 

4 122 52940 169.15 242 25250 994.09 

5 200 17755 451.27 317 14816 1083.00 

Source: The author, 2022.  

 

Table 14 – PHE global optimum solution details 

 Example Ntp Plate Nph Npc β 

Area 

minimization 

1 126 1 2 1 60 

2 218 2 1 1 45 

3 77 3 1 1 30 

4 169 1 2 1 60 

5 113 3 1 1 45 

TAC 

minimization 

1 202 1 1 1 65 

2 181 4 1 1 65 

3 81 3 1 1 45 

4 340 1 1 1 60 

5 159 5 1 1 65 

Source: The author, 2022.  

 

The results displayed in Table 13 and 14 illustrate a pattern of higher areas 

attained in TAC minimization compared to the Area minimization. This is expected 

because the total annualized cost seeks a trade-off between capital and operating 

cost, which is usually achieved by increasing the heat transfer area, i.e, with more 

plates and/or higher plates widths. In addition, the corrugation angles tend to be 

higher, because it reduces the flow turbulence and consequently the stream pressure 

drop. Finally, the solutions obtained by the TAC minimization may also seeks heat 

exchangers with less passes, which is observed in Examples 1 and 4. 
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Tables 15 and 16 show the number of surviving candidates on each trimming 

and the number of candidates evaluated on the Smart Enumerations. 

 

Table 15 - Area minimization procedure 

 Example 

 1 2 3 4 5 

Number of 

surviving 

candidates  

Initial 79000 79000 79000 79000 79000 

 14810 19935 8400 25105 13130 

 14596 19297 8042 25105 12972 

 12692 18400 7664 21698 12765 

 12422 13800 3587 21698 7986 

Number of 

evaluations  

Smart 591 1491 960 847 2446 

SuperSmart 53 58 67 77 75 

Source: The author, 2022.  

 

Table 16 - TAC minimization Procedure 

 Example 

 1 2 3 4 5 

Number of 

surviving 

candidates  

Initial 79000 79000 79000 79000 79000 

 14810 19935 8400 25105 13130 

 14540 15275 4147 25105 8326 

Number of 

evaluations   

Smart 2593 7234 1966 3347 5345 

SuperSmart 150 550 142 265 374 

Source: The author, 2022.  

 

The initial search space is composed of 79000 candidates for both 

optimization formulations. Tables 6 and 7 shows that the Set Trimming eliminates in 

average almost 85% and 83% of the candidates for the Area and TAC minimization, 

respectively, consuming a very small computational effort. In addition, the fraction of 
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candidates evaluated in the Smart Enumeration are, in average, only 1.6% and 5.2% 

of the original search space for the Area and TAC minimization, respectively. In turn, 

for the SuperSmart Enumeration this fraction is even smaller, which are, in average, 

0.08% and 0.37%. 

 

 

4.6.1. Comparison with other optimization methods 

 

 

The computational performance of the proposed enumerations techniques is 

compared with two important metaheuristics methods used in literature, which is the 

Genetic Algorithms (Goldberg, 1989) and Particle Swarm Optimization (Kennedy; 

Eberhart, 1995).  

The PSO method was tested using the routine available in the module 

PySwarms (Miranda, 2018) using a rounding off procedure to handle the discrete 

variables (Sengupta, 2018). The GA runs employed the module genetic algorithm 

(Solgi, 2020) according to Bozorg-Haddad et al. (2017). In all metaheuristic methods, 

the constraints were handled by the stochastic algorithms through the insertion into 

the objective function of penalty terms: 

 

      (40) 

 

where  is the objective function with the penalty term,  is the objective function 

(TAC or Area) calculated with Equation (26) or Equation (30),  is the 

maximum value of the  and  is the violation of the constraint . In area 

minimization,   corresponds to the largest area of the candidates. For the 

TAC minimization,   is evaluated considering the largest area for evaluation 

of the capital costs and the largest pressure drop for the evaluation of the operating 

costs. Table 17 displays the set of control parameters employed in the runs of each 

stochastic method (Hajabdollahi et al., 2016). 
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Table 17 - Control parameters of the metaheuristic methods used in PHE 

optimization 

Method Parameter 

PSO 

Number of particles = 100 
Inertia weight = 0.5 

Self-confidence factor = 1.5 
Swarm confidence factor = 1.75 

 

GA 

Population size = 50 
Crossover probability = 0.8 
Mutation probability = 0.1 

Elitism ratio = 0.02 
Fraction of the population filled by members of the previous generation = 

0.02 
Crossover type = uniform 

 

Source: The author, 2022.  

 

Due to the randomized nature of the metaheuristic methods, they were tested 

through 5 independent runs. The number of iterations of each metaheuristic method 

was tuned through successive tests with increasing number of iterations, until the 

global optimum is identified in all runs or until the computational effort of the 

metaheuristic method becomes larger than the Partial Set Trimming followed by 

Smart Enumeration. Tables 18 and 19 contains the number of iterations of each 

example for the area and TAC minimization, respectively. 

 

Table 18 - Number of iterations of the metaheuristic methods for area minimization 

Example GA PSO 

1 10 8 

2 25 15 

3 15 20 

4 20 8 

5 50 25 

Source: The author, 2022.  
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Table 19 - Number of iterations employed in the metaheuristic methods for TAC 

minimization 

Example GA PSO 

1 40 15 

2 120 55 

3 30 8 

4 50 20 

5 70 30 

Source: The author, 2022.  

