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do Instituto Politécnico, da Universidade do Es-
tado do Rio de Janeiro.

Aprovado em 31 de outubro de 2025.
Banca examinadora:

Prof. Ricardo C. Barros, Ph.D. (Orientador)
Universidade do Estado do Rio de Janeiro (UERJ)

Prof. Richard Vasques, Ph.D. (Orientador)
The Ohio State University (OSU)

Prof. Alessandro da Cruz Gonçalves, D.Sc.
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ABSTRACT

SILVA, Alan Souza da. P1 synthetic acceleration and convergence analysis for the solution of
the one-speed non-classical spectral SN equations in slab geometry. 2025. 52 p. Tese
(Doutorado em Modelagem Computacional), Instituto Politécnico, Universidade do Estado do
Rio de Janeiro, Nova Friburgo, Brazil, 2025.

The linear Boltzmann transport equation is a fundamental equation that models neutral
particle transport processes. In some applications, the flux of particles does not attenuate as
an exponential function of the particle’s free-path. Boltzmann equation which models these
applications are referred to as the non-classical transport equation. Recently, a spectral approach
has been developed in order to solve a simplified version of this non-classical transport equation.
This approach is based on the fact that the non-classical angular flux can be represented in terms
of a series of Laguerre polynomials in the free-path variable s. This allows the non-classical
transport equation to be written in the form of a classical transport equation. In this work, we
use a synthetic acceleration scheme to speed up the iterative algorithm for the solution of this
non-classical transport equation. The results of our numerical experiments indicate that the
synthetic acceleration scheme is effective in reducing the number of iterations and the CPU
execution time needed to obtain an accurate solution. Besides, a Fourier convergence analysis has
been developed to calculate the spectral radius of the synthetic acceleration schemes developed.
By estimating the spectral radius, we can obtain information about the performance of a synthetic
acceleration scheme.

Keywords: non-classical transport equation; synthetic acceleration scheme; Fourier conver-
gence analysis.



RESUMO

SILVA, Alan Souza da. Aceleração sintética P1 e análise de convergência para a solução das
equações SN não-clássicas monoenergéticas e em geometria unidimensional. 2025. 52 f. Tese
(Doutorado em Modelagem Computacional), Instituto Politécnico, Universidade do Estado do
Rio de Janeiro, Brasil, 2025.

A equação linear de transporte de Boltzmann é uma equação fundamental que modela
processos de transporte de partı́culas neutras. Em algumas aplicações, o fluxo de partı́culas não
diminui como uma função exponencial do caminho livre da partı́cula. Nesse caso, temos o que
chamamos de equação de transporte não-clássica. Recentemente, uma abordagem espectral foi
desenvolvida para resolver uma versão simplificada dessa equação de transporte não-clássica.
Essa abordagem se baseia no fato de que o fluxo angular pode ser representado em termos de
uma série de polinômios de Laguerre na variável de caminho livre s. Isso permite que a equação
de transporte não-clássica seja escrita na forma de uma equação de transporte clássica. Neste
trabalho, usamos um esquema de aceleração sintética para acelerar o algoritmo de iteração de
fonte por espalhamento para a solução dessa equação de transporte não-clássica. Os resultados
de nossos experimentos numéricos indicam que os esquemas de aceleração sintética são eficazes
em reduzir o número de iterações e o tempo de execução do CPU necessários para obter uma
solução precisa para os problemas investigados. Além disso, foi desenvolvida uma análise de
convergência de Fourier para calcular o raio espectral dos esquemas de aceleração sintética
desenvolvidos. Ao estimar o raio espectral, podemos obter informações sobre o desempenho de
um esquema de aceleração sintética.

Palavras-chave: equação de transporte não-clássica; esquema de aceleração sintética; análise de
convergêmcia de Fourier.
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INTRODUCTION

The study of particle transport has a wide range of applications in nuclear engineering,
including reactor design, fuel cycle optimization, and the development of safeguards and moni-
toring systems (Duderstadt; Martin, 1979). In most of these applications, the flux of particles is
assumed to decrease as an exponential function of the particle’s free-path, which is referred to as
the classical transport model. However, there are situations in which the flux of particles does not
decrease as an exponential function of the particle’s free-path (Davis, 2004). Examples of such
situations include those in which the particle flux is enhanced by anomalous diffusion, photon
transport in atmospheric clouds and neutron transport in certain types of nuclear reactors. The
transport equation that mathematically models particle transport in such situations is referred to
as the non-classical transport equation (Larsen; Vasques, 2011).

Figure 1 displays two kinds of random statistically homogeneous systems. Figure 1
(a) represents a system in which the distribution function for chord lengths between scattering
centers is exponential, and Figure 1 (b) represents a system in which the distribution function
for chord lengths between scattering centers is non-exponential. In 1 (a) system, the locations
of the scattering centers are correlated and the attenuation of the neutral particle flux follows a
Poison distribution. On the other hand, Figure 1 (b) illustrates a system in which the locations
of the scattering centers are uncorrelated. In this case, the non-overlapping chunks represent
solid material, at each point within which particles can scatter, surrounded by void, within which
particles freely stream and do not scatter. In this situation, the attenuation of the neutral particle
flux does not follow a Poison distribution, i. e., the distribution function is not exponential
(Davis; Marshak, 2004). Examples of such situations can be seen in pebble-bed reactors, photon
transport in atmospheric clouds and boiling water reactors. These applications are illustrated in
Figure 2 (Larsen; Vasques, 2011).

A spectral approach was developed in (Vasques et al., 2020) to solve the one-speed,
time-independent non-classical transport equation in slab geometry with isotropic scattering,
considering vacuum boundary conditions. Considering this spectral approach methodology, one
can numerically solve the classic-type problem by using the conventional discrete ordinates
(SN ) (Vasques et al., 2020) formulation and a spatial discretization grid on the slab. The sweep
equations were defined using the Diamond Difference method (DD) (Vasques et al., 2020)
by considering the source iteration scheme (SI). In classical transport calculations, it is well
known that the SI scheme requires a high number of iterations to achieve the stopping criteria
mainly in diffusive problems (Adams; Larsen, 2002). In the non-classical problem this drawback
also holds; therefore synthetic acceleration methods are convenient to reduce the number of
iterations required (Patel et al., 2022). The first synthetic acceleration scheme for this problem
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was developed in (Patel et al., 2022), that was based on the S2 synthetic acceleration (S2SA)
presented in (Adams; Larsen, 2002) for the classical case.

The contribution of this work is a new acceleration technique, which we call P1 synthetic
acceleration (P1SA) for non-classical transport, that is based on the diffusion synthetic accelera-
tion (DSA) described in (Adams; Larsen, 2002) for the classical transport equation. The S2SA

has also been generalized for even N , that is, SN synthetic acceleration (SNSA). Besides, a
Fourier convergence analysis (Adams; Larsen, 2002) is described to determine analytical spectral
radii for the SI , S2SA and P1SA methods. By estimating the spectral radius of each iterative
scheme we can infer wether or not the iterative scheme is convergent and also make a comparison
of each convergence rate. Part of the work developed in this dissertation was published in (Silva;
Barros; Vasques, 2023).

In the next chapter, we present the mathematical model for the non-classical neutral
particle transport theory and the solution’s methodology of a simplified version of this model
based on the Laguerre series for the non-classical angular flux. Chapter 2 describes the nu-
merical methodology to solve a simplified version of the non-classical Boltzmann equation in
slab geometry based on the conventional discrete ordinates (SN ) formulation. We present the
synthetic acceleration schemes SNSA and P1SA in Chapter 3. The Fourier convergence analysis
applied to the SI , S2SA and P1SA methods is described in Chapter 4. In chapter 5, we present
numerical results in order to verify the P1SA and the Fourier convergence analysis. In the last
chapter, we present a number of concluding remarks and discussions about the results shown in
Chapter 5.
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Figure 1 - Exponential and non-exponential attenuation of the neutral-particle flux.

Source: (Moraes et al., 2025a).

Figure 2 - Pebble bed reactor, photon transport in atmospheric clouds and BWR reactor.

Source: (Vasques, 2009).
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1 GENERALIZED LINEAR BOLTZMANN EQUATION (GLBE) AND THE SPECTRAL
APPROACH

This chapter presents the mathematical formulation that is used to model the nonclassical
transport of neutral particles. The next section presents the assumptions adopted in this work
and describes the generalized linear Boltzmann equation based on (Larsen, 2007) and (Larsen;
Vasques, 2011). In section 1.2, it is developed the spectral approach applied to the non-classical
transport equation according to (Vasques et al., 2020).

1.1 Generalized Linear Boltzmann Equation (GLBE)

In the classical theory of linear particle transport, the probability dp that a particle going
by a point x migrating with kinetic energy E will undergo an interaction while traveling a
distance ds is defined as:

dp = Σt(x, E)ds,

where Σt, the macroscopic total cross section, is independent of the direction of flight Ω and the
path length s, defined by

s = the distance traveled by the particle since its previuous interaction. (1)

In this definition, at the precise instant when a particle is born or scattered, the s-value is 0.
Figure 3 illustrates this distance s.

Figure 3 - The distance traveled by the particle since

its previuous interaction.

Source: (Larsen; Vasques, 2011).
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The assumption that Σt is independent of Ω and s holds true when scattering centers
in the system are uncorrelated. However, recent research suggests that the positions of water
droplets in atmospheric clouds may be correlated, impacting radiative transfer within the cloud
as observed experimentally. If a cloud is modeled with water droplets positioned randomly but
in a correlated fashion, scattering centers are potentially located throughout the cloud droplets,
causing Σt to no longer be independent of both s and Ω, that is, Σt(x, E,Ω, s) (Larsen; Vasques,
2011). In these circumstances, a Boltzmann-type equation for the radiation field has been derived
for the first time in (Larsen, 2007). In this derivation, the author assumes that:

• The physical system is infinite and statistically homogeneous;

• Particle transport is monoenergetic;

• Particle transport is driven by a known interior isotropic source Q(x) satisfying Q→ 0 as
|x| → ∞;

• Σt(Ω, s) is known;

• The distribution function P (Ω . Ω′) for scattering from Ω to Ω′ is independent of s.

To derive the GLBE according to (Larsen, 2007), consider the notation x = (x, y, z) for the
particle´s position, the unit vector Ω = (Ωx,Ωy,Ωz) for the direction of flight and the definition
of s given in (1). At this point, let us consider the definitions

n(x,Ω, s)dV dΩds = the number of particles in dV dΩds about (x,Ω, s),

v = ds
dt

= the particle speed,

Ψ(x,Ω, s) = vn(x,Ω, s) = the non-classical angular flux,

Σt(Ω, s)ds = the probability that a particle that has traveled a distance s since its previous
interaction (birth as a source particle or scattering) will experience its next interaction while
traveling a further distance ds,

c = the probability that when a particle experiences a collision, it will scatter (c is independent
of s),

P (Ω′ . Ω)dΩ = the probability that when a particle moves in direction of flight Ω′ scatters,
its outgoing direction of flight will lie in dΩ about Ω (P is independent of s),

Q(x)dV = the rate at which source particles are isotropically emitted by an interion source Q(x)
in the incremental volume dV about x.
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Then, classic manipulations directly lead to:

∂
∂s
Ψ(x,Ω, s)dV dΩds = ∂

v∂t
vn(x,Ω, s)dV dΩds = the rate of change of the number of parti-

cles in dV dΩds about (x,Ω, s),

|Ω . n|Ψ(x,Ω, s)dSdΩds = the rate at which particles in dΩds about (Ω, s) flow through
an incremental surface area dS with unit normal vector n,

Ω .∇Ψ(x,Ω, s)dV dΩds = the net rate at which particles in dΩds about (Ω, s) flow (leak)
out of dV about x,

Σt(Ω, s)Ψ(x,Ω, s)dV dΩds = Σt(Ω, s)
ds
dt
n(x,Ω, s)dV dΩds = 1

dt
[Σt(Ω, s)ds][n(x,Ω, s)dV dΩds] =

the rate at which particles in dV dΩds about (x,Ω, s) experience collisions.

Integrating over s, the last expression can be written as

[∫∞
0

Σt(Ω
′, s′)Ψ(x,Ω′, s′)ds′

]
dV dΩ′ = the rate at which particles in dV dΩ′ about (x,Ω′) expe-

rience collisions.

Multiplying this expression by cP (Ω . Ω′)dΩ, the result is

cP (Ω . Ω′)
[∫∞

0
Σt(Ω

′, s′)Ψ(x,Ω′, s′)ds′
]
dV dΩ′dΩ = the rate at which particles in dV dΩ′

about (x,Ω′) scatter into dV dΩ about (x,Ω).

Integrating this expression over Ω′ ∈ 4π, we obtain

[
c
∫
4π

∫∞
0
P (Ω′ . Ω)Σt(Ω

′, s′)Ψ(x,Ω′, s′)ds′dΩ′] dV dΩ = the rate at which particles scatter into
dV dΩ about (x,Ω).

When particles emerge from a scattering event, their value of s is “reset” to s = 0. There-
fore, the path length spectrum of particles that emerge from scattering events is the delta function,
δ(s). Multiplying the previous expression by δ(s)ds, it is obtained

[
δ(s)c

∫
4π

∫∞
0
P (Ω′ . Ω)Σt(Ω

′, s′)Ψ(x,Ω′, s′)ds′dΩ′] dV dΩds = the rate at which particles scat-
ter into dV dΩ about (x,Ω).

δ(s)Q(x)
4π
dV dΩds = the rate at which source particles are emitted into dV dΩds about (x,Ω, s).
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By omitting the phrase ”of particles in dV dΩds about (x,Ω, s)”, the familiar conservation
equation can be written as

Rate of change = Rate of gain − Rate of loss =

= (In− scattering rate + Source rate) − (Net leakage rate + Collision rate).

Introducing the expressions into the equation above and dividing by dV dΩds, the Generalized
Linear Boltzmann Equation (GLBE) appears as

∂

∂s
Ψ(x,Ω, s) + Ω .∇Ψ(x,Ω, s) + Σt(Ω, s)Ψ(x,Ω, s) =

= δ(s)c

∫
4π

∫ ∞

0

P (Ω′ . Ω)Σt(Ω
′, s′)Ψ(x,Ω′, s′)ds′dΩ′ + δ(s)

Q(x)
4π

, x ∈ V, Ω ∈ 4π, s ≥ 0,

(2)

for the non-classical angular flux Ψ(x,Ω, s). Equation (2) is subject to the incident boundary
angular flux (Vasques et al., 2020)

Ψ(x,Ω, s) = Ψb(x,Ω)δ(s), x ∈ ∂V , n . Ω < 0, s > 0. (3)

The angular-dependent non-classical total cross section Σt(Ω, s) in Equation (2) satisfies

p(Ω, s) = Σt(Ω, s)e
−

∫ s
0 Σt(Ω,s′)ds′ , (4)

where p(Ω, s) is the free-path distribution function in the direction Ω (Vasques et al., 2020). In
classical transport, Σt is independent of both s and Ω. In this case, the free-path distribution
reduces to the exponential distribution p(s) = Σte

−
∫ s
0 Σtds′ , and, by integrating over s, Equations

(2) and (3) reduce to the classical linear Boltzmann equation

Ω .∇Ψc(x,Ω) + ΣtΨc(x,Ω) = c

∫
4π

P (Ω′ . Ω)Ψc(x,Ω′)dΩ′ +
Q(x)
4π

, x ∈ V, Ω ∈ 4π, (5a)

Ψc(x,Ω) = Ψb(x,Ω), x ∈ ∂V, n . Ω < 0, (5b)

for the classical angular flux

Ψc(x,Ω) =
∫ ∞

0

Ψ(x,Ω, s)ds. (6)

Next section describes the spectral approach applied to Equation (2) in order to obtain a solution
for this equation.
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1.2 Spectral Approach

By considering Equation (2) for s > 0, this equation is written as

∂

∂s
Ψ(x,Ω, s) + Ω .∇Ψ(x,Ω, s) + Σt(Ω, s)Ψ(x,Ω, s) = 0. (7)

Then, Equation (2) is operated by

lim
ϵ→0

∫ ϵ

−ϵ

(.)ds,

and it is used Ψ = 0 for s < 0 and defined Ψ(x,Ω, 0) = lims→0+ Ψ(x,Ω, s) = Ψ(x,Ω, 0+), to
obtain

Ψ(x,Ω, 0) = c

∫
4π

∫ ∞

0

P (Ω′ . Ω)Σt(Ω
′, s′)Ψ(x,Ω′, s′)ds′dΩ′ +

Q(x)
4π

(8)

Equation (2) is mathematically equivalent to the ”initial value” form presented in the set of
Equations (7) and (8). Consider the following definition for ψ′(x,Ω, s):

Ψ(x,Ω, s) ≡ ψ′(x,Ω, s)e−
∫ s
0 Σt(Ω,s′)ds′ . (9)

Now, the non-classical problem can be rewritten as

∂

∂s
ψ′(x,Ω, s) + Ω . ∇ψ′(x,Ω, s) = 0, (10a)

ψ′(x,Ω, 0) = S(x,Ω) +
Q(x)
4π

, (10b)

ψ′(x,Ω, s) = Ψ(x,Ω)δ(s)e
∫ s
0 Σt(Ω,s′)ds′ , x ∈ ∂V, n . Ω < 0, (10c)

where S(x,Ω) is the scattering source defined as

S(x,Ω) = c

∫
4π

∫ ∞

0

P (Ω′ . Ω)p(Ω′, s′)Ψ(x,Ω′, s′)ds′dΩ′

and p(Ω′, s′) is the free-path distribution given in Equation (4).