 

The area and TAC of the heat exchangers obtained using the metaheuristic 

methods are displayed in Tables 20 and 21, containing the best, worst, and average 

solution, and the percentage of the runs where the global optimum was found. Tables 

22 and 23 present the elapsed time associated with each method. The values 

reported for the stochastic methods correspond to the average of the 5 runs. 

 

Table 20 – Metaheuristic optimization result for area minimization 

 Optimal area, m²  

Example PSO GA 
Proposed 
approach 

 Best Average Worse 
% 

Global 
Best Average Worse 

% 
Global 

Solution 

1 91 96 111 40 91 113 128 20 91 
2 199 224 312 20 205 299 351 0 199 
3 148 168 187 0 187 218 258 0 136 
4 122 132 155 40 126 139 150 0 122 
5 200 222 236 40 200 252 334 20 200 

Source: The author, 2022.  
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Table 21 – Metaheuristic optimization result for TAC minimization 

 Optimal TAC, $/y  

Example PSO GA 
Proposed 
approach 

 Best Average Worse 
% 

Global 
Best Average Worse 

% 
Global 

Solution 

1 10782 11435 13917 40 10782 11188 12578 20 10782 
2 17149 17641 17969 40 17149 17651 18005 40 17149 
3 8372 9549 10207 0 9724 10255 10785 0 8364 
4 25250 25250 25250 100 25250 25442 25696 20 25250 
5 14816 15636 15841 20 14816 15829 16192 20 14816 

Source: The author, 2022.  

 

Table 22 – Elapsed time of metaheuristic optimization for area minimization 

 Elapsed time (s) 

Example PSO GA Smart SuperSmart 

1 251 157 85 14 

2 492 474 306 19 

3 584 201 150 12 

4 378 395 169 24 

5 743 747 451 16 

Average 490 395 232 17 

Source: The author, 2022.  

 

Table 23 - Elapsed time of metaheuristic optimization for TAC minimization 

 Elapsed time (s) 

Example PSO GA Smart SuperSmart 

1 397 458 386 33 

2 2372 2068 1808 147 

3 305 375 265 22 

4 767 1219 994 99 

5 1221 1298 1083 100 

Average 1013 1083 907.2 80 

Source: The author, 2022.  

 

Tables 20-23 show that even with higher computational effort than the Smart 

Enumeration, the GA method got trapped in a local minimum on at least one run of 
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all examples and formulations. For the PSO method, the results are similar, except 

for Example 4 in TAC minimization, where the method attained the global optimum in 

100% of the runs with smaller elapsed times. Considering the general performance of 

the metaheuristic methods in all examples in both objective functions, the GA attain 

the global optimum in 14% of the runs, consuming an average elapsed time of 739 

seconds, and the PSO attained the global optimum in 34% of the runs consuming an 

average elapsed time of 751 seconds. This result clearly illustrates the superiority of 

the Enumeration techniques in this sample of examples, which always attain the 

global optimum, where the Smart Enumeration converge in an average elapsed time 

of 567 seconds and the SuperSmart in an average elapsed time of 46 seconds. 

Others important aspects need to be point out. The metaheuristic method 

attained poor local optima several times. For example, the PSO method did not find 

the global optimum in any of the 5 runs in example 3, and the average solution is 

23.5% and 14.2% higher than the global optimum in the area and TAC minimization, 

respectively. In addition, the result can be significant dependent on the set of control 

parameters of the algorithms, different from the Smart Enumeration that do not have 

any and the SuperSmart Enumeration that only have one. 
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5. FIXED-BED CATALYTIC REACTOR DESIGN OPTIMIZATION 

 

 

This chapter presents the application of the enumeration techniques for the 

design of fixed-bed catalytic reactors. 

 

 

5.1. Fixed-bed catalytic reactor structure 

 

 

There are different alternatives of fixed-bed reactors, such as, adiabatic 

reactors, quasi-isothermal reactors, quench reactors, etc. The proposed optimization 

approaches presented here is applied to the design of a quasi-isothermal reactor 

composed of a tube bundle filled with catalyst. The reaction is exothermic and the 

temperature variation along the reactor is limited through the heat transfer to boiling 

water inside the reactor shell. Figure 13 depicts a representation of the reactor 

structure. It is important to observe that the proposed optimization procedure is 

general and can be applied to any other reactor alternative. 

 

Figure 13 - Investigated fixed-bed reactor 

   

Source: The author, 2022.  
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5.2. Reactor mathematical model 

 

 

A one-dimensional pseudo-homogenous plug flow model (Santangelo et al., 

2008) is used. The molar balance in a single reactor tube is given by: 

 

                                (41) 

 

where Fi is the molar flow rate of component i in a single reactor tube, z is the axial 

coordinate,  is the stoichiometric coefficient of component i in reaction j,  is the 

reaction rate of reaction j,  is the catalyst activity, is the catalyst effectiveness 

factor of reaction j,  is the bed density and  is the tube cross-sectional area 

associated with an inner diameter dti, given by:  

 

                                               (42) 

 

In turn, the energy balance is given by: 

 

          (43) 

 

where  is the mass flux per reactor tube,  is the mixture heat capacity,  is 

the enthalpy of reaction  j, Tc is the boiling water temperature (cold utility) and U is 

the overall heat transfer coefficient. Ignoring fouling, the expression of the overall 

heat transfer coefficient becomes: 

 

                                  (44) 
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where dti and dte are the inner and outer tube diameters,  is the tube wall 

thermal conductivity, ht and hs are the convective heat transfer coefficients of the gas 

phase flowing inside the tubes and of the boiling water in the shell, respectively. 

The momentum balance is given by the Ergun equation (Ergun, 1952):  

 

                         (45) 

 

where  is the catalyst particle diameter,  is the bed porosity and  is the fluid 

density. 

 

 

5.3. Design optimization problem formulation 

 

 

The optimization problem consists of the design of a reactor that attains a 

given minimum production according to a previously established mass and energy 

balance of the reaction unit, frequently associated with a recycle and a purge. The 

optimization variables for the reactor design are (the reactor is considered to operate 

assuming a given inlet temperature and pressure of the feed stream):  

• Total number of tubes (Ntt),  

• Inner and outer tube diameter (dti and dte),  

• Tube length (L), 

• Boiling water temperature (Tc). 

 

Because of its physical nature or commercial availability, the geometric 

variables Ntt, dti and dte, and L are discrete. The boiling water temperature is a 

continuous variables, but, since Set Trimming and enumeration techniques require 
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discrete variables, these variables are discretized for the solution of the optimization 

problem. 

The objective function is the minimization of the net present cost, given by the 

capital costs associated with the reactor construction (CAPEX) and the present cost 

of the catalyst loadings during the project life (OPEX): 

 

                                  (46) 

 

 The OPEX is given by: 

 

                        (47) 

 

where  is the catalyst price per unit mass, Vcat is the reactor catalyst volume, 

 is the present value factor associated with the catalyst loading t, and Ncat is the 

number of catalyst loadings during the horizon time of the project. 

 The present value factor is given by:  

 

                                        (48) 

 

where i is the corresponding interest rate and nt is the number of years at the 

moment of the catalyst loading t (the catalyst changes are uniformly distributed). The 

frequency of catalyst loadings is previously known.  

The reactor catalyst volume is given by: 

 

                                       (49) 

 

The capital cost is estimated based on the material cost to build the reactor: 

 

                            (50) 
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where  is the unit price of the reactor material and Wreactor is the reactor mass. 

The reactor mass is composed of the mass of the tubes (Wtubes), shell (Wshell), 

tubesheet (Wtubesheet) and shell heads (Wheads): 

 

                           (51) 

                                     (52) 

                                 (53) 

                                     (54) 

                 (55) 

 

where is the density of the reactor material, Dsi is the inner diameter of the 

shell,  is the shell thickness, is the tubesheet thickness, is 

the shell cover thickness and  is the total tube length including the catalyst support 

length. The expression of the mass of the shell heads is associated with a 

hemispherical alternative. 

Based on geometrical relations employed for shell and tube heat exchanger  

design, the inner shell diameter needed to accommodate a given number of reactor 

tubes depends on the number of tubes, the outer tube diameter, the tube pitch and 

the tube layout (Kakaç and Liu, 2002): 

 

                                   (56) 

 

where Ltp is the tube pitch and  is a geometrical constant that depends on the tube 

bundle layout (it is equal to 1.0 for an square layout and 0.87 for an triangular layout). 

The shell and head thicknesses can be calculated for each optimization 

candidate prior to the optimization (Fischer et al., 2020): 
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                            (57) 

                           (58)   

 

where PD is the maximum vessel pressure difference,  is the allowable tensile 

strength, and  is the joint efficiency. Finally, the tubesheet thickness is estimated as 

10% of the shell inner diameter. 

The design constraints are the minimum production, available pressure drop, 

the length and shell diameter ratio and a maximum temperature inside the reactor as 

follows: 

 

                 (59) 

                 (60) 

                           (61) 

                        (62) 

 

where  is the minimum production, P is the total pressure drop,  is the 

available pressure drop,  and  are, respectively, the minimum and 

maximum length/diameter ratio and  is the maximum temperature. The last 

constraint is important to prevent premature catalyst deactivation.  

 Besides the catalyst bed, the reactor is composed of sections whose objective 

is to support the catalyst bed. These sections are: the support balls located at the 

topside and downside of the bed, and the hold-down support located only at the 

downside. Although there is no reaction in these supporting sections, there are 

pressure drop and heat transfer. However, these sections usually are considerable 

smaller than the catalyst bed and it is assumed negligible in this dissertation for 

simplification. Therefore, the reactor model solution is obtained integrating the above 
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presented set of differential equations in a range between  (i.e. the sections of 

the tubes inside the tubesheets are also dismissed). 

 

 

5.4. Design optimization procedure 

 

 

The design optimization methods used are the Partial Set Trimming followed 

by Smart Enumeration and Partial Set Trimming followed by SuperSmart 

Enumeration. The first step of both enumeration techniques is the Set Trimming 

presented in Chapter 2, whose output is a reduced set of candidates. 

The constraint associated with the bounds on the length/diameter ratio 

(Equation (63)) can be evaluated without having to solve the mathematical model, 

thus can be promptly used in the Set Trimming. However, the constraints associated 

with Equations (64-66) demand the solution of the set of differential equations of the 

mathematical model, Equations (45-49), therefore they cannot be applied to an entire 

set of candidates simultaneously without a large computational cost, requiring the 

utilization of Proxy Set Trimming. 

 

 

5.4.1. Bounds associated with the Proxy Set Trimming 

 

 

The bounds employed in the Proxy Set Trimming (Equations (64) and (65)) 

are described below. 

The lower bound on the pressure drop constraint (Equations (64)) is given by: 

 

                           (63) 

where  is a lower bound of the pressure gradient, evaluated by the RHS of 

Equation (49) considering the following conditions of the gas stream throughout the 

bed: minimum viscosity and maximum density.  