To apply the spectral method, ψ′ is represented as a series of Laguerre polynomials
(Vasques et al., 2020) in s

ψ′(x,Ω, s) =
∞∑

m=0

ψm(x,Ω)Lm(s). (11)

Laguerre polynomials have been chosen due to definition (9) and the specific properties of these
polynomials, which allow us to transform the problem conveniently. Equation (11) is substituted
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into Equations (10). The Laguerre polynomials Lm(s) are orthogonal with respect to the weight
function e−s and satisfy d

ds
Lm(s) =

(
d
ds

− 1
)
Lm−1(s) for m > 0. Multiplying Equations (10a)

and (10c) by e−sLm(s) and operating on them by
∫∞
0
(.)ds, the results are

Ω . ∇ψm(x,Ω) =
∞∑

j=m+1

ψj(x,Ω), m = 0, 1, 2, ... (12a)

ψm(x,Ω) = Ψb(x,Ω), x ∈ ∂V, n . Ω < 0, m = 0, 1, 2, ... (12b)

Equation (10b) yields

∞∑
j=m+1

ψj(x,Ω) = S(x,Ω) +
Q(x)
4π

−
m∑
j=0

ψj(x,Ω), (13)

where

S(x,Ω) = c

∫
4π

P (Ω′ . Ω)
∞∑
k=0

ψk(x,Ω′)

[∫ ∞

0

p(Ω′, s′)Lk(s
′)ds′

]
dΩ′. (14)

Substituting Equation (13) into Equation (12a), Equations (12) become

Ω . ∇ψm(x,Ω) + ψm(x,Ω) = S(x,Ω) +
Q(x)
4π

−
m−1∑
j=0

ψj(x,Ω), m = 0, 1, 2, ... (15a)

ψm(x,Ω) = Ψb(x,Ω), x ∈ ∂V, n . Ω < 0, m = 0, 1, 2, ... (15b)

The non-classical angular flux Ψ(x,Ω, s) is recovered from Equations (11) and (9), respectively.
The classical angular flux Ψc(x,Ω, s) is obtained using Equation (6), such that

Ψc(x,Ω) =
∫ ∞

0

Ψ(x,Ω, s)ds =
∫ ∞

0

e−
∫ s
0 Σt(Ω,s′)ds′

∞∑
m=0

ψm(x,Ω)Lm(s)ds. (16)

The classical scalar flux Φc(x) and the collision-rate density σt(x)Φc(x) are given by

Φc(x) =
∫
4π

∫ ∞

0

e−
∫ s
0 Σt(Ω,s′)ds′

∞∑
m=0

ψm(x,Ω)Lm(s)dsdΩ (17)

and

σt(x)Φc(x) =
∫
4π

∫ ∞

0

p(s,Ω)
∞∑

m=0

ψm(x,Ω)Lm(s)dsdΩ. (18)

The next chapter describes a numeric methodology to solve a simplified version of Equations
(15) based on the conventional discrete ordinates (SN ) formulation.
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2 ONE-SPEED NON-CLASSICAL SPECTRAL SN EQUATIONS IN SLAB
GEOMETRY

This chapter presents the non-classical problem under certain simplified hypothesis.
Besides, the conventional discrete ordinates SN formulation and the fine-mesh DD method with
the SI scheme are applied in order to solve the set of equations numerically. This numerical
methodology is based on reference (Vasques et al., 2020).

Considering problems in slab geometry with isotropic scattering, vacuum boundary
conditions and M as the truncation order of the Laguerre expansion, Equations (14), (15) and
(18) become

µ
∂ψm(x, µ)

∂x
+ ψm(x, µ) = S(x) +

Q(x)

2
−

m−1∑
j=0

ψj(x, µ), m = 0 :M,−1 ≤ µ ≤ 1, (19a)

S(x) =
c

2

M∑
k=0

∫ 1

−1

ψk(x, µ
′)

∞∫
0

p(s, µ′)Lk(s)ds dµ
′, 0 < x < X, (19b)

ψm(0, µ) = 0, m = 0 :M,µ > 0, (19c)

ψm(X,µ) = 0, m = 0 :M,µ < 0, (19d)

σt(x)Φc(x) =
M∑
k=0

∫ 1

−1

ψk(x, µ
′)

∞∫
0

p(s, µ′)Lk(s)ds dµ
′. (19e)

Here, µ is the cosine of the polar angle and ψm is the Laguerre moment of order m. The
collision-rate density is recovered with Eq. (19e). In (Vasques et al., 2020), the authors use the
SN formulation (Duderstadt; Martin, 1979) and Equations (19) appear as

Figure 4 - Homogeneous slab with cell thickness h.

Source: The author, 2024.
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µn

dψl+1
m,n(x)

dx
+ ψl+1

m,n(x) = Sl(x) +
Q(x)

2
−

m−1∑
j=0

ψl+1
j,n (x), m = 0 :M,n = 1 : N, (20a)

Sl(x) =
c

2

N∑
i=1

ωi

M∑
k=0

ψl
k,i(x)

∞∫
0

pi(s)Lk(s)ds, 0 < x < X, (20b)

ψl+1
m,n(0) = 0, m = 0 :M,n = 1 :

N

2
, (20c)

ψl+1
m,n(X) = 0, m = 0 :M,n =

N

2
+ 1 : N, (20d)

σt(x)Φ
l+1
c (x) =

N∑
i=1

ωi

M∑
k=0

ψl+1
k,i (x)

∞∫
0

pi(s)Lk(s)ds. (20e)

Here the cosine of the scattering angle µ has been discretized in N discrete values µn, ψm,n is
the Laguerre moment of order m and direction n, ωi is the Gauss-Legendre quadrature weight, x
is the position in the slab, and l is the iteration index for the source iteration scheme (SI). At
this point, let us consider a uniform spatial discretization grid with R cells on the slab, cf. Figure
(4), wherein each cell has width h. Applying the integral operator

1

h

∫ x
r+1

2

x
r− 1

2

(.)dx,

with h = xr+1/2 − xr−1/2, to Equations (20a), the conventional discretized spatial balance SN

equations with Q independent of x is obtained,

µn

h

[
ψl+1
m,n,r+1/2 − ψl+1

m,n,r−1/2

]
+ ψ̄l+1

m,n,r = S̄l
r +

Q

2
−

m−1∑
j=0

ψ̄l+1
j,n,r,

m = 0 :M, n = 1 : N, r = 1 : R,

(21)

where

S̄l
r =

c

2

N∑
i=1

ωi

M∑
k=0

ψ̄l
k,i,r

∞∫
0

pi(s)Lk(s)ds, r = 1 : R, (22)

and it is defined the cell-average quantity

ψ̄m,n,r =
1

h

∫ x
r+1

2

x
r− 1

2

ψm,n(x)dx.

As with the DD method, ψm,n(x) is approximated by piecewise continuous linear functions
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across the spatial grid. In other words, it is considered the approximation

ψ̄m,n,r =
ψm,n,r+1/2 + ψm,n,r−1/2

2
. (23)

By substituting Equation (23) into the left-hand side of Equation (21), we write the non-classical
SN sweeping equations as

ψl+1
m,n,r+1/2 =

S̄l
r +Q−

m−1∑
j=0

ψ̄l+1
j,n,r − ψl+1

m,n,r−1/2

(
1
2
− µn

h

)
1
2
+ µn

h

,

m = 0 :M, n = 1 :
N

2
(µn > 0), r = 1 : R,

(24)

and

ψl+1
m,n,r−1/2 =

S̄l
r +Q−

m−1∑
j=0

ψ̄l+1
j,n,r − ψl+1

m,n,r+1/2

(
1
2
− |µn|

h

)
1
2
+ |µn|

h

,

m = 0 :M, n =
N

2
+ 1 : N (µn < 0), r = R : 1.

(25)

We use vacuum boundary conditions and S̄0
r = 0, r = 1 : R for the initial guess (l = 0). For

m = 0, we always considered the sum in j as zero. Equation (24) is used to sweep from the left
to the right (µn > 0) and Equation (25) is used to sweep from the right to the left (µn < 0). This
procedure is repeated for m = 0 : M . Then, we calculate ψ̄1

m,n,r, using Equation (23), and S̄1
r

with Equation (22). For the p(s, µ) considered in this work, the improper integral in Equation
(22) is calculated analytically. Then, all the procedure is repeated for the next iteration until the
stopping criterion

∥Φl+1
c −Φl

c∥2
∥Φl

c∥2
≤ ζ. (26)

is satisfied for a small positive number ζ.

The disadvantage of the SI scheme, as described above, is the high number of iterations
needed to achieve a good precision, mainly in more diffusive problems. In this context, the next
chapter describes synthetic acceleration schemes in a general way and presents, in more details,
the particular accelerations SNSA and P1SA offered in this work.
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3 SYNTHETIC ACCELERATION SCHEMES (SNSA AND P1SA)

This chapter describes the synthetic acceleration schemes for the non-classical transport
in slab geometry presented in the previous chapter. In section (3.1), we describe the S2 Synthetic
acceleration (S2SA), that is presented in (Patel et al., 2022) for the non-classical transport.
The P1 Synthetic acceleration (P1SA), one of the novel contributions of the present work, is
described in section (3.2).

Consider the following definition for the error in the iteration l + 1:

ϵl+1
m (x, µ) ≡ ψm(x, µ)− ψl+1/2

m (x, µ), m = 0 :M, −1 ≤ µ ≤ 1, 0 < x < X. (27)

By writing Equation (19a) in the SI form for the ”half” iteration l + 1/2, we obtain

µ
∂ψ

l+1/2
m (x, µ)

∂x
+ ψl+1/2

m (x, µ) = Sl(x) +
Q(x)

2
−

m−1∑
j=0

ψ
l+1/2
j (x, µ),

m = 0 :M, −1 ≤ µ ≤ 1, 0 < x < X.

(28)

Considering definition (27) and subtracting Equation (28) from the exact Equation (19a), we
write the error equation

µ
∂ϵl+1

m (x, µ)

∂x
+ ϵl+1

m (x, µ) = S(x)− Sl(x)−
m−1∑
j=0

ϵl+1
j (x, µ),

m = 0 :M, −1 ≤ µ ≤ 1, 0 < x < X.