87 
 

 

The density and viscosity of the gas phase are dependent on pressure, 

temperature and composition. Depending on the specific case, these physical 

properties behavior may be known a priori and the limit condition can be easily 

selected (e.g. the lowest viscosity value of low pressure gases corresponds to the 

lowest temperature). However, if a monotonic behavior cannot be directly 

established, which is the situation of the present work, it is proposed to solve, prior to 

the design optimization, two small optimization problems to identify the lowest 

viscosity and the highest density. These extreme values are associated with the 

lower bound on the pressure gradient, present in Equation (67). The variables of 

these optimization problems are: 

- Temperature: the search space is limited by the minimum temperature of 

the system (the boiling water temperature or the inlet temperature) and the 

maximum temperature of the system ( ). 

- Pressure: the search space is limited by the minimum pressure of the 

system (inlet gas pressure less the allowable pressure drop) and the 

maximum pressure of the system (inlet gas pressure). 

- Extent of reaction: the extent of reaction expresses the possible gas phase 

compositions of the reactant mixture and it is limited by the minimum 

values associated with the production bound.  

In turn, the Proxy Set Trimming corresponding to the upper bound on the 

reactor production (Equation (65)) is obtained by calculating a lower bound on the 

required catalyst mass to achieve the desired production. Candidates with a catalyst 

mass lower than the lower bound can be eliminated. 

 The lower bound on the required catalyst mass is calculated solving the 

following diferential equation: 

 

                                               (64) 

 

 The reaction rate is calculated with a constant temperature and pressure, 

using the maximum temperature,  in Equation (66), and the maximum pressure, 

represented by the inlet value.  Since the reaction rate in Equation (68) represents an 

upper bound, the reverse reaction is disregarded. The evaluation of the reaction rate 
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along the numerical integration of Equation (68) between the inlet product flow rate 

and the desired product flow rate is executed considering the corresponding mass 

balances associated with the stoichiometry of the reaction.  Therefore, the Proxy Set 

Trimming is given by: 

 

                                       (65) 

 

 

5.4.2. Sequence of constraints 

 

 

The sequence of the constraints applied in the Set Trimming procedure are 

presented in Figure 14. 

 

Figure 14 – Set Trimming constraint sequence applied in the fixed-bed reactor 
optimization 

 
Source: The author, 2022. 
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5.4.3. Objective function lower bound  

 

 

In the particular case of the proposed reactor design problem, the objective 

function can be quickly evaluated. Therefore, a lower bound is not necessary to order 

the candidates (since there is a direct relation between the size of the reactor and the 

objective function, the objective function was also employed to order the candidates 

in the SuperSmart Enumeration). 

 

 

5.4.4. Similarity Table 

 

 

The Similarity Table for the fixed-bed reactor design is given by: 

 

Table 24 - Similarity table application to the fixed-bed reactor optimization 

Constraint 
Design variable 

    

     

     

Source: The author, 2022.  

 

Increasing the tube length renders to a higher pressure drop, which explains 

why candidates with longer length can be eliminated. In addition, reducing the tube 

diameter and the number of tubes also decreases the cross sectional area, which 

yields to a higher flow velocity and pressure drop. However, the temperature 

influence on pressure drop cannot be predicted a priori. 

The product production constraint is based on the available reactor volume or 

catalyst mass. It means that reducing the tube length, tube diameter and number of 

tubes also reduces the amount of catalyst, which renders a smaller production. 

Finally, similar to the pressure drop, the temperature influence cannot be predicted a 

priori. 
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5.5. Examples 

 

 

 The performance of the design optimization approaches is illustrated through 

two examples involving the ammonia and methanol synthesis reactors. The search 

space of each design problem is presented in Tables 25 and 26. The design problem 

parameters are presented in Table 27. The data of the catalyst bed of the ammonia 

and methanol synthesis reactors were originally reported by Palys et al. (2018) and 

Chen et al. (2011), respectively. The total horizon time of the economic analysis 

corresponds to 15 years and the interest rate is 0.1 for both reactors, associated with 

a catalyst lifetime of 5 years (Ammoniaknowhow, 2013) for the ammonia synthesis 

reactor and 3 years for the methanol reactor (therefore, for the ammonia synthesis 

reactor n1 = 0, n2 = 5, n3 = 10 years and for the methanol synthesis reactor n1 = 0, n2 

= 3, n3 = 6, n4 = 9, and n5 = 12 years). 

The shell, heads and tubesheet materials are made of carbon steel. The 

allowable tensile stress, density and price are, respectively, 127.55 MPa 

(Engineering Toolbox, 2008), 7840 kg/m³ (Kloeckner Metals, 2021) and 0.65 US$/kg 

(Fischer et al., 2020). Due to the hydrogen content in reactant mixture, the methanol 

and ammonia reactor tubes are composed of different materials. For the methanol 

reactor, stainless steel is used, where the allowable tensile stress, density and price 

are, respectively, 120.66 MPa (Nickel Institute, 2021), 8000 kg/m³ (Thyssenkrupp, 

2022) and 2.85 US$/kg (Fischer et al., 2020). Finally, the ammonia reactor tubes are 

composed of 1.25Cr-0.5Mo steel, where the allowable tensile stress, density and 

price are, respectively, 103.42 MPa (Metals Pipping, 2016), 7750 kg/m³ (Piping and 

Pipeline, 2020) and 2.28 US$/kg (India Mart, 2020). 