(29)

Adding Sl+1/2(x)− Sl+1/2(x) on the right-hand side of Equation (29) and rearranging the terms
conveniently, the error problem results in

µ
∂ϵl+1

m (x, µ)

∂x
+ ϵl+1

m (x, µ) = Sl+1
ϵ (x) + Sl+1/2(x)− Sl(x)−

m−1∑
j=0

ϵl+1
j (x, µ),

m = 0 :M, −1 ≤ µ ≤ 1, 0 < x < X,

(30)

where we have used the definition

Sl+1
ϵ (x) =

c

2

M∑
k=0

∫ 1

−1

ϵl+1
k (x, µ′)

∞∫
0

p(s, µ′)Lk(s)ds dµ
′. (31)

Standard synthetic acceleration schemes consist of two steps. The first step is a single transport
sweep. The second step is the error-correction, which uses an approximation of the error problem
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(30) to estimate the error at each iteration (Patel et al., 2022). In other words, before going to next
iteration, as in the SI scheme, a simpler error problem is solved in order to correct the estimate
ψ

l+1/2
m (x, µ) and then finally obtain ψl+1

m (x, µ). This process is repeated for each iteration until a
prescribed stopping criterion (26) is satisfied.

3.1 S2 Synthetic acceleration (S2SA)

In the SN discrete ordinates formulation, Equations (30) and (31) become

µn

dϵl+1
m,n(x)

dx
+ ϵl+1

m,n(x) = Sl+1
ϵ (x) + Sl+1/2(x)− Sl(x)−

m−1∑
j=0

ϵl+1
j,n (x), (32a)

Sl+1
ϵ (x) =

c

2

N∑
i=1

ωi

M∑
k=0

ϵl+1
k,i (x)

∞∫
0

pi(s)Lk(s)ds, (32b)

for 0 < x < X , m = 0 :M and n = 1 : N . Therefore, the following set of equations for the SN

synthetic acceleration (SNSA) holds:

µn
dψ

l+1/2
m,n (x)

dx
+ ψl+1/2

m,n (x) = Sl(x) +
Q

2
−

m−1∑
j=0

ψ
l+1/2
j,n (x), (33a)

Sl+1/2(x) =
c

2

N∑
i=1

ωi

M∑
k=0

ψ
l+1/2
k,i (x)

∞∫
0

pi(s)Lk(s)ds, (33b)

µn

dϵl+1
m,n(x)

dx
+ ϵl+1

m,n(x) = Sl+1
ϵ (x) + Sl+1/2(x)− Sl(x)−

m−1∑
j=0

ϵl+1
j,n (x), (33c)

Sl+1
ϵ (x) =

c

2

N∑
i=1

ωi

M∑
k=0

ϵl+1
k,i (x)

∞∫
0

pi(s)Lk(s)ds (33d)

Sl+1(x) = Sl+1/2(x) + Sl+1
ϵ (x), (33e)

for 0 < x < X , m = 0 :M and n = 1 : N , with boundary conditions given in Equations (20c)
and (20d), written for ψ and ϵ. Here, Equation (33e) is obtained by operating Equation (27),
written in the SN formulation, with

c

2

N∑
i=1

ωi

M∑
m=0

( . )

 ∞∫
0

pi(s)Lm(s)ds dµ
′

 .
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When N = 2 in Equations (33c) and (33d), the SNSA represented in (33) becomes

µn
dψ

l+1/2
m,n (x)

dx
+ ψl+1/2

m,n (x) = Sl(x) +
Q

2
−

m−1∑
j=0

ψ
l+1/2
j,n (x), (34a)

Sl+1/2(x) =
c

2

2∑
i=1

ωi

M∑
k=0

ψ
l+1/2
k,i (x)

∞∫
0

pi(s)Lm(s)ds, (34b)

± 1√
3

dϵl+1
m,±(x)

dx
+ ϵl+1

m,±(x) = Sl+1
ϵ (x) + Sl+1/2(x)− Sl(x)−

m−1∑
j=0

ϵl+1
j,± (x), (34c)

Sl+1
ϵ (x) =

c

2

M∑
k=0

∞∫
0

[ϵl+1
k,+(x)p+(s) + ϵl+1

k,−(x)p−(s)]Lm(s)ds, (34d)

Sl+1(x) = Sl+1/2(x) + Sl+1
ϵ (x), (34e)

for 0 < x < X , m = 0 :M and n = 1 : 2, with boundary conditions given in Equations (20c)
and (20d), written for ψ and ϵ. The set of Equations (34) is refered to as the S2SA (Patel et al.,
2022). This S2SA is inspired in the S2 synthetic acceleration for the classical transport presented
in (Adams; Larsen, 2002). For the first iteration, Equation (34a) is solved using the methodology
presented in chapter 2. Sl+1/2 is calculated and, instead of going directly to the next iteration, as
in the standard SI , Equation (34c) is solved using the same procedure as presented in chapter 2.
Thus, the source Sl+1/2 is corrected using Equation (34e) to obtain Sl+1. This process is repeated
for each iteration until the prescribed stopping criterion (26) is satisfied. Once the converged
ψm,n(x) are calculated, the classical collision-rate density is obtained by

σt(x)Φc(x) =
N∑
i=1

ωi

M∑
k=0

ψk,i(x)

∞∫
0

pi(s)Lm(s)ds. (35)

Next section describes the P1 synthetic acceleration (P1SA).

3.2 P1 Synthetic acceleration (P1SA)

At this point, we consider the function p(s, µ) independent of µ; that is p(s, µ) = p(s),
and the following definition

χm ≡
∞∫
0

p(s)Lm(s)ds. (36)
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In order to obtain the PN equations for the error problem (30) and (31), let us consider the
definitions

ϵm(x, µ) ≡
∞∑
l=0

2l + 1

2
ϕm,l(x)ρl(µ), (37)

and

ϕm,l(x) ≡
∫ 1

−1

ρl(µ
′)ϵm(x, µ

′)dµ′, (38)

for 0 < x < X and m = 0 : M . Equations (37) and (38) are adapted from the classical case
presented in (Bell; Glasstone, 1970) and (Silva, 2019). Here, ϕm,l(x) represents the lth order
Legendre moment for ϵm(x, µ) and ρl(µ) is the Legendre polynomial of lth degree. Now, the
iteration index of ϵm(x, µ) in Equations (30) and (31) is omitted and Equation (31) is replaced
into (30). Then, considering Equation (36), and using (37) in the resulting equation, we obtain

µ
∂

∂x

[
∞∑
l=0

2l + 1

2
ϕm,l(x)ρl(µ)

]
+

∞∑
l=0

2l + 1

2
ϕm,l(x)ρl(µ) =

=
c

2

M∑
k=0

∞∑
l=0

2l + 1

2
ϕk,l(x)χk

∫ 1

−1

ρl(µ
′)dµ′ + Sl+1/2(x)

−Sl(x)−
m−1∑
j=0

∞∑
l=0

2l + 1

2
ϕj,l(x)ρl(µ),

m = 0 :M, −1 ≤ µ ≤ 1, 0 < x < X.

(39)

Using the recurrence relation of Legendre polynomials

ρl(µ) =
(l + 1)ρl+1(µ) + lρl−1(µ)

(2l + 1)µ
, ρ0(µ) = 1, ρ1(µ) = µ, (40)

in the first term of the left-hand side of (39) and considering the orthogonality relation of
Legendre polynomials

∫ 1

−1

ρl(µ)ρl′(µ)dµ =
2δl,l′

2l + 1
, δl,l′ =

1, if l = l′

0, otherwise
, (41)
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the resulting equation appears as

∞∑
l=0

(l + 1)ρl+1(µ) + lρl−1(µ)

2

dϕm,l(x)

dx
+

∞∑
l=0

2l + 1

2
ϕm,l(x)ρl(µ) =

=
c

2

M∑
k=0

ϕk,0(x)χk + Sl+1/2(x)− Sl(x)−
m−1∑
j=0

∞∑
l=0

2l + 1

2
ϕj,l(x)ρl(µ),

m = 0 :M, −1 ≤ µ ≤ 1, 0 < x < X.

(42)

Futhermore, applying the operator∫ 1

−1

(2l′ + 1)ρl′(µ)( . )dµ, l
′ = 0 : ∞,

to Equation (42) and rearranging the terms conveniently, the result is

∞∑
l=0

dϕm,l(x)

dx

(l + 1)(2l′ + 1)

2

∫ 1

−1

ρl+1(µ)ρl′(µ)dµ+

+
∞∑
l=0

dϕm,l(x)

dx

l(2l′ + 1)

2

∫ 1

−1

ρl−1(µ)ρl′(µ)dµ+

+
∞∑
l=0

(2l + 1)(2l′ + 1)

2
ϕm,l(x)

∫ 1

−1

ρl(µ)ρl′(µ)dµ =

=
c

2
(2l′ + 1)

M∑
k=0

ϕk,0(x)χk

∫ 1

−1

ρl′(µ)dµ+
[
Sl+1/2(x)− Sl(x)

]
(2l′ + 1)

∫ 1

−1

ρl′(µ)dµ

−
m−1∑
j=0

∞∑
l=0

(2l + 1)(2l′ + 1)

2
ϕj,l(x)

∫ 1

−1

ρl(µ)ρl′(µ)dµ,

m = 0 :M, 0 < x < X.

(43)

Then, using the orthogonality relation given in Equation (41) and limiting l and l′ by an arbitrary
odd number L, Equation (43) becomes the non-classical PN equations for the error problem,

(l + 1)
dϕm,l+1(x)

dx
+ l

dϕm,l−1(x)

dx
+ (2l + 1)ϕm,l(x) =

= δl,0

[
c

M∑
k=0

ϕk,0(x)χk + 2Sl+1/2(x)− 2Sl(x)

]
− (2l + 1)

m−1∑
j=0

ϕj,l(x),

m = 0 :M, l = 0 : L, 0 < x < X.

(44)

Assuming L = 1 and the PN approximation (Bell; Glasstone, 1970)

dϕm,L+1(x)

dx
= 0,
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Equations (44) become

dϕm,1(x)

dx
+ ϕm,0(x) = c

M∑
k=0

ϕk,0(x)χk + 2Sl+1/2(x)− 2Sl(x)−
m−1∑
j=0

ϕj,0(x), (45a)

1

3

dϕm,0(x)

dx
+ ϕm,1(x) = −

m−1∑
j=0

ϕj,1(x), (45b)

for 0 < x < X and m = 0 : M . Replacing Equations (33c) and (33d) by Equations (45) with
returning the iteration index, the P1SA equations are set as

µn
dψ

l+1/2
m,n (x)

dx
+ ψl+1/2

m,n (x) = Sl(x) +
Q

2
−

m−1∑
j=0

ψ
l+1/2
j,n (x), (46a)

Sl+1/2(x) =
c

2

N∑
n=1

ωn

M∑
k=0

ψ
l+1/2
k,n (x)χk, (46b)

dϕl+1
m,1(x)

dx
+ ϕl+1

m,0(x) = c
M∑
k=0

ϕl+1
k,0 (x)χk + 2Sl+1/2(x)− 2Sl(x)−

m−1∑
j=0

ϕl+1
j,0 (x), (46c)

1

3

dϕl+1
m,0(x)

dx
+ ϕl+1

m,1(x) = −
m−1∑
j=0

ϕl+1
j,1 (x), (46d)

Sl+1(x) = Sl+1/2(x) +
c

2

M∑
k=0

ϕl+1
k,0 (x)χk, (46e)

for 0 < x < X , m = 0 : M and n = 1 : N , with boundary conditions given in Equations
(20c) and (20d). Here, Equations (46b) and (46e) are adaptations of Equations (33b) and (33e),
considering pi(s) = p(s) and the definition (38) in the SN formulation. Equation (46a) remains
the same as Equation (33a). This P1SA is inspired in the diffusion synthetic acceleration (DSA)
for the classical transport as presented in (Adams; Larsen, 2002). For the first iteration, like
in the S2SA, Equation (46a) is solved using the methodology presented in chapter 2. Sl+1/2 is
calculated and, instead of going directly to the next iteration as in the standard SI , Equations
(46c) and (46d) are solved using a finite difference method considering vacuum boundary
conditions approximated by Mark’s condition type (Bell; Glasstone, 1970). This way, the source
Sl+1/2 is corrected using Equation (46e), thus obtaining Sl+1. This process is repeated for each
iteration until the stopping criterion (26) is satisfied. Once the final ψm,n(x) are calculated, the
classical collision-rate density is obtained by Equation (35) with pi(s) = p(s).
In order to solve Equations (45), consider a spatial discretization grid on the slab, as illustrated
in Figure (4), but with x1 = 0, x2 = h, x3 = 2h, ..., xR+1 = X . This way, Equations (45) are
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discretized as

ϕm,1,r+1 − ϕm,1,r

h
+ ϕm,0,r = c

M∑
k=0

ϕk,0,rχk + 2(S̄l+1/2
r − S̄l

r)−
m−1∑
j=0

ϕj,0,r, (47a)

1

3

ϕm,0,r+1 − ϕm,0,r

h
+ ϕm,1,r = −

m−1∑
j=0

ϕj,1,r, (47b)

for m = 0 :M and r = 1 : R. Here the derivatives have been approximated by forward Euler
differences (Ruggiero; Lopes, 2000). Using Equation (37), with series truncation order 1, in the
vacuum boundary conditions

ϵm(0, µ) = 0, µ > 0, m = 0 :M, (48a)

ϵm(X,µ) = 0, µ < 0, m = 0 :M, (48b)

we obtain

1

2
ϕm,0(0) +

3

2
µϕm,1(0) = 0, µ > 0, m = 0 :M, (49a)

1

2
ϕm,0(X) +

3

2
µϕm,1(X) = 0, µ < 0, m = 0 :M. (49b)

Now, consider µ =
√
3
3

, for the case µ > 0, and µ = −
√
3
3

, for the case µ < 0. After these
substitutions for µ, Equations (49) are rewritten as

ϕm,1(0) = −
√
3

3
ϕm,0(0), m = 0 :M, (50a)

ϕm,1(X) =

√
3

3
ϕm,0(X), m = 0 :M, (50b)

that are the Mark’s conditions type, presented in (Bell; Glasstone, 1970) and (Silva, 2019).
Rearranging the terms in Equations (47) and considering Equations (50), the following linear
system of 2(R + 1)(M + 1) algebraic equations in 2(R + 1)(M + 1) unknowns is set:

ϕm,1,r+1 − ϕm,1,r + hϕm,0,r − hc
M∑
k=0

ϕk,0,rχk + h
m−1∑
j=0

ϕj,0,r = 2h(S̄l+1/2
r − S̄l

r), (51a)

ϕm,0,r+1 − ϕm,0,r + 3hϕm,1,r + 3h
m−1∑
j=0

ϕj,1,r = 0, (51b)

ϕm,1,1 +

√
3

3
ϕm,0,1 = 0, (51c)

ϕm,1,R+1 −
√
3

3
ϕm,0,R+1 = 0, (51d)
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for m = 0 and r = 1 : R. System (51) is solved for each iteration in order to correct Sl+1/2

using Equation (46e). In the next chapter we present the Fourier convergence analysis applied to
the SI , S2SA and P1SA methods for p(s, µ) = p(s).
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4 FOURIER CONVERGENCE ANALYSIS

In this work, the goal of the Fourier convergence analysis is to determine the analytical
spectral radius SR of acceleration methods (Adams; Larsen, 2002). The method is convergent
if the SR is lower than one and, the closer to one the SR is, the more iterations are necessary
to achieve the precision required. Therefore, the SR can be used to compare the efficiency of
acceleration methods. This chapter describes the Fourier convergence analysis applied to the SI ,
S2SA and P1SA for p(s, µ) = p(s); that is, p as a function only of the variable s.

4.1 Fourier Analysis Source Iteration (SI)

As with the non-classical transport, considering a single Fourier error mode with arbitrary
−∞ < λ < ∞, the assumptions considered in (Adams; Larsen, 2002), for the classical SI
method, were adapted to

ψl+1
m,n(x) = αm,n(λ)w

l(λ)eiλx, (52a)

Sl(x) = wl(λ)eiλx, (52b)

where αm,n, m = 0 : M , n = 1 : N , and w are unknown functions in the Fourier variable λ.
Here, i =

√
−1. The results of this analysis is independent of Q(x). So, by taking Q(x) = 0

and substituting Equations (52) into Equations (20a) and (20b), the result is

(µniλ+ 1)αm,n(λ) = 1−
m−1∑
j=0

αj,n(λ), (53a)

w(λ) =
c

2

N∑
n=1

ωn

M∑
k=0

αk,n(λ)χk, (53b)

for m = 0 : M , n = 1 : N and pi(s) = p(s). By solving Equation (53a) for α(λ), we obtain

αm,n(λ) =
m∑
j=0

(−1)j
(
m
j

)
(µniλ+ 1)j+1

, m = 0 :M, n = 1 : N. (54)

By introducing Equation (54) in (53b), the result is

w(λ) =
c

2

{
χ0

N∑
n=1

ωn

µniλ+ 1
+

M∑
k=1

χk

[
N∑

n=1

ωn

µniλ+ 1
+

k∑
j=1

(−1)j
(
k

j

) N∑
n=1

ωn

(µniλ+ 1)j+1

]}
.
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(55)

Now, we consider

N∑
n=1

ωn

(µniλ+ 1)j+1
≈

∫ 1

−1

dµ

(µiλ+ 1)j+1
= Ij+1, j ≥ 0. (56)

The integral in (56) has analytical real result for integer j (Brown; Churchil, 2015). Hence, w(λ)
appears as

w(λ) =
c

2
χ0I1 +

c

2

M∑
k=1

χk

[
I1 +

k∑
j=1

(−1)j
(
k

j

)
Ij+1

]
, (57)

and the analytical spectral radius, SR, is (Adams; Larsen, 2002)

SR = max
−∞<λ<∞

w(λ). (58)

In the next section we present this methodology applied to the S2SA scheme.