 

Table 25 - Reactor optimization search space 

Variable Ammonia synthesis reactor Methanol synthesis reactor 

Total number of tubes, Ntt 200, 204, 208, …., 3000 700, 703, 706, …, 3000 
Tube alternative 6, 7, 8, 9, 10 1, 2, 3, 4, 5 

Tube length, L (m) 3.05, 4.88, 5.49, 6.71, 7.20 1.83, 2.44, 5.49, 6.71, 7.20 
Steam temperature, Tc (K) 600, 610, 620, 630, 640, 645 460, 470, 480, 490, 500, 510, 520 

Source: The author, 2022.  
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Table 26 -Tube alternative specifications 

Tube 
alternative 

Nominal 
diameter (in) 

Schedule 
Inner diameter  

(mm) 
Thickness  

(mm) 

1 1" 10, 10S 27.8638 2.7686 
2 1 ¼ 10, 10S 36.6268 2.7686 
3 1 ½” 10, 10S 42.72280 2.768600 
4 2" 10, 10S 54.7878 2.7686 
5 2 ½” 10, 10S 66.929 3.048 
6 1 ¼” XX 22.7584 9.703 
7 1 ½” XX 27.940 10.160 
8 2” XX 38.1762 11.074 
9 2 ½” XX 44.9834 14.021 
10 3” XX 58.42 15.24 

Source: The author, 2022.  

 

Table 27 - Fixed-bed reactor design problem parameters 

Variable 
Ammonia synthesis 

reactor 
Methanol synthesis 

reactor 

Bed void fraction,  0.400 0.285 
Bed density,  (kg/m3) 1816.5 851.0 

Catalyst density,  (kg/m3) 3000 1190 

Catalyst diameter,  (m) 0.0020 0.0061 

Catalyst price,  ($/kg) 15.5 20.6 

Source: The author, 2022.  

 

It is assumed a constant thermal conductivity of the reactant mixture, but the 

heat capacity is as a function of temperature and composition, the viscosity is 

evaluated using the Chung et al. method (Chung et al.,1988), and the fluid density is 

calculated using the Peng-Robison equation of state (Peng et al., 1976) for the 

ammonia synthesis and the Soave-Redlich-Kwong equation of state (Soave, 1972) 

for the methanol one. 

The proposed approach was implemented in Python with the reactor simulation 

routine employing the solver LSODA from the SciPy module (Virtanen et al., 2020).  
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5.5.1. Fixed-bed reactor design optimization for ammonia synthesis 

 

 

The ammonia is obtained through the following reaction: 

 

                                                      (66) 

 

The corresponding reaction rate expression employed in the reactor model for the 

design optimization is (DYSON and SIMON, 1968): 

 

                            (67) 

 

where  is the rate of formation of ammonia in kmolm-3s-1,  is activity and  is 

the constant for the reverse reaction estimated: 

 

                                               (68) 

 

where  is in Kelvin. The activity is given by: 

 

                                                (69) 

 

where   is the fugacity coefficient. The equilibrium constant is given by: 

 

                              (70) 
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The effectiveness factor is calculated using the following equation (Dyson and 

Simon, 1968): 

 

            (71) 

 

where   is the nitrogen conversion as measured from the reference mixture which 

has the following composition: a 3 to 1  ratio and 12.7% inert, T is in Kelvin 

and the constants are obtained interpolating the values given in Table 28, according 

to the system pressure along the bed. 

 

Table 28 - Ammonia synthesis effective factor model parameters 

 Pressure 

Parameter 150 atm 225 atm 300 atm 

    

    

    

    

    

    

    

Source: Dyson; Simon, 1968.  

 

The feed gas composition is 21.825% of , 65.475% of ,  of  and 

4% of both  and Argon, with 2520 kmol/hr of inlet mole flow rate and 220 bar of 

pressure and 660K of temperature.  

The expression used for evaluation of the tube-side heat transfer coefficient is 

(Leva,1949): 

 

                                    (72) 

 

Because the boiling heat transfer resistance is considerably smaller than the 

tube-side one, it is considered negligible.  



94 
 

 

The Peng Robinson equation of state is used, where the nonzero binary 

coefficients are presented in Table 29, obtained from the databank of Aspen Plus. 

 

Table 29 - Peng-Robinson interaction binary parameters to the 

ammonia synthesis 

Parameter Value 

 0.103 

 0.2193 

 0.0311 

 -0.0026 

 0.0156 

 -0.18 

 0.023 

Source: Aspen plus, 2022.  

 

The bounds associated with the design constraints are: 

 

      (73) 

      (74) 

                     (75) 

              (76) 

 

 

5.5.2. Fixed-bed reactor design optimization for methanol synthesis 

 

 

The analysis of the methanol synthesis reactor is based on the kinetic model 

presented by Vanden Bussche and Froment (1996), which considers two reactions: 

 

                                (77) 
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                             (78) 

 

that are associated with the following reaction rate expressions for the reverse water 

gas shift reaction and the methanol synthesis, as follows: 

 

                 (79) 

              (80) 

 

where K is a model parameter,  and  are the equilibrium constant of each 

reaction and  is the partial pressure of component i. The values of the kinetic rate 

parameters are displayed in Table 30. 

 

Table 30 - Kinetic model parameters of methanol synthesis 

 
A B 

 

0.499 17191 

 
6.62 10-11 124119 

 
3435.38 - 

 
1.07 36696 

 
1.22 1010 -94765 

Source: Vanden Bussche; Froment, 1996.  
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The equilibrium constants are obtained using the following expressions (Graaf et 

al., 1990): 

 

                                             (81) 

                                             (82) 

 

The binary coefficients used of the Soave-Redlich-Kwong equation of state 

are presented in Table 31 (Lovik, 2001). 