4.2 Fourier Analysis S2 Synthetic Acceleration (S2SA)

As with the non-classical transport, considering a single Fourier error mode with arbitrary
−∞ < λ <∞, the assumptions considered in (Adams; Larsen, 2002), for the classical S2SA,
were adapted to

ψl+1/2
m,n (x) = wl(λ)αm,n(λ)e

iλx, (59a)

Sl(x) = wl(λ)eiλx, (59b)

ϵl+1
m,±(x) = wl(λ)γm,±(λ)e

iλx, (59c)

Sl+1/2(x) = wl(λ)β(λ)eiλx, (59d)

Sl+1(x) = wl+1(λ)eiλx, (59e)

for m = 0 : M and n = 1 : N . Here, γm,±, m = 0 : M , and β are unknown functions in the
Fourier variable λ. By taking Q = 0 and introducing Equations (59) into Equations (34) for p
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independent of µ, the result in a simplified notation is written as

(1 + µniλ)αm,n +
m−1∑
j=0

αj,n = 1, (60a)

β =
c

2

N∑
n=1

ωn

M∑
k=0

αk,nχk, (60b)

(1± 1√
3
iλ)γm,± − c

2

M∑
k=0

[γk,+ + γk,−]χk +
m−1∑
j=0

γj,± = β − 1, (60c)

w = β +
c

2

M∑
k=0

[γk,+ + γk,−]χk, (60d)

for m = 0 :M and n = 1 : N . The set of Equations (60) represents a system of (N + 2)(M +

1) + 2 equations in (N + 2)(M + 1) + 2 unknowns. By solving Equation (60a) for αm,n, the
result is the same as presented in Equation (54), that can also be represented by

α0,n =
1

µniλ+ 1
, n = 1 : N, (61)

and

αm,n =
1

µniλ+ 1
+

m∑
j=1

(−1)j
(
m
j

)
(µniλ+ 1)j+1

, m = 1 :M, n = 1 : N. (62)

Now, introducing (61), (62) in (60b), and also considering Equation (56), the following solution
for β is set:

β =
c

2
I1χ0 +

c

2

M∑
k=1

[
I1 +

k∑
j=1

(−1)j
(
k

j

)
Ij+1

]
χk. (63)

Expanding Equation (60c), and defining

Γk ≡ γk,+ + γk,−, (64)

we write

(1 +
1√
3
iλ)γm,+ − c

2

M∑
k=0

Γkχk +
m−1∑
j=0

γj,+ = β − 1, (65a)

(1− 1√
3
iλ)γm,− − c

2

M∑
k=0

Γkχk +
m−1∑
j=0

γj,− = β − 1, (65b)
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for m = 0 :M . Subtracting (65b) from (65a), the rearranged resulting equation becomes

γm,+ − γm,− = − 1√
3
iλΓm −

m−1∑
j=0

(γj,+ − γj,−), m = 0 :M. (66)

Setting Eq. (66) for m = 0, m = 1, m = 2, and so on, one can mathematically induce

γm,+ − γm,− =
1√
3
iλ(Γm−1 − Γm), m = 0 :M, (67)

with

Γ−1 = 0. (68)

By considering (64) in the sum of (65a) and (65b), we obtain

Γm − λ2

3
(Γm−1 − Γm) +

m−1∑
j=0

Γj = 2(β − 1) + c
M∑
k=0

Γkχk, m = 0 :M. (69)

Subtracting one from both sides of Equation (60d) and multiplying by two, the result is

2w − 2 = 2(β − 1) + c
M∑
k=0

Γkχk. (70)

Introducing (70) into Equation (69), (69) can be rewritten as

Γm =
6w − 6

λ2 + 3
+
λ2 − 3

λ2 + 3
Γm−1 −

3

λ2 + 3

m−2∑
i=0

Γi, m = 0 :M, (71)

where the third term on the right-hand side only exists if m > 1. Defining

Γ̄m ≡ Γm

Γ0

=
Γm

6w−6
λ2+3

, m = 0 :M, (72)

Equation (71) can be rewritten as

Γ̄m = 1 +
λ2 − 3

λ2 + 3
Γ̄m−1 −

3

λ2 + 3

m−2∑
i=0

Γ̄i, m = 0 :M. (73)

By using (71) in (60d), and solving for w, we obtain

w =

β(λ2 + 3)− 3c
M∑
l=0

χlΓ̄l

λ2 + 3− 3c
M∑
l=0

χlΓ̄l

, (74)
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where we have also considered Equation (73). The computational code for these Fourier
convergence analyses has c, M , p(s) as input data and the analytical SR as output. In summary,
for the S2SA case, first step is to calculate χk, Equation (36), and the integral in Eq. (56),
for k = 0 : M . Then, β is obtained from equation (63). Recursively, Γ̄m is calculated, for
m = 0 : M , using Equation (73), and finally w is determined with (74). The analytical SR is
given by Eq. (58). Next we describe this methodology applied to the P1SA scheme.

4.3 Fourier Analysis P1 Synthetic Acceleration (P1SA)

For the P1SA method, a similar methodology is applied. For this case, consider the
following single Fourier error modes adapted from (Adams; Larsen, 2002):

ψl+1/2
m,n (x) = wl(λ)αm,n(λ)e

iλx, (75a)

Sl(x) = wl(λ)eiλx, (75b)

ϕl+1
m,0(x) = wl(λ)υm(λ)e

iλx, (75c)

ϕl+1
m,1(x) = wl(λ)Υm(λ)e

iλx, (75d)

Sl+1/2(x) = wl(λ)β(λ)eiλx, (75e)

Sl+1(x) = wl+1(λ)eiλx, (75f)

for m = 0 :M and n = 1 : N . By considering Q = 0 and introducing (75) into (46), the result
in a simplified notation is written as

(1 + µniλ)αm,n +
m−1∑
j=0

αj,n = 1, (76a)

β =
c

2

N∑
n=1

ωn

M∑
k=0

αk,nχk, (76b)

Υmiλ+ υm = c

M∑
k=0

υkχk + 2(β − 1)−
m−1∑
t=0

υt, (76c)

1

3
υmiλ+Υm = −

m−1∑
j=0

Υm, (76d)

w = β +
c

2

M∑
k=0

υkχk, (76e)

for m = 0 : M and n = 1 : N . For the parameters αm,n and β the solutions are the same as
those given in (62) and (63). In order to obtain υm, Υm is isolated in (75c) and substituted into
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(75d). The resulting equation is

λ2

3
υm + υm − c

M∑
k=0

υkχk − 2(β − 1) +
m−1∑
t=0

υt =

= −
m−1∑
j=0

υj +m

[
c

M∑
k=0

υkχk + 2(β − 1)

]
−

m−1∑
j=0

j−1∑
t=0

υt,

(77)

for m = 0 :M . By isolating υm in Equation (77), the result is

υm =
3

λ2 + 3

[
c

M∑
k=0

υkχk + 2(β − 1)− 2
m−1∑
j=0

υj

]
+

+
3

λ2 + 3

[
mc

M∑
k=0

υkχk + 2m(β − 1)−
m−1∑
j=0

j−1∑
t=0

υt

]
.

(78)

for m = 0 :M . Subtracting one from Equation (76e) and multiplying by two, the result is

2w − 2 = 2(β − 1) + c
M∑
k=0

υkχk. (79)

Introducing (79) into Equation (78), we obtain

υm =
3

λ2 + 3

[
(m+ 1)(2w − 2)− 2

m−1∑
j=0

υj −
m−1∑
j=0

j−1∑
t=0

υt

]
. (80)

By writing Equation (80) for m = 0, 1, 2, 3..., we conclude that Equation (80) is equivalent to
Equation (71); that is, υm = Γm, m = 0 :M . Therefore, the analytical spectral radius obtained
for the P1SA method, using the Fourier analysis, is exactly the same obtained in the S2SA

method. In general, the numerical SR is estimated by (Larsen; Morel, 2010)

SRNumerical =
∥Φi+2

c −Φi+1
c ∥2

∥Φi+1
c −Φi

c∥2
, i→ ∞, (81)

where Φc is the vector of classical scalar fluxes.
In the next chapter we present the computational application and the numerical results obtained
to illustrate the methodology developed in this dissertation.
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5 COMPUTATIONAL APP AND NUMERICAL RESULTS

One of the objectives of this dissertation is the development of a computational tool to
generate collision-rate densities by the P1SA method as presented in section 3.2. Furthermore,
it offers the possibility to calculate the numerical and analytical spectral radius, as described
in Chapter 4. This tool has been developed on the MatLab platform for Windows available
at the Multiscale Modeling and Particle Transport Laboratory (LABTRAN) of the Instituto
Politécnico/UERJ. The input data for a problem is inserted by the user through an interface
window, which is illustrated in Fig. 5.

In the upper rectangular section of the interface window, the user chooses the acceleration
scheme for calculating the collision-rate density and the spectral radius. The schemes offered are
SI , SNSA, with arbitrary N , which is inserted in a small extra window opened automatically
when this method is selected, and the P1SA. In addition, the user needs to insert the truncation
order M , an even Legendre quadrature order N , a convergence number ζ, the slab length, a
interior source Q, the number of nodes of the spatial discretization grid and the scattering ratio
c. The function p(s) is entered directly in the code. The left inferior rectangular section of the
interface window is the resulting section for the collision-rate density. The user can calculate it at
a specific point of the domain or generate a table or graphic with a chosen step. The analytical or
numerical spectral radius can be calculated on the right lower rectangular section of the interface
window.

Two model-problems are considered in this work. In the first one, the objective is to
ilustrate the applicability of the P1SA method in generating precise numerical results compared
to the reference numerical results. The slab in the second model problem is larger, we have used
higher order quadrature, a finer mesh grid and a stricter stopping criterion. This was done in
order to obtain a higher number of iterations, which allowed to calculate numerical SR closer
to the analytical ones. The system settings on which the problems were run are: Intel CORE
i5 10th generation, 1.60 GHz processor, 8GB of RAM, and Windows 11 - 64 bits operating
system.

In order to illustrate the methodology presented in section 3.2, we consider model-
problem 1 composed of a homogeneous slab: X = 20 cm, σt = 1.0 cm−1, N = 16, 200 spatial
discretization cells, vacuum boundary conditions, Q = 10 cm−3s−1, and the stopping criterion
given by (Patel et al., 2022)

∥Φl+1
c −Φl

c∥2
∥Φl

c∥2
≤ 10−6 = ζ. (82)
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Figure 5 - Computer interface window.

Source: The author, 2025.

We considered three different path distribution functions for the model-problems: p(s) =

σte
−σts, which is used to reproduce the classical transport; p(s) = 3σ2

t se
−
√
3σts, which is

used to reproduce the classical SP1 model, also known as the classical diffusion model; and
p(s) = sσ2

t (ae
bσts + cedσts), that reproduces the classical SP3 model (Frank et al., 2015), (Bell;

Glasstone, 1970), where a, b, c and d are given in Table 4.

Tables 1, 2, 3 and Figs. 6, 7, 8 present the applicability of the non-classical model in
reproducing numerical results for a given p(s). The benchmark was obtained from (Silva, 2019).
As we can see in the three right most columns of these tables, the relative errors were zero or
considerably low in all cases. Besides, we do not see a considerable improvement in the results
with the increase of the truncation order M from 10 to 70 for this model-problem. In this way,
the error verified in Tables 2 and 3, compared to the reference numerical results, are due to
lower order quadrature and a coarse spatial discretization mesh. In the graphs, we can see the
overlapped graphs. At this point, we emphasize that the graphs are similar, but the numerical
results are different, because of the change of p(s).
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Table 1 - Classical scalar fluxes for p(s) = σte
−σts in model-problem 1.

x (cm) DD P1SA Relative error (%)
M = 10 M = 50 M = 70 M = 10 M = 50 M = 70

c = 0.0

2 9.8131 9.8131 9.8131 9.8131 0.0000 0.0000 0.0000
10 9.9999 9.9999 9.9999 9.9999 0.0000 0.0000 0.0000
18 9.8131 9.8131 9.8131 9.8131 0.0000 0.0000 0.0000

c = 0.5

2 1.9029E1a 1.9029E1 1.9029E1 1.9029E1 0.0000 0.0000 0.0000
10 1.9999E1 1.9999E1 1.9999E1 1.9999E1 0.0000 0.0000 0.0000
18 1.9029E1 1.9029E1 1.9029E1 1.9029E1 0.0000 0.0000 0.0000

c = 0.9

2 7.6493E1 7.6493E1 7.6493E1 7.6493E1 0.0000 0.0000 0.0000
10 9.9305E1 9.9305E1 9.9305E1 9.9305E1 0.0000 0.0000 0.0000
18 7.6493E1 7.6493E1 7.6493E1 7.6493E1 0.0000 0.0000 0.0000

Caption: a: En = .10n

Source: The author, 2025.

Figure 6 - Graph of scalar flux for p(s) = σte
−σts, c = 0.9 and M = 70 in model-problem 1.

Source: The author, 2025.
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Table 2 - Collision-rate density for p(s) = 3σ2
t se

−
√
3σts in model-problem 1.

x (cm) SP1 P1SA Relative error (%)
M = 10 M = 50 M = 70 M = 10 M = 50 M = 70

c = 0.0

2 9.8434 9.8448 9.8448 9.8448 1.422E-2 1.422E-2 1.422E-2
10 9.9999 1.0000E1 9.9999 9.9999 1.000E-3 0.0000 0.0000
18 9.8434 9.8448 9.8448 9.8448 1.422E-2 1.422E-2 1.422E-2

c = 0.5

2 1.8988E1 1.8991E1 1.8991E1 1.8991E1 1.579E-2 1.579E-2 1.579E-2
10 1.9999E1 1.9999E1 1.9999E1 1.9999E1 0.0000 0.0000 0.0000
18 1.8988E1 1.8991E1 1.8991E1 1.8991E1 1.579E-2 1.579E-2 1.579E-2

c = 0.9

2 7.4591E1 7.4587E1 7.4587E1 7.4587E1 5.362E-3 5.362E-3 5.362E-3
10 9.9364E1 9.9365E1 9.9365E1 9.9365E1 1.006E-3 1.006E-3 1.006E-3
18 7.4591E1 7.4587E1 7.4587E1 7.4587E1 5.362E-3 5.362E-3 5.362E-3

Source: The author, 2025.

Figure 7 - Graph of collision-rate density for p(s) = 3σ2
t se

−
√
3σts, c = 0.9 and M = 70 in

model-problem 1.

Source: The author, 2025.
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Table 3 - Collision-rate density for p(s) = sσ2
t (ae

bσts + cedσts) in model-problem 1.

x (cm) SP3 P1SA Relative error (%)
M = 10 M = 50 M = 70 M = 10 M = 50 M = 70

c = 0.0

2 9.8204 9.8190 9.8212 9.8212 1.425E-2 8.146E-3 8.146E-3
10 9.9999 9.9999 9.9999 9.9999 0.0000 0.0000 0.0000
18 9.8204 9.8190 9.8212 9.8212 1.425E-2 8.146E-3 8.146E-3

c = 0.5

2 1.9044E1 1.9042E1 1.9046E1 1.9046E1 1.050E-2 1.050E-2 1.050E-2
10 1.9999E1 1.9999E1 1.9999E1 1.9999E1 0.0000 0.0000 0.0000
18 1.9044E1 1.9042E1 1.9046E1 1.9046E1 1.050E-2 1.050E-2 1.050E-2

c = 0.9

2 7.6388E1 7.6380E1 7.6386E1 7.6386E1 1.047E-2 2.618E-3 2.618E-3
10 9.9299E1 9.9299E1 9.9299E1 9.9299E1 0.0000 0.0000 0.0000
18 7.6388E1 7.6380E1 7.6386E1 7.6386E1 1.047E-2 2.618E-3 2.618E-3

Source: The author, 2025.

Figure 8 - Graph of collision-rate density for p(s) = sσ2
t (ae

bσts + cedσts), c = 0.9 and

M = 70 in model-problem 1.

Source: The author, 2025.
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Table 4 - Parameters a, b, c and d.

Parameter Value
a 5.642025
b −2.941340
c 0.469086
d −1.161256

Source: (Frank et al., 2015)

Tables 5 to 13 display the analytical and numerical results obtained for the spectral
radius (SR), according to the methodology described in Chapter 4 and Equation (81). For
numerical SR calculations, we consider model-problem 2, consisted of a homogeneous slab,
σt = 1.0 cm−1, X = 100 cm, N = 32, 10000 spatial discretization cells, vacuum boundary
conditions, ζ = 10−12, Q = 10 cm−3s−1 adapted from (Patel et al., 2022). As we can see in
these tables, the synthetic acceleration methods are efficient in reducing the number of iterations
required to achieve the stopping criterion. This is a result of a decrease of the SR. The advantage
of synthetic accelerations can be seen in second, third and fourth columns of these tables. The
number of iterations decreases considerably, mainly when the paramater c approaches to one.
The S2SA and P1SA methods are very similar, but the advantage of the P1SA is that there is no
need to solve an extra transport problem in each iteration in order to correct an estimative for the
solution. For this reason, we reduce the computational cost. In the fifth to the tenth columns, we
can see that the numerical SR are very close to the analytical ones. The differences between
them decrease when we use higher truncation order M in this model-problem. As expected,
the analytical spectral radius for the SI method is equal to c. Result already observed for the
classical problem (Adams; Larsen, 2002). At this point, we emphasize that the analytical spectral
radius obtained in Tables 5, 6 and 7 are the same as those obtained for the classical diffusion
synthetic acceleration (DSA) presented in (Adams; Larsen, 2002). This is justified by the fact
that, for the p(s) chosen, the classical results are reproduced.

Table 5 - Number of iterations and SR for p(s) = σte
−σts and M = 10 in model-problem 2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI S2SA P1SA

0.8 114 15 15 0.7942 0.1642 0.1641 0.8000 0.1663 0.1663

0.9 227 16 16 0.8936 0.1905 0.1911 0.9000 0.1938 0.1938

0.99 1374 17 17 0.9830 0.2173 0.2174 0.9900 0.2213 0.2213

0.999 2814 17 17 0.9919 0.2223 0.2225 0.9990 0.2243 0.2243

0.9999 3148 17 17 0.9928 0.2230 0.2233 0.9999 0.2246 0.2246

Source: The author, 2025.
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Table 6 - Number of iterations and SR for p(s) = σte
−σts and M = 50 in model-problem 2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI S2SA P1SA

0.8 117 13 13 0.7997 0.1645 0.1603 0.8000 0.1663 0.1663

0.9 240 14 14 0.8996 0.1906 0.1917 0.9000 0.1938 0.1938

0.99 2220 15 15 0.9897 0.2195 0.2185 0.9900 0.2213 0.2213

0.999 15902 15 15 0.9986 0.2227 0.2213 0.9990 0.2243 0.2243

0.9999 47299 15 15 0.9996 0.2230 0.2231 0.9999 0.2246 0.2246

Source: The author, 2025.

Table 7 - Number of iterations and SR for p(s) = σte
−σts and M = 70 in model-problem 2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI S2SA P1SA

0.8 117 13 13 0.7997 0.1645 0.1603 0.8000 0.1663 0.1663

0.9 240 14 14 0.8996 0.1906 0.1917 0.9000 0.1938 0.1938

0.99 2220 15 15 0.9897 0.2195 0.2185 0.9900 0.2213 0.2213

0.999 15902 15 15 0.9986 0.2227 0.2213 0.9990 0.2243 0.2243

0.9999 47299 15 15 0.9996 0.2230 0.2231 0.9999 0.2246 0.2246

Source: The author, 2025.