 

Table 31 - Soave-Redlich-Kwong interaction binary parameters to the methanol 

synthesis 

        

 0 0 -0.3462 0.0148 0.0737 0.0933 -0.0171 

 0 0 0.0804 0 0 0.0322 0.013 

 -0.3462 0.0804 0 0 0 -0.0222 -0.001 

 0.0148 0 0 0 -0.0789 0 -0.214 

 0.0737 0 0 -0.0789 0 0 -0.49 

 0.0933 0.0322 -0.0222 0 0 0 0.031 

 -0.0171 0.013 -0.001 -0.214 -0.49 0.031 0 

Source: Lovik, 2001.  

 

The design optimization example is based on Chen et al. (2011), which 

reported all reactor and plant data provided by the methanol synthesis unit of the 

Tuha Oilfield Company. The feed and coolant specifications is given by Table 32, the 

reactor specifications are presented in Table 33 and the outlet conditions data are 

depicted in Table 34. Chen et al. (2011) also reported an overall heat transfer 

coefficient equal to 118 W m-2 K-1, which is assumed constant in the design 

optimization. 
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Table 32 - Feed and coolant specifications of company methanol reactor.  

 Feed Boiling feed water 

Temperature (°C) 225 220 
Pressure (bar) 69.7 29 

Mole flow rate (kmol h–1) 6264.8 766.0 
Mass flow rate (kg h–1) 57282.8 800.0 

Volumetric flow rate (m3h–1) 3835.4 13.8 

Component flow rates (kg h–1) 

CO 10727.9  

CO2 23684.2  

H2 9586.5  

H2O 108.8 800.0 
CH3OH 770.3*  

CH4 4333.1  

N2 8072.0  

Source: Chen et al., 2011. * The feed contains ethanol and methyl formiate 

byproducts, but in this dissertation those components are not considered 

 

Table 33 - Company methanol reactor and catalyst specifications 

Parameter Value 

Reactor tube diameter 0.04 m 
Reactor length 7 m 

Number of tubes 1620 
Catalyst particle shape cylinder 
Catalyst particle density 1190 kg/m3 

Heat transfer coefficient  118.44 W/(m2K) 

Source: Chen et al., 2011. 

 

Table 34 - Plant data. 

 Outlet condition 

Temperature (°C) 255 
Pressure (bar) 66.9 

Mole flow rate (kmol h–1) 5592.4 
Mass flow rate (kg h–1) 57282.8 
Volumetric flow (m3h–1) 3780.5 

Component flow rates (kg h–1) 

CO 4921.0 
CO2 18 316.4 
H2 8013.7 

H2O 2309.3 
CH3OH 11 283.1 

CH4 4333.1 
N2 8071.9 

Source: Chen et al., 2011. 
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The objective is to compare the design optimization result proposed in this 

dissertation with the company reactor, as well as the computational performance of 

the enumeration techniques with the same metaheuristic methods used in the 

gasketed-plate heat exchanger design. In turn, before the optimization, the pair of 

catalyst activity and effectiveness was fitted to minimize the squared relative error 

between the outlet temperature and methanol production given by Table 34. The 

value obtained is 0.72, associated with a squared relative error equal to 0.21%. 

Now, turning the attention to the optimization problem, the bounds associated 

with the design constraints are: 

 

                                (83) 

                   (84) 

                    (85) 

                            (86) 

The Proxy Set Trimming associated with the minimum production constraint 

(Equation (69)) involves the synthesis reaction depicted in Equation (82), eliminating 

the reverse reaction, as discussed before. Additionally, both carbon oxides in the 

feed are considered as carbon dioxide, i.e. it is assumed that the conversion of CO to 

CO2 in the water gas shift reaction (Equation (81)) is instantaneous. 

 

 

5.6 Examples results 

 

 

The global optimum solutions for the design of the ammonia and methanol 

reactors attained by Set Trimming followed by Smart Enumeration and SuperSmart 

Enumeration are presented in Table 35, associated with the temperature, pressure, 

and mole fraction profiles depicted in Figures 15 and 16.  

The original search space consists of 105,000 and 134,225 candidates for the 

ammonia and methanol reactor, respectively. Table 36 shows the number of 

surviving candidates on each trimming and the number of candidates evaluated 
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when applying the Smart and SuperSmart Enumerations. Set trimming reduces the 

list of candidates to 73,722 (29.8% of the original number)  and 59,689, (55.5% of the 

original number), for the ammonia and methanol reactor, respectively. For the Smart 

Enumeration, the optimal results are obtained using 9804 and 12498 simulations of 

candidates from the search space of the ammonia and methanol reactor design 

problems, respectively. For the SuperSmart, the number of simulations is significant 

smaller, which are only 287 and 297. 

 

Table 35 – Optimization result for the fixed-bed reactor design 

Design variables Ammonia Methanol 

Number of tubes 404 1783 
Tube alternative 10 3 
Tube length (m) 3.048 5.49 

Utility temperature (K) 645 490 
Objective function 433,284 850,344  

Source: The author, 2022. 

 

 

Figure 15 – Temperature, pressure and mole fraction profiles of the global optimum 

reactor design of the ammonia synthesis reactor 

   

Source: The author, 2022.  

 

 

 



100 
 

 

Figure 16 – Temperature, pressure and mole fraction profiles of the global optimum 

reactor design of the methanol synthesis reactor 

   

Source: The author, 2022.  

 

Table 36 – Fixed-bed reactor minimization procedure 

 Ammonia Methanol 

Number of surviving 
candidates 

Initial 105,000 134,225 

 74,292 73,955 

 73,722 66,066 

 
73,722 59,689 

Number of evaluations in the Smart 
Enumeration 

9,804 12,498 

Number of evaluations in the SuperSmart 
Enumeration 

287 297 

Source: The author, 2022.  

 

Although the candidate reduction is significant and demands a very low 

computational cost, it is important to observe that the required catalyst mass proxy 

trimming does not eliminate any candidate for the ammonia reactor optimization, 

which illustrates the relevance of creating a good constraint approximation. For this 

constraint, the major problem consists of considering the uniform temperature (the 

highest possible) for the rate of reaction evaluations, which renders a too optimistic 
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scenario. In addition, the net present cost (NPC) of the company methanol reactor is 

906431.3 US$, whereas the proposed design optimization found a reactor with a cost 

6.2% lower. 

In turn, the number of evaluations of the full model necessary to attain the 

global optimum is only a small fraction of the total number of candidates. For the 

Smart Enumeration, it corresponds to 9.34% and 9.31% of the total number of 

candidates for the ammonia and methanol synthesis reactors. For the SuperSmart 

Enumeration, it corresponds to a smaller fraction of 0.27% and 0.22% of the total 

number of candidates for the ammonia and methanol synthesis reactors. 

 

 

 

5.6.1. Comparison with other optimization methods 

 

 

The performance of Set Trimming followed by Smart Enumeration is 

compared with GA and PSO. The methods are used through the same procedure 

discussed in the plate heat exchanger design optimization section. The control 

parameters employed in the GA runs correspond to the default values of the genetic 

algorithm module. The PSO control parameters were the same as those reported in 

Pedersen (2010). They are displayed in Table 37.  

 

Table 37 - Control parameters of the metaheuristic methods used in fixed-bed reactor 
optimization 

Method Parameter 

PSO 

Number of particles = 203 
Inertia weight = 0.5069 

Self-confidence factor = 2.5524 
Swarm confidence factor = 1.0056 

  

GA 

Population size = 100 
Crossover probability = 0.5 
Mutation probability = 0.1 

Elitism ratio = 0.01 
Parents portion = 0.3 

Crossover type = uniform 

Source: The author, 2022.  
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Because of the stochastic nature of the metaheuristic methods, the analysis 

of their performance was based on samples composed of five independent 

optimization runs. Three different number of iterations were tested for each 

metaheuristic method. Tables 38 and 39 display the results obtained by each one, 

compared with the Enumeration techniques. For the metaheuristic methods, it is 

shown the best solution, the worst solution, and the average value of the objective 

function of the sample, together with the fraction of runs where the global optimum 

was found, and the average elapsed time associated with each method in the 

sample. The results of the Enumerations in these tables indicate the number of 

iterations (that are equivalent to the number of simulations), the global optimum and 

the computational time.  

 

Table 38 - Metaheuristic optimization result for ammonia synthesis fixed-bed reactor 
design 

Optimal reactor cost (USD) 

Method GA PSO 
Smart / 

SuperSmart 

Number of 
iterations 

50 100 150 20 40 60 9804 / 287 

Best 442,205 433,284 455,708 433,284 433,284 433,284 

433,284 Average 499,228 503,376 488,126 456,968 454,767 443,677 

Worst 535,793 550,233 530,236 529,280 531,778 485,250 

% Global 0% 20% 0% 60% 60% 80% - 

Computing 
time (s) 

1163 2510 4537 1487 3098 4436 3017 / 103 

Source: The author, 2022.  

 
 
Table 39 - Metaheuristic optimization result for methanol synthesis fixed-bed reactor 
design 

Optimal reactor cost (USD) 

Method GA PSO 
Smart / 

SuperSmart 

Number of 
iterations 

70 120 170 40 60 80 12498 / 297 

Best 850,344 850,344 850,344 850,344 850,344 850,344 

850,344 Average 856,755 858,108 855,286 855,147 850,519 850,693 

Worst 863,067 867,952 861,990 862,351 851,217 851,217 

% Global 20% 20% 40% 60% 80% 60% - 

Computing 
time (s) 

1414 2575 3706 1933 2945 3625 2575 / 73 

Source: The author, 2022.  
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Tables 38 and 39 show that the metaheuristic methods got trapped in a local 

minimum depending on the number of iterations chosen. In addition, the PSO 

method attained a better performance than the GA method. The lack of identification 

of the global optimum may also be associated with the starting points of these 

algorithms. Even considering the highest number of iterations for each test, when the 

computational times employed by the metaheuristic methods became higher than the 

Smart Enumeration, the metaheuristic solutions may yield solutions with objective 

function values considerably larger than the global optimum. For example, the 

optimal values of the objective function attained by the metaheuristic methods for the 

design of the methanol reactor are close to the global optimum, but there are optimal 

solutions for the ammonia synthesis reactor found by the GA and PSO methods 

using the maximum number of iterations that are 22.3% and 12.0% more expensive 

than the global optimum. In turn, the SuperSmart Enumeration always identify the 

global optimum consuming a significant smaller computational time than all three 

methods, which is, in average, 93.2%, 94.8% and 96.8% smaller than the GA, PSO 

and Smart Enumeration, respectively (the reduction considered the smaller number 

of iterations for the metaheuristic methods). 

It is important to observe that the Smart Enumeration procedure does not have 

any control parameter that must be previously established by the user, and the 

SuperSmart Enumeration have only one. Differently, the performance of the 

metaheuristic method depends on the tuning of the algorithm control parameters. 