Table 8 - Number of iterations and SR for p(s) = 3σ2
t se

−
√
3σts and M = 10 in model-problem 2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI S2SA P1SA

0.8 117 14 15 0.7998 0.1992 0.1995 0.8000 0.2005 0.2005

0.9 240 15 16 0.8996 0.2226 0.2231 0.9000 0.2250 0.2250

0.99 2219 15 16 0.9897 0.2432 0.2435 0.9900 0.2473 0.2473

0.999 2744 15 16 0.9917 0.2451 0.2455 0.9990 0.2496 0.2496

0.9999 3061 15 16 0.9926 0.2455 0.2461 0.9999 0.2498 0.2498

Source: The author, 2025.
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Table 9 - Number of iterations and SR for p(s) = 3σ2
t se

−
√
3σts and M = 50 in model-problem 2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI S2SA P1SA

0.8 117 14 15 0.7997 0.1993 0.1994 0.8000 0.2005 0.2005

0.9 240 15 16 0.8996 0.2226 0.2233 0.9000 0.2251 0.2251

0.99 2220 15 16 0.9897 0.2434 0.2443 0.9900 0.2475 0.2475

0.999 15902 15 16 0.9986 0.2452 0.2461 0.9990 0.2497 0.2497

0.9999 47299 15 16 0.9996 0.2456 0.2471 0.9999 0.2499 0.2499

Source: The author, 2025.

Table 10 - Number of iterations and SR for p(s) = 3σ2
t se

−
√
3σts and M = 70 in model-problem 2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI S2SA P1SA

0.8 117 14 15 0.7997 0.1993 0.1994 0.8000 0.2005 0.2005

0.9 240 15 16 0.8996 0.2226 0.2233 0.9000 0.2251 0.2251

0.99 2220 15 16 0.9897 0.2434 0.2443 0.9900 0.2475 0.2475

0.999 15902 15 16 0.9986 0.2452 0.2461 0.9990 0.2497 0.2497

0.9999 47299 15 16 0.9996 0.2456 0.2471 0.9999 0.2499 0.2499

Source: The author, 2025.

Table 11 - Number of iterations and SR for p(s) = sσ2
t (ae

bσts + cedσts) and M = 10 in model-problem

2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI S2SA P1SA

0.8 114 16 17 0.7941 0.1612 0.1663 0.8000 0.1681 0.1681

0.9 227 17 18 0.8932 0.1853 0.1853 0.9000 0.1899 0.1899

0.99 1358 17 18 0.9824 0.2075 0.2083 0.9900 0.2104 0.2104

0.999 2744 18 19 0.9975 0.2098 0.2101 0.9990 0.2118 0.2118

0.9999 3061 18 19 0.9978 0.2102 0.2106 0.9999 0.2113 0.2113

Source: The author, 2025.



47

Table 12 - Number of iterations and SR for p(s) = sσ2
t (ae

bσts + cedσts) and M = 50 in model-problem

2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI P1SA S2SA

0.8 117 13 14 0.7997 0.1623 0.1674 0.8000 0.1693 0.1693

0.9 240 14 15 0.8996 0.1865 0.1877 0.9000 0.1911 0.1911

0.99 2220 14 15 0.9897 0.2097 0.2099 0.9900 0.2114 0.2114

0.999 15902 14 15 0.9986 0.2104 0.2115 0.9990 0.2135 0.2135

0.9999 47299 14 15 0.9996 0.2117 0.2119 0.9999 0.2137 0.2137

Source: The author, 2025.

Table 13 - Number of iterations and SR for p(s) = sσ2
t (ae

bσts + cedσts) and M = 70 in model-problem

2.

c Number of iterations Numerical SR Analytical SR

SI S2SA P1SA SI S2SA P1SA SI P1SA S2SA

0.8 117 13 14 0.7997 0.1623 0.1674 0.8000 0.1693 0.1693

0.9 240 14 15 0.8996 0.1865 0.1877 0.9000 0.1911 0.1911

0.99 2220 14 15 0.9897 0.2097 0.2099 0.9900 0.2114 0.2114

0.999 15902 14 15 0.9986 0.2104 0.2115 0.9990 0.2135 0.2135

0.9999 47299 14 15 0.9996 0.2117 0.2119 0.9999 0.2137 0.2137

Source: The author, 2025.



48

Table 14 - SI , P1SA and SNSA performance comparison for the model-problem 2 with

p(s) = 3σ2
t se

−
√
3σts and M = 10.

c SI P1SA S2SA S4SA S6SA S8SA

0.8

Iterations 117 15 14 10 9 8
Time (s) 125 67 68 85 113 133
Numerical SR 0.7998 0.1995 0.1992 0.0971 0.0659 0.0488

0.9

Iterations 240 16 15 11 9 8
Time (s) 236 107 108 158 178 225
Numerical SR 0.8996 0.2231 0.2226 0.1097 0.0732 0.0545

0.99

Iterations 2219 16 15 11 9 9
Time (s) 2493 866 865 1388 1716 2133
Numerical SR 0.9897 0.2435 0.2432 0.1180 0.0796 0.0627

Source: The author, 2025.

Table 14 ilustrates a performance comparison of the methods P1SA and SNSA. Model-
problem number 2 is considered in this table with three different value for c and p(s) =

3σ2
t se

−
√
3σts. We present the number of iterations, the time of execution in seconds and the

numerical SR. Here, these times represent the average of ten runs of each method. As we can
see, the numbers of iterations and the average execution times for methods P1SA and S2SA

are similar and lower than those obtained for the SI method. This way, we conclude that the
methods P1SA and S2SA present practically the same performance in this model-problem and
are efficient in reducing the computational cost compared to the non-accelerated SI method. In
the three rightmost columns, we can verify a decrease in the number of iterations for N > 2.
Although the average execution times are still lower than those obtained for the SI method, these
are higher than those obtained for the P1SA and S2SA methods. So, we conclude it is not worth
considering N > 2 for this problem, since the average execution times are higher even with
lower number of iterations and SR.



49

CONCLUSIONS

The non-classical transport equation, in its general form, is a very complex equation. In
previous work, a spectral approach has been developed in order to solve this equation. This
spectral approach is based on the fact that the non-classical angular flux can be represented
in terms of a series of Laguerre polynomials in the free-path variable s. This allows the non-
classical transport equation to be written in the form of a classical transport equation, to which
the discrete ordinates (SN ) formulation is applied. In the present work, we have developed two
synthetic acceleration schemes to solve these SN equations, which we refer to as P1 synthetic
acceleration (P1SA) and SN synthetic acceleration (SNSA), generalized for even N . Moreover,
a Fourier convergence analysis has been developed to determine the analytical spectral radii for
SI , S2SA and P1SA methods. By determining the spectral radius, we have all we need about
the convergence rate and performance of each acceleration scheme, when applied to a given
problem.

To illustrate the applicability of the acceleration methods as presented in this thesis
work, we solve the model-problem 1 using three different distribution functions p(s), for three
distinct values of scattering ratio c and three different truncation order M of the Laguerre of
the non-classical angular flux. The numerical results have been compared to those obtained by
classical models. As we can see in Tables 1, 2, 3 and Figs. 6, 7, 8, by choosing those specific
p(s), the non-classical models reproduce classical results for model-problem 1. Thus, we can
infer that the non-classical transport is a more general mathematical model.

The analytical spectral radius (SR) of the iteration methods SI , S2SA and P1SA have
been calculated for model-problem 2, following the Fourier convergence analysis presented
in Chapter 4. In this case, we have considered three different distribution functions p(s), for
five distinct values of c and three different truncation order M . As with Tables 5 to 13, for the
model-problem 2, we conclude that the P1SA and the S2SA are efficient in reducing the number
of iterations to achieve the accuracy required. Besides, we have calculated the numerical spectral
radii by using Equation (81). As we can see in Tables 5 to 13, the analytical and numerical
results for the spectral radii are very close numbers in model-problem 2. With the present Fourier
convergence analysis, we can predict the performance of a given iterative scheme, which is
useful for improving other iterative schemes.

Table 14 compares the performance of the P1SA and SNSA, from N = 2 to N = 8,
methods against the SI method for model-problem 2. We used three different values for the
parameter c and the function p(s) = 3σ2

t se
−
√
3σts. The reported execution times are the average

of ten runs for each method. The results indicate that the P1SA and S2SA methods exhibit
similar performance. We remark that, both methods show a significant advantage over the non-
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accelerated SI method by achieving lower numbers of iterations and reduced average execution
times. The analysis also considered scenarios where a parameter N was greater than 2, shown
in the rightmost three columns of Table 14. Although the number of iterations and the SR are
lower than with N > 2, the average execution times are higher than those of the P1SA and
S2SA methods. Therefore, considering N > 2 is not beneficial for this specific problem, as the
increase in computational time outweighs the benefit of fewer iterations and lower SR.

Besides ongoing research (Moraes; Barros; Vasques, 2023), (Agbo; Moraes; Vasques,
2024), (Moraes et al., 2025b), in future work, we intend to consider different p(s) in order to
investigate the convergence of the improper integral in Equation (19b). This integral is convergent
under certain conditions (Stewart, 2014), which can limit the possibilities of functions p(s).
Strategies need to be developed to deal with functions p(s) that make this integral divergent.
The acceleration scheme P1SA can be generalized for PNSA for an arbitrary odd N > 1

and the Fourier convergence analysis can be extended for the SNSA and PNSA accelerations
schemes. We also intend to obtain numerical results for heterogeneous problems with other
kinds of boundary conditions and expand the methodology to energy multigroup formulation
and multi-dimensional problems.
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