This aspect can be illustrated in Tables 38 and 39, where the increase of the 

parameter represented by the maximum number of iterations usually reduces the 

average value of the objective function in the optimization run samples. However, it is 

not possible to establish a priori which value must be used. Therefore, it is necessary 

to apply a tuning procedure, which can be a tedious task. This difficulty is visible just 

by tuning one parameter (number of iterations). However, the metaheuristic methods 

have other parameters that are amenable to tuning. Finally, the tuning we refer to 

can only be done if there is at least one global solution available to the expert that 

performs the tuning, the tuning being thus oriented to hope that the same level of 

closeness to the global solution can be attained for other sets of problem objective 

and constraint parameters.  Smart Enumeration has none of these limitations, and 

SuperSmart Enumeration have only one control parameters, which the value used in 

this dissertation shows to be a good general indication. 
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CONCLUSION AND SUGGESTIONS FOR FUTURE WORKS 

 

 

This dissertation presents a procedure as an alternative method to design 

optimization, which is the Set Trimming following by the Smart Enumeration that was 

outlined by Costa and Bagajewicz (2019) and a novel procedure called SuperSmart 

Enumeration. The limitations present in the traditional methods are circumvented 

because the proposed methods always attain the global optimal, are easily adapted 

to other process equipment, and only have one parameters in the case of 

SuperSmart Enumeration. The elimination techniques associated with a proper 

strategy for exploring the search space significantly reduces the number of 

candidates simulated in the SuperSmart Enumeration, which identifies the global 

optimum with a reduced computational effort. 

The proposed methods were applied to the design optimization of plate heat 

exchangers and fixed-bed reactors, and compared with two metaheuristic methods: 

PSO and GA. The enumeration techniques always attained the global optimum, but 

the metaheuristic methods were trapped in local optima in several cases. In addition, 

the SuperSmart Enumeration converge much faster than all the approaches tested, 

proving to be a very efficient technique. 

Despite the expressive results obtained, there are some issues that needs to 

be explored in future works. The SuperSmart strength is concentrated on the 

candidate eliminations. Therefore, if the problem has too few constraints or if too little 

can be inferred about the physical similarities, it can be a challenge situation due to 

the potentially small number of eliminations during the exploration. In addition, 

because the method is based on a combinatorial representation, problems with 

several continuous variables demand a significant discretization procedure, which 

can cause a severe increase in the number of candidates. 

Anyway, the procedure is capable to receive new tools to enhance its 

performance. For example, imagine a design problem where the similarity table 

indicates that the number of candidates reached by the constraints is very different. It 

means that the similarity elimination of a set of constraints is less efficient than 

others. Therefore, the user may create specific threshold for each constraint that 

avoids a simulation pattern with a weak candidates elimination. Besides that, a self-

adjusting threshold that increases the elimination of candidates can also be 
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constructed. Finally, there are different mechanisms to infer candidate infeasibility (or 

feasibility) that can avoid unnecessary simulations, which relies on the user creativity. 
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APPENDIX B –  Physical properties of engine oil correlations. 

 

Thermofluid dynamic properties of engine oil 

Here we present the complete set of data in different temperatures present in Incropera 

and DeWitt (2007) and the fitted mathematical functions. 

The physical properties data are depicted in Table S1. 

Table S1: Physical properties data – Engine oil 

T (°C) (kg/m³)  k (W m-1 K-1)  (Pa.s) 

-0.15 899.10 1796.00 0.147 3.850 

6.85 895.30 1827.00 0.144 2.170 

16.85 890.00 1868.00 0.145 0.999 

26.85 884.10 1909.00 0.145 0.486 

36.85 877.90 1951.00 0.145 0.253 

46.85 871.80 1993.00 0.143 0.141 

56.85 865.80 2035.00 0.141 0.084 

66.85 859.90 2076.00 0.139 0.053 

76.85 853.90 2118.00 0.138 0.036 

86.85 847.80 2161.00 0.138 0.025 

96.85 841.80 2206.00 0.137 0.019 

106.85 836.00 2250.00 0.136 0.014 

116.85 830.60 2294.00 0.135 0.011 

126.85 825.10 2337.00 0.134 0.009 

136.85 818.90 2381.00 0.133 0.007 

146.85 812.10 2427.00 0.133 0.006 

156.85 806.50 2471.00 0.132 0.005 
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Thermal Conductivity 

 Figure S1 illustrates the thermal conductivity data plot as a function of temperature 

 

Figure S1: Thermal conductivity plot – Engine oil 

 

The fitted function is: 

                                                                      (S1) 
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Density 

 Figure S2 illustrates the density data plot as a function of temperature 

 

 

Figure S2: Density plot – Enigne oil 

 

The fitted function is: 

                                                                      (S2) 
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Viscosity   

 Figure S3 illustrates the viscosity data plot as a function of temperature 

 

Figure S3: Viscosity plot – Engine oil 

 Viscosity can be well represented as an exponential function with temperature. To fit it 

in all temperature ranges, the viscosity correlation is divided into 4 different regions, and is 

given by: 

 

                                                                       (S3) 

 

where the set of parameters is presented in Table S2 

 

Table S2: Viscosity correlation parameter – Engine oil 

Temperature (°C)   

 3.72624 0.07661 

 1.66834 0.05206 

 0.37358 0.03082 

 0.13217 0.02139 
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Heat capacity 

 Figure S4 illustrates the heat capacity data plot as a function of temperature 

 

Figure S4: Heat capacity plot – Engine oil 

 

]The fitted function is: 

 

                                                                      (S4) 

 

 

 

 

 